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Consider the bosonic sector of maximal supergravity

in D = 11� n dimensions, with U-duality group En(n),

and corresponding Lie algebra en (3  D  7).

These representations can be derived by extending en
to an infinite-dimensional Borcherds superalgebra B.

After dualization, the p-form potentials transform in

representations Rp of en (1  p  D � 2).
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Extending en to B corresponds to adding

a gray node to the Dynkin diagram.
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The nodes in the Dynkin diagram represent

simple roots ↵I with inner products given

by the Cartan matrix, aIJ = (↵I ,↵J).

Extending en to B corresponds to adding

a gray node to the Dynkin diagram.

The Cartan

matrix aij
of en ⇢ B

aIJ =

0

BBBBBB@

0 �1 0 · · ·

�1 2 �1 · · ·

0 �1 2 · · ·
...

...
...

. . .

1

CCCCCCA



as the Lie algebra generated by 3n elements

ei, fi, hi modulo the Chevalley-Serre relations

The Kac-Moody algebra en is constructed from

its Dynkin diagram

[hi, ej ] = aijej

[hi, fj ] = �aijfj

(ad ei)
1�aij (ej) = (ad fi)

1�aij (fj) = 0

[ei, fj ] = �ijhj

[hi, hj ] = 0

1

n

· · ·

1, . . . , ni =



(ad eI)
1�aIJ (eJ) = (ad fI)

1�aIJ (fJ) = 0

[hI , hJ ] = 0

[hI , eJ ] = aIJeJ

as the Lie superalgebra generated by 3(n+ 1) elements

eI , fI , hI modulo the Chevalley-Serre relations

The Borcherds superalgebra Bn is constructed from

its Dynkin diagram

[hI , fJ ] = �aIJfJ

[eI , fJ ] = �IJhJ

0 1

n

· · ·

odd: e0, f0

even: ei, fi, hI

I = 0, 1, . . . , n

1, . . . , ni =



ei, fi, hI e0f0P PP

Level decomposition of B with respect to en:

B = · · · � U�1 � (en � R) � U1 � · · ·
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A “ Am
M pdxm b EM q ` Amn

MN pdxm ^ dxn b EMN q ` ¨ ¨ ¨

The p-form potentials can be combined into an element

in the tensor product of the di↵erential algebra and B.
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A “ Am
M pdxm b EM q ` Amn

MN pdxm ^ dxn b EMN q ` ¨ ¨ ¨

The p-form potentials can be combined into an element

in the tensor product of the di↵erential algebra and B.

Field strengths:

Gauge transformations:

Equations of motion:

Bianchi identities:

e´A�eA “ d⇤ ` rF,⇤s
F “ e´AdeA

˚F “ SpF q
dF “ ´F 2

[Greitz, Howe, Palmkvist: 1308.4972]

[Cremmer, Julia, Lü, Pope: 9806106] pS : Up Ø UD´2´pq
This can be generalized to gauged supergravity.



These additional pD ´ 1q- and D-form potentials

are precisely those allowed by supersymmetry.

Although non-dynamical, they play an important

role in gauged supergravity.

For D † 11 the Borcherds superalgebras B are

infinite-dimensional and suggest that pD ´ 1q-
and D-form potentials corresponding to RD´1

and RD can be added to the theory.

[Bergshoeff, Hartong, Howe, Ortin, Riccioni: 1004.1348]
[Greitz, Howe: 1103.2730, 1103.5053, 1203.5585]

[Bergshoeff, de Roo, Kerstan, Riccioni: hep-th/0506013]

[Howe, Palmkvist: 1503.00015]
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U1 “ pU1q0 ‘ pU1q1 ‘ ¨ ¨ ¨



To get back eleven-dimensional supergravity, we demand

that the fields only depend on coordinates corresponding

to a subspace of U1 that can be mapped to pU1q0 by an

Enpnq transformation.
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Since rpU1q0, pU1q0s “ 0, this implies rU, V s “ 0, so that

UM V N pP2qMN
PQ “ 0 and then pP2qMN

PQ BPA BQ B “ 0.

Thus we demand that for any pair of fields A,B, and any

pair of elements U, V P U1 such that U

M
V

N BM A BN B ‰ 0,

there is an x P e
n

such that e

´x

Ue

x

, e

´x

V e

x P pU1q0.

To get back eleven-dimensional supergravity, we demand

that the fields only depend on coordinates corresponding

to a subspace of U1 that can be mapped to pU1q0 by an

Enpnq transformation.

This, together with pP2qMN
PQ BP BQ A “ 0, is the section

condition, which also has solutions corresponding to ten-

dimensional type IIB supergravity.
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LUV
M “ UN BN V M ´ V N BN UM ` Y M N

P Q BN UPV Q

“ UN BN V M ` ZM N
P Q BN UPV Q

The transformation of a vector field V under a

generalized di↵eomorphism generated by a vector

field U is given by the generalized Lie derivative

where Y M N
P Q and ZM N

P Q = Y M N
P Q � �P

M �Q
N

are en-invariant tensors, uniquely determined by

the requirement that the transformations close

under the commutator, [LU ,LV ] = L 1
2 (LUV�LV U).

[Berman, Cederwall, Kleinschmidt, Thompson: 1208.5884]
[Coimbra, Strickland-Constable, Waldram: 1112.3989]



Y M N
P Q BM b BN “ 0,

pY M N
T Q Y

T P
R S ´ Y M N

R S�
P

Q qBpN b BP q “ 0,

pY M N
T Q Y

T P
rSR s ` 2Y M N

rR |T |Y
T P

SsQ

´Y M N
rR Ss�

P
Q ´ 2Y M N

rS |Q |�
P

R sqBpN b BP q “ 0,

pY M N
T Q Y

T P
pSR q ` 2Y M N

pR |T |Y
T P

SqQ

´Y M N
pR Sq�

P
Q ´ 2Y M N

pS |Q |�
P

R qqBrN b BP s “ 0.

The transformations close if the tensor Y satisfies

the following identities, up to the section condition,

[Berman, Cederwall, Kleinschmidt, Thompson: 1208.5884]



en

↵1



en

en+1

↵0

↵1

↵1



en

en+1

↵0

↵1

↵1

(↵0,↵1) = �1

(↵0,↵0) = 2



en

en+1Bn

↵0�0

↵1

↵1 ↵1

(↵0,↵1) = �1

(↵0,↵0) = 2



en

en+1Bn

↵0�0

↵1

↵1 ↵1

(�0,↵1) = �1

(�0,�0) = 0

(↵0,↵1) = �1

(↵0,↵0) = 2



en

en+1Bn

Bn+1

↵0�0

��1 ↵0

(�0,↵1) = �1

(�0,�0) = 0

↵1

↵1



en

en+1Bn

Bn+1

↵0�0

��1 ↵0

(�0,↵1) = �1

(�0,�0) = 0

↵1

[Kleinschmidt, Palmkvist: 1301.1346]
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en

en+1Bn

Bn+1 Bn+1

↵0�0

��1 �0 ��1 ↵0

[Kleinschmidt, Palmkvist: 1301.1346]

��1 = ���1�0 = ��1 + ↵0



↵0 = ��1 + �0��1 = ���1�0 = ��1 + ↵0

[Kleinschmidt, Palmkvist: 1301.1346]

en

en+1Bn

Bn+1 Bn+1

↵0�0

��1 �0 ��1 ↵0



Ṽ “ re´1, V s “ V M ẼM P Ũ1 Ä en`1 Ä Bn`1.

Consider a vector field V as an odd element

with a corresponding even element

V “ V M EM P U1 Ä Bn Ä Bn`1



LU Ṽ “ ´rrŨ , FN s, BN V s ´ rrBN U,FN s, Ṽ s

Ṽ “ re´1, V s “ V M ẼM P Ũ1 Ä en`1 Ä Bn`1.

Consider a vector field V as an odd element

with a corresponding even element

V “ V M EM P U1 Ä Bn Ä Bn`1

LUV “ rrU, F̃N s, BN Ṽ s ´ rrBN Ũ , F̃N s, V s

Then the generalized Lie derivative can be written

or equivalently

.



puvpxyzqq ´ pxypuvzqq “ ppuvxqyzq ´ pxpvuyqzq

In the subspace U1 ‘ ˜U1 of Bn`1, the triple product

where ÊM “ EM ` ẼM and F̂M “ FM ` F̃M , satisfies

as a consequence of the Jacobi identity in Bn`1.

pÊM ÊN ÊP q “ rrÊM , F̂N s, ÊP s,



pÊM ÊN ÊP q “ rrÊM , F̂N s, ÊP s “ ´2ZN Q
P M ÊQ ,

From this identity, and the Z-grading of en`1 with

respect to en, we can derive the closure identities for

the en invariant tensor Y M N
P Q “ ZM N

P Q ` �P
M �Q

N
.

puvpxyzqq ´ pxypuvzqq “ ppuvxqyzq ´ pxpvuyqzq

In the subspace U1 ‘ ˜U1 of Bn`1, the triple product

where ÊM “ EM ` ẼM and F̂M “ FM ` F̃M , satisfies

as a consequence of the Jacobi identity in Bn`1.
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The same expression

is also valid for ordinary geometry and doubled geometry

by restricting U and V to subalgebras of Bn

Bn

Apn ´ 1, 0q “ slpn|1q

ordinary geometry

LU Ṽ “ ´rrŨ , FN s, BN V s ´ rrBN U,FN s, Ṽ s



doubled geometry

The same expression

is also valid for ordinary geometry and doubled geometry

by restricting U and V to subalgebras of Bn

Bn

Apn ´ 1, 0q “ slpn|1q Dpn ´ 1, 1q “ ospp2n ´ 2|2q

ordinary geometry

LU Ṽ “ ´rrŨ , FN s, BN V s ´ rrBN U,FN s, Ṽ s



It follows from the expression

LU Ṽ “ ´rrŨ , FN s, BN V s ´ rrBN U,FN s, Ṽ s,

[Berman, Cederwall, Kleinschmidt, Thompson: 1208.5884]
[Cederwall, Palmkvist: 1503.06215]

that the infinite sequence of en-representations R1, R2, . . .
describes the infinite reducibility of the transformations.



It follows from the expression

LU Ṽ “ ´rrŨ , FN s, BN V s ´ rrBN U,FN s, Ṽ s,

The same sequence appears in tensor hierarchies

considered in exceptional field theory, related to

those in gauged supergravity.

[Hohm, Samtleben: 1312.0614, 1312.4542, 1406.3348, 1410.8145] 
[Aldazabal, Graña, Marqués, Rosabal: 1302.5419, 1312.4549]
[de Wit, Samtleben: 0501243] [de Wit, Nicolai, Samtleben: 0801.1294]

[Berman, Cederwall, Kleinschmidt, Thompson: 1208.5884]
[Cederwall, Palmkvist: 1503.06215]

that the infinite sequence of en-representations R1, R2, . . .
describes the infinite reducibility of the transformations.



In the applications to (gauged) supergravity:

Include the gravitational degrees of freedom

In the applications to exceptional geometry:

Continue to e9, e10, e11 (infinity-dimensional!)

To do:


