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Intruduction

e A characteristic of Double Field Theory is the section condition :
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e A characteristic of Double Field Theory is the section condition :
The O(D, D) d’ Alembert operator is trivial, acting on arbitrary fields or gauge
parameters as well as their products:
82
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ie.
8A8A'1>~0, and 8A<I>18A<I>2~0

e DFT action is (locally) equivalent to the effective action:
Sprr = Sefr. = /dXD\/ —ge (Rg + 4(0¢)* — TIZHZ) .

e Section condition(strong constraint) seems necessary to write a complete
theory, because of action invariance and closedness of symmetry algebra .



Introduction

e ‘generalized Lie derivative’ [Siegel, Courant, Grana ...]
LxTus 1= X" 0Tus + w0sX Tus + 04X Tup—0"XaToos.

e Commutator of the generalized Lie derivatives is closed, up to the section
condition , by using c-bracket,

[£AX7 »CAY} ~ E[x,y]c )
where [X, Y]c denotes C-bracket

(X, Y]e = XP0pY" — YPOpx" + 1Y 0" X5 — X% Vs,
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Understanding the level matching condition(weak constraint) in DFT is still
on-going [K. Lee’s talk] .

However, "relaxing" the section condition to some extent has been understood.
[ Geissbiihler; Aldazabal, Baron, Marqués, Nunez; Grana, Marqués]

The section condition is sufficient but not the necessary condition for the
algebra closure and action invariance.

The relaxation of the section condition is allowed when doing Sherk-Schwarz
reduction in DFT and it gets low dimensional gauged DFT

A variety of the known gauged supergravities in lower dimensions can be
reproduced, i.e. DFT provides the higher dimensional origin of a various
gauged supereravities. (Electric gauging. c¢f. Magnetic gauging is from EFT
[Berman, Musaev, C. Thompson:...] )

- A systematic classification of all possible deformations as for gaugings is
allowed by embedding tensor method [de Wit, Samtleben]

- Only some of them can be obtained by a Sherk-Schwarz dimensional
reduction of 11 or 10-dimensional supergravities.



e This is an indication that DFT goes beyond the ordinary supergravity or
generalized geometry .

e Particularly, one needs explicitly section-condition-breaking terms, which
depend on both of x and X. Geissbiihler realized necessity of introducing such
term,

AL = — FA%FABC

to reproduce the complete classiﬁcatlon of N =4,D = 4 gauged SUGRAs.



e ‘Geometric’ understanding of DFT
- Flux formulatin [Hohm, Kwak]
- Semi-covariant formulation [IJ, Lee, Park]
- Direct analogy of the Riemann geometry using Christofel connection,
- Fully covariant with respect to all the symmetries in DFT,
- Maximal and half maximal supersymmetric DFT is realized in full order of
fermions, where Maximal supersymmetric DFT unifies the type 11
supergravities [IJ, Lee, Park, Suh]
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e ‘Geometric’ understanding of gauged DFT
- in flux formulation (for bosonic DFT) [Geissbuhler; Marques, Aldazabal, Nunez;
Berman, Bair, Malek, Perry]
- in semi-covariant formulation, understood by torsionful deformation of
gauged DFT, where half-maximal supersymmetry was realized.[Berman, Lee]



Goal

e To have systematic understanding of the low dimensional gauged SDFT in
the semi-covariant formulation

e We twist the semi-covariant formulation of the ungaged SDFT without
any ambiguity.

- By the formulation, all the symmetries in DFT are fully covariant.
- Torsionful deformation of the gauged DFT is derived from twisting.

- Definition of curvature includes the section condition breaking term



Goal

e To have systematic understanding of the low dimensional gauged SDFT in
the semi-covariant formulation

e We twist the semi-covariant formulation of the ungaged SDFT without
any ambiguity.

- By the formulation, all the symmetries in DFT are fully covariant.
- Torsionful deformation of the gauged DFT is derived from twisting.

- Definition of curvature includes the section condition breaking term

e To realize the maximal as well as half maximal supersymmetric gauged DFT
in full order of fermions

e Constraint on the structure constant for the maximal SDFT.

e Two half maximal gauged SDFTs.
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2. Semi-covariant formulation of DFT/SDFT

[1011.1324, 1105.6294, 1109.2035, 1112.0069, 1206.3478, 1210.5078]




Symmetries of SDFT

Semi covariant formulation manifests all the bosonic symmetries.
e O(D, D) T-duality:
o DFT-diffeomorphism (generalized Lie derivative)
o Diffeomorphism
o B-field gauge symmetry

® A pair of local Lorentz symmetries, Spin(1, D—1), x Spin(D—1, 1)z

e D = 10 Local SUSY



Field contents of D = 10 Maximal SDFT

e Bosons
DFT-dilaton: d
e NS-NS sector . . -
Double-vielbeins: Vap,  Vap
¢ R-R potential: C%
o Fermions
¢ DFT-dilatinos: %, P
e Gravitinos: (T >
Index Representation Metric (raising/lowering indices)
A,B, O(D, D) vector Jas
Pig, e Spin(1, D—1), vector Mpg = diag(— + + - +)
a, B, Spin(1, D—1), spinor CiagB, ) = C+’y”CJ:]
D,q, - Spin(D—1, 1); vector Mg = diag(+ — —---—)
@ p,--- | Spin(D—1, 1) spinor Ciag, (") =Cy5°CY!




Semi-covariant formulation
e The DFT-vielbeins satisfy the four defining properties:
VAPVAq = Tpq » VAEVA?[ = g » VAPVAZI =0, VaVi"+ VAﬁVBE = Jap -
e They generate a pair of two-index projectors,
Pap = Vi’ Vg, Pap = Vi’ Vi,
Pup, P4p are projection matrices(‘left and right’),
PiPPsS = PyC,  PSPPyS =P.C, PSSP =0
which are related to H and 7,

Pag + Pap = Ja, Pap — Pag = Has



Semi-covariant formulation
e The DFT-vielbeins satisfy the four defining properties:
VAPVAq = Tpq » VAEVA?[ = g » VAPVAZI =0, VaVi"+ VAﬁVBE = Jap -
e They generate a pair of two-index projectors,
Pap = Vi’ Vg, Pap = Vi’ Vi,
Pup, P4p are projection matrices(‘left and right’),
PiPPsS = PyC,  PSPPyS =P.C, PSSP =0
which are related to H and 7,

Pag + Pap = Ja, Pap — Pag = Has



Semi-covariant formulation
e The DFT-vielbeins satisfy the four defining properties:
VAPVAq = Tpq » VAEVA?[ = g » VAPVAZI =0, VaVi"+ VAﬁVBE = Jap -
e They generate a pair of two-index projectors,
P == Va"Vs, Pup = Va"Vip,
Pup, P4p are projection matrices(‘left and right’),
PP = P.¢,  PSPS =P, PSPsS =0
which are related to H and 7,
Pap+ Pas = Jap, Pap— Pap = Has
e We further define a pair of six-index projectors,
Peas™ = PPl Py + 52 PepaPy"PP , Peas” Poer™ = Peas™ |
PeagPEl = PP P[A E PB] Fl 4 ﬁ PC[A PB] [EpFID 7 PeasEF Pper® = Peap®
which satisfy the following properties, symmetric and traceless,

‘Pcasper = Ppercas = Pciasper) » ?CABDEF = ﬁDEFCéB = Peisipler] »
)

A B A
P apper =0, P*Pagcper = 0 P”apper =0, Papcper = 0.
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e We introduce master ‘semi-covariant’ derivative

Dy =04 +Th+®s+ Dy



Semi-covariant derivatives

e We introduce master ‘semi-covariant’ derivative
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Semi-covariant derivatives

We introduce master ‘semi-covariant’ derivative

Di=0a+Ta+ Py + s

It is also useful to set
VA = 8A + FA 9

The ‘semi-covariant’ derivative for the DFT-diffeomorphism is

n
B B
chwAlAz"'An = 8cTwA1A2...An—OJF BCTwA]Az»-~An+ E FCA,- TWAI"'Ai—lBAi+1“'An .

i=1

Spin connections
Dapg = VpVaViy, Papg = V'5VaVig,

from
DAVBp = O1 DA ‘7[;]7 =0. (Cf Duel,a = 0)



o compatibility for the whole NS-NS sector

DAd = 0., DA VB,, = 0., DA ‘73,7 = 0 . (Cf Due,,“ = 0)
together with

Datlpg = Dailpg = Da(7")* s = Da(¥)%5 = DaCiap = DaCraz =0.

It follows that
VAd = 07 VAPB(; = 07 VAPBC = O, (Cf,vugu)\ = 0)
e Spin connections

Papg = V2, VaVay, Dapg = V5V Vg,



e Torsion free conection is uniquely determined in terms of basic geometrical
variables, [1J, Lee, Park 11]

Ceap = 2 (P@CPP)[AB] +2 (p[ADpB]E — P[ADPB]E) OpPec
—51 (PeuPn” + PeuPy”) (9pd + (PO"PP)pin )
from
Vad =0,  ViPpe=0, VaPsc=0, (cf .V ugor = 0)

s =0, (& L7=LY)

DEFT0 5 DEFT0
Peas™ Tpgr =0, Peag™ " T'per = 0.



Semi-covariant formulation

o Under 6xHap = LxHas , 6xd = Lxd, namely DFT-difeomorphism
(= diffeomorphism + B-field gauge symmetry), the variation of VT, contains
an anomalous non-covariant part,

(Sx—Lx)VcTa ~2(P+P)ci”™" OpipXe T -



Semi-covariant formulation

o Under 6xHap = LxHas , 6xd = Lxd, namely DFT-difeomorphism
(= diffeomorphism + B-field gauge symmetry), the variation of VT, contains
an anomalous non-covariant part,

(Sx—Lx)VcTa ~2(P+P)ci”™" OpipXe T -

e However, the anomalous term are controlled by the rank six projectors , so they
can be projected out by combining the projection matrices Pag and Pyp.



Projection-aided covariant derivatives

“semi-covariant derivative” :
combined with the projections , we can get various covariant quantities:

Examples:

e For O(D, D) tensors:

PcPPABVpTs, PcPPABVpTs,
PB4 Ts R P, Ts R Divergences ,
PABPCDVAVBTD N PABPCDVA VBTD . Laplacians

e Rule: need opposite chirality or contraction



Projection-aided covariant derivatives

e For Spin(1,D—1), x Spin(D—1, 1); tensors:

D15, DTy,
D'T,, D'T;,
D,D'Ty, D;D'T,,
where we set
D, := V*,Da, Dy := VADy.

These are the pull-back of the previous results using the double-vielbeins.



Projection-aided covariant derivatives

gt

e Dirac operators for fermions, p°, 7, p'“, ¥,* : [II, Lee, Park "11]

Y'Dpp =v'Dap, YDyt = ¥ Datly
Dpp, ’Dﬁwﬁ = DAwA ’
Y Dpp' = 7"Dap’, Y Do)y = 7' Datly

Dpp/ ) DP¢IP = DAwlA )



Projection-aided covariant derivatives

e For Spin(1,D—1). x Spin(D—1, 1); bi-fundamental spinors, C* 5 :
[1J, Lee, Park "12]

YADuC, DaCH* .
e Further define
DLC := ¥"DsC + v PHIDCH

D_C :=+*"DaC — yPID,CHA .



Projection-aided covariant derivatives

For Spin(1, D—1), x Spin(D—1, 1)k bi-fundamental spinors, C*;:
[1J, Lee, Park "12]

YADuC, DaCH* .

Further define
DLC := ¥"DsC + v PHIDCH

D_C :=~+"DsC — yPIDCH .

Especially for the torsionless case, the corresponding operators are nilpotent
up to the section condition

(D%)*C~0, (D°)’C~0,

The field strength of the R-R potential, C“ 5, is then defined by
F:=D\C.



Curvatures I (11056201

e From the usual DFT-diffeomorhphism field strength, we define semi-covariant
four-index curvature
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Curvatures I (11056201

e From the usual DFT-diffeomorhphism field strength, we define semi-covariant
four-index curvature

Sascp = % (Rapcp + Repas — T asTecp) -

o [t satisfies

e just like the Riemann curvature,
Sasco = 5 (Sumjicp) + Sicpjus)) »
Sapep) = 0 ¢ Bianchi identity ,
e and with projectors,
(P*2PP 4 P*BP)Sycpp ~ 0,
PAPPPEPPSagep ~ 0,

PIAPJBPKCPLDSABCD ~ 0, etc.



Curvatures I (11056201

o This is still Not covariant tensor, but contracting with projection operators, we
can obtain covariant quatities.

e Rank two-tensor:

PiAP,%Sas s where Sag 1= SCacs

e Scalar curvature: defines the Lagrangian for NS-NS sector

(PABPCD _ I_)ABPCD)SACBD



Curvatures 11

Alternative way to define the curvature is using the field strength for the local
Lorentz group, c.f. YM-gauge field strength

Faspg := VaPppg — VPaps + Pap Py — Py’ Parg
Faspg .= VaPspg — VPupg + Pay Prrg — oy’ Parg »
We define Semi-covariant four-index curvature of the spin connections ,
Gagep = % [(]: + Fasep + (F + Fepas + (@ + Ci))EAB(CI) + (i))ECD} ,
where

Fascp = Fappg V' Vol Fascp = Fappg V" V! .



Curvatures 11

These two four-index curvatures are closely related to each other,
Gapcp = Sascp + %(VApaEVBp + VAﬁaEVBﬁ)(VCqOEVDq + VC%)EVDQ) ,

such that upon the section condition they are equivalent.
Later, Gapcp will be the proper curvature when we relax the section condition.

The later terms will correspond to what Geissbuler introduced in order to
reproduce the the low dimensional gauged SUGRA.

The curvature cannot be written in terms of generalized metric only, but should
be written in terms of vielbein.



3. Twisting the semi-covariant formulation

Twisting ansatz (Scherk-Schwarz reduction ansatz)

Twistability conidition ("relaxing" the section condition) by closure of the
algebra.

Obtain low dimensional gauged SDFT with maximal and half maximal
supersymmetry



U-twisting ansatz

e For the twisting we use the two twisting datas:
ascalar A(x) and U(x)s* € O(D, D),

. . 0 1
ug Ut =J B I MN — B
1 0
using which we set the ansatz for U-twist
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additional O(D, D) metric, Jy,; is introduced.



U-twisting ansatz

For the twisting we use the two twisting datas:
ascalar A(x) and U(x)s* € O(D, D),

. . 0 1
uguv' =7, Ty = ;
1 0
using which we set the ansatz for U-twist

—2wA A A s
Thy.n, =€ Ua ™o Ua, Ty 4, -

The A(x) and U ()c)AA do not satisfy the section condition, but shall be require to
satisfy the consistency conditions, i.e. twistability condition .

The twisted field is denoted by dot with dotted indices,
and U (x)AA carries one undotted index and other dotted index, such that the
additional O(D, D) metric, Jy,; is introduced.

While the twisted metric JMN may coincide numerically with the untwisted
metric Juy , we deliberately distinguish them as the two different kinds of
indices will never be contracted.
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U-twisting ansatz

e For the twisting we use the two twisting datas:
ascalar \(x) and U(x),* € O(D, D),

. . 0 1
Uguv' =7, Ty = ;
1 0
using which we set the ansatz for U-twist

_ 2w A Apn
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e If we assume the U matrix to be in a block diagonal form,

10
v=(o )

and split all the internal coordinate dependency into the U matrix, then this
twisting ansatz is nothing but the usual Sherk-Schwarz reduction ansatz.



U-twisting ansatz

e For the twisting we use the two twisting datas:
ascalar \(x) and U(x),* € O(D, D),

. . 0 1
Uguv' =7, Ty = ;
1 0
using which we set the ansatz for U-twist

—2wAyr A A
Tayca, =€ Ua™ - Un, " Ty, -

e If we assume the U matrix to be in a block diagonal form,

10
v=(o )

and split all the internal coordinate dependency into the U matrix, then this
twisting ansatz is nothing but the usual Sherk-Schwarz reduction ansatz.

e But all the forthcoming analyses do not necessarily demand this ansatz, so we
will use above general twisting ansatz.



U-twisting ansatz

e For the twisting we use the two twisting datas:
ascalar A\(x) and U(x),* € O(D, D),

. . 0 1
vgu' =7, JMN:<1 0>7
using which we set the ansatz for U-twist

2w A Ann
Ta,..n, = € Ua™ - Un, " Ty, -

“An

o The only field variables to be twisted are

—2d —2X\ ,—2d Ay, Y A
e =e e s VAp = UA VAp? VA;, = UA VAf .

Other fields (fermions and the R-R potential) are weightless and O(D, D)
singlet.

o The twist of the AV = 1 or the N' = 2, D = 10 SDFT simply amounts to
inserting the above expressions for the dilaton and the vielbeins into the
untwisted Lagrangian.



U-twisting ansatz

e The derivatives of the untwisted fields then assume a generic form,
I . o
acTA].”A" =e il UCCUAIA] e UA,IA DCTAI...An )
e U-derivative, D‘c , is defined to act on a twisted field by

. . . . . . B.
DTy . a, = 0cTh,. 4, — 2WO0ATy 4 + ZQCAi Ty bi, -

i=1
With the pull-back of the naked derivative,

3-C =U 71CC(9C s
and a pure gauge “connection”,

Q= (U’ISCU)AB7



U-twisting ansatz
e The derivatives of the untwisted fields then assume a generic form,
8cTA].4.A" = e_zw)\UCCUA]A] te UAnAnDCTAI»-»An s
e U-derivative, D‘c , is defined to act on a twisted field by

. . . . . . B.
DTy . a, = 0cTh,. 4, — 2WO0ATy 4 + ZQCAi Ty bi, -

i=1
With the pull-back of the naked derivative,
bp = U~ Cor,
and a pure gauge “connection”,
Ol = (U’ISCU)AB,
e The U-derivatives are all commutative,

[DA7DB]:O> [DA7D1}}:07 [DAaDB]:O



U-twisting ansatz

e Those replacement leads to twisted SDFT Lagrangian,

L5 (Tas, 0ar d, Viap, Vap, pp) = € X LRSI (T Dady Vi Vs 03 15) »
[,ﬁr::uz)(JAB, 8A7 d> VAp7 VAI_H C7 P wﬁ7 pl7 ¢lp)

= eizA‘C.]"I‘Av?iiit:r]SDFT(tZ%Ba DA7 da VApv VAﬁv Cv p7 wﬁa Pl» w/p) M

e The section condition )
DD* ~0.



U-twisting ansatz

e Those replacement leads to twisted SDFT Lagrangian,

LYSH(Tap, 0a,d, Viap, Vag, p, ) = e XL msm! (T Day ds Vi, Vi 0305)

Cé\rfuz)(JAB, 8A7 d> VAp7 VAI_H C7 P wfh pl7 ¢lp)

—2X />Maximal 7 - 7 ’on
=e ET\ji):g:rSDFT(tZ%BaDAvda VApv VAﬁ,C,p, wﬁa P 711} p) .

e The section condition )
DD* ~0.

e If we impose this, it is nothing but the field redefinition of the untwisted SDFT.

We want to find an alternative conditions i.e. Twistability condition by
imposing the closure of the algebra.



Twistability condition

e Define key quantities out of the twisting data are c.f. [Grana, Marques]
B 3 c A
fi=Q — 28}\)\ = 0cU i 28})\,
and the ‘structure constant’,

Jage = Qape + Qpea + Qeag = fase) -



Twistability condition

e Consider the diffeomorphism, which also be twisted and generated by the
U-twisted generalized Lie derivative,

n
. . . B . . . . B . . . . . . B
Ly, g, o= XDTy 4 +wDpX Ty +> (DaX=DpXi)Ta a4y
i=1

e Closure of the diffeomorphism
([ﬁxa Ly] - C'[x,nc) Ty,
= %(XNDMYN - YNDMXN)DMTAIWA” + %w(XNDMDMYN - YNDMDMXN)TA]WAN
+ S (DY DXy = Dy X DY V)T i By
where [X, Y] denotes the U-twisted C-bracket,

X, V12 = XDy vt — V2D X + LDk, — LXPD Y,



Twistability condition

o Closure of the diffeomorphism
([LJUE] [’[XY ) Ap-eAy
- (;xNa’M'yN — LV, + QMN(«;XNYG) duTa,.oa,
+%w[ XV0, 0"y, — YN0, 0" Xy, + 2XVQY 0, Y6 — 2¥vV O 5, %G
F2 T (" i+ i+ 208 ) + i (K0T = VYR | Ty,
+ 300 | O 0% — 03X 0"V — 105 (XVO1Ty — V0,
+39Q, ABXNaM N — 3% ABY M Xy

+XVy¢ (8A,f};,~v¢ — a4, — 35[3/‘&0]/4,-) } Tgyeehics Argt e -



Twistability condition

Sufficient conditions for the closure

1. The section condition for all the dotted twisted fields,
8M8M =0.

2. The orthogonality between the connection and the derivatives of the dotted
twisted fields, ]
M N —

3. The Jacobi identity for f; 3¢ = flape)s
Fi Fepi = 0.
4. The constancy of the structure constant, f; 5 ,
difize = 0.
5. The triviality of f; ,
fi= Q%4 — 20,0 = 8cUS, — 20,0 =0.

It might be interesting to investigate the general compatibility condition if any.



Twistability condition

Sufficient conditions for the closure

1. The section condition for all the dotted twisted fields,
8M8M =0.

2. The orthogonality between the connection and the derivatives of the dotted
twisted fields, ]
Mo

3. The Jacobi identity for f 3¢ = flape)s
f[ABEf'(]f)E =0.
4. The constancy of the structure constant, f; -,
Otfipe = 0.
5. The triviality of f; ,
fi= Q%4 — 20,0 = 0cUS, — 20,0 =0.

For the usual Sherk-Shwarz ansatz, 3-5th conditions are genuine consistency
conditions same as [Grana, Marques]



Twistability condition

e The U-twisted generalized Lie derivative reduces, upon the twistability
conditions, to

~ . _ . B . . . . B . n . . . C . B
LiTy, g, = X0sT; s A wORX T+ (ZG[A,-XM +fipeX ) LDV F AP ¥
i=1

This is the gauge transformation of gauged DFT



Twisted semi-covariant formalism
o U-twisted master semi-covariant derivative is
Dy = Vi + b, + By,
of which the twisted semi-covariant derivative and the twisted spin connections

are given by

vA:DA+FA=a.A+QA+FA, ® :VprAVqu &"77=V8ﬁv[i‘737],
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Twisted semi-covariant formalism
o U-twisted master semi-covariant derivative is
Dy = Vi + b, + By,
of which the twisted semi-covariant derivative and the twisted spin connections
are given by
Vi=Di+Ts =8+ + 1y, &y, =VEViVE,,  $i0 = VEViVi,
e the twisted torsionless connection reads
Diai = 2(PD PP) i+ 2(P[ADPB] — PPy F)DyPy
5 (BeuPy® + PeypPiy?) ( od + (PD PP)[ED])

e “effective connection” reads explicitly,

Qeis + Tews = 2(POcPP) gy + 2Py Py — PPy 0y Py
—51 (PeuPy” + PeuPy”) (8‘ d+ (PaEPP)[ED])
+(PPPE P + PPPPY Vfpir

(P + P)CAB QDEF

The torsionful deformation [Berman, Lee] is derived as the effective torsion.



Twisted semi-covariant formalism

e The semi-covariant formulation also works for the twisted semi-covariant
derivative.
Upon all the twistability conditions, we obtain

(64 — Lk)(VCTAl“_A”) = Z (P+75)'CA,>BTA1-~A,;15A,-+1-~An >

i=1

once again the anomalies are all controlled by the index-six projection
operators. Namely, they are still semi-covariant.

e We get various covariant derivatives in the same way,
p.Dp. Bl . p. By . .
PC PA1 "'PA,, nvDTBl---By, S
S T S TP
Dqul“‘LIn ’ DPT qrqn oyt

VDo, A Dplp,--- ,ete.



Curvature

e Compare the two possible semi-covariant curvatures upon the twistability
conditions, ‘
> = 1 £
Gisep = Sapen + 7% ep -
o Gijep differs from S 5, after the twist.

e In the twisted SDFT to be constructed below, we shall employ G, only.
It turns out to be semi-covariant, while the other is not.



Curvature

Compare the two possible semi-covariant curvatures upon the twistability
conditions, ]
Gasen = Sasen + 3 en -
Gpcp differs from S apep after the twist.
In the twisted SDFT to be constructed below, we shall employ G only.

It turns out to be semi-covariant, while the other is not.

The completely covariant index-two (“Ricci") and index-zero (scalar) twisted
curvatures are as untwisted cases,

Gorg” Gorg G, -

Their covariance is guarented as they are related to the completely twisted
covariant derivatives,

%[Dpa bf’;]Tl) = gprﬁer ) %[Dm P?]Tﬁ = *g:pféiTTi,
"Dy, Dale = Gpra'v'es [Qpﬂ?%]a =Gy,
(V'Dp)’e + DyD’e = —;Gpie (¥'Dp)?e’ + D,Dle’ = — 3G’ .



Curvature

e Compare the two possible semi-covariant curvatures upon the twistability
conditions,

3 — < 1 E
Gisep = Saven T 2968 ¢ -
o Gijep differs from S 5, after the twist.

e In the twisted SDFT to be constructed below, we shall employ G, only.
It turns out to be semi-covariant, while the other is not.

e The completely covariant index-two (“Ricci") and index-zero (scalar) twisted
curvatures are as untwisted cases,

G Gord 5 ™ » i
Their covariance is guarented as they are related to the completely twisted
covariant derivatives,
;[DP,D 1" = gprqr ) [DP7 Dq]T = gprq ,
[y DpaD le= gmq Ve, . [Dpa YD, ]5 gp?ﬁ e’ N
(v'D,)’e + DpD’e = — 16, (¥'Dp)?e’ + D,D’e’ = —i o le’ .

e Using G, ¢, the supersymmetric completion will be possible.



Condition for RR cohomology
We replace S, ji, bY Ginerp-
Almost all the properties of the four-index curvature still hold after the twist,
up to the twistability conditions,

QA[BCD] =0. etc.
The only exception is

5 pq 5 pg — 1 ABC
Gpg" +Gpg " = ngB'cf :

It follows the modification of the Ramond-Ramnond cohomology,
(D2)’T = —3ifuaef T -
We should separately impose

0.

Y
Tasel

To incorporate RR field, we have to impose this extra consistency condition.

This will also be necessary for the maximal supersymmetry .



Supersymmetric gauged double field they

e The half-maximal supersymmetric gauged double field theory Lagrangian

E?&;:;Emwdl = e_Zd [%gpqpq + i%ﬁ'YprP - i&ﬁbﬁp - iély’yqbqwﬁ] .

The leading order half-maximal twisted supersymmetry transformation rules
5ed = —ilep, 8V = —iVaTeyily, 8 Viap = +iVa%&y,p
Oep = prﬁps, 0cp = Dﬁs.

e Higher order of fermionic terms are same as the terms in untwisted SDFT.



Supersymmetric gauged double field theory

From the Z, symmetry which exchanges the two spin groups,
Spin(1,9) < Spin(9, 1), there is a parallel formulation of the half-maximal

SDFT,

[ Half—maximal _ 672[1[ o %g'ﬁqﬁq . i%ﬁ/ﬁ’i"D.ppl + hZ/prp/ + i%@/p,yqp‘aw/p] )

Twisted SDFT
The supersymmetry is realized by
0ed = —ise'p', 0oV, = HiE T, 0Viy = —iE G0,

6cp = —ADpe’, S, = Dpe’.



Supersymmetric gauged double field theory

e Maximal supersymmetric gauged double field theory Lagrangian,
it = e[ 3 (G = G) + YTR(FF) = ipF ol + idhpy, PP
+i3 V" Dpp — i Dpp — i3 )Py Dy — i5p' ¥ Dypp’ + i Dypp’ + i3’ ¥ Dal?,

0ed = —il ep+ep),

8:Vi, = V(30 — Enwita) 55‘7;1,-, =iV (Evgp — EW0y)

6:C = il (el — ep — ' A + p&) + Cood — L (V3 6.V, )y "V ey,
0ep = —v"Dye,b.p = —7"Dye’

6-1p = Dpe + Fape’ Sy, = D,e’ +]—"yp



Supersymmetric gauged double field theory

Under the supersymmetry transformation
S Lywim o = ike™ (pe — ple' + ECp +EVCY', + pCE' + YpCATE) X fijef B
Fige X (Epy — Y, Tr (’Y”j‘l’?—’ff ) 4

e Thus, requiring the extra condition

- ABC
Jage!

the action is supersymmetric invariant modulo the self-duality.

0,



Comparison with the untwisted case

e Look at the NS-NS sector of two half-maximal Lagrangian.
LG = LTy ¢ ST P T — 10,0,
21, ddyd + 279,04 + 20, WP Dy
+ifanel P oH = Safuacfoir PR — e MR O M
+ﬁfABCfABC,
G = LHPOHpOHD + SHPOH 50" e — 10,0, HM
—2H*9,d0yd + 2H 0,0,d + 20, M Dyd
8fABCfABDHCD 2 " DEFHADHBEHCF %}CABCHBDHCEabHEA
12 AB .

e [t reproduces the previous result [Geissbuler,Aldazabal,Grana, Marques] , and it matches
with the N = 4 D = 4 gauged SUGRA ([Schon, Weidner] .



Comparison with the untwisted case

e Look at the NS-NS sector of two half-maximal Lagrangian.
LG = LTy ¢ ST P T — 10,0,
2R,y + 2R,y 1 20,58 8y
+ifanel P oH = Safuacfoir PR — e MR O M
+ﬁfAB CfABC ’
G = LT + SO T Ty — 10,0,
2B 9,d05d + 270, Dy + 20, M By
8fABcfAB HCD 2 " DEFHADHBEHCF %}CABCHBDHCEabHEA
— et

e [t reproduces the previous result [Geissbuler,Aldazabal,Grana, Marques] , and it matches
with the N = 4 D = 4 gauged SUGRA ([Schon, Weidner] .

e The fourth line is the cosmological constant. Each one has different sign of the
cosmological constant.



Comparison with the untwisted case

e NS-NS sector of maximal gauged SDFT.
+Gol"" — God
= R M Dy HED 1 A OCH 0P — 030,10
4,405 + 41D, 54 + 40,1 Dy
+ mBJABD%CD _ ﬁfAB' bEFfHADﬁBE%‘cF _ %fABCﬁBDHCEa'DHEA



Comparison with the untwisted case

e For fermions,

Y'Dpp = V" Dpp o+ 0,
Dyp = Dip| , + isa?" P

’Yq,D.qwﬁ = 'Yqbqq/’ﬁ 5 + %ﬁ/w"”% +frﬁé’)’r¢q )

and
par ./

+ e P’
D,p’ —Dpp‘ +4fp577 "o,
qDﬂb p= ’Ythﬂb p Efqm;ﬂﬁzﬁ/p +f?pq’_YF¢/q .

agree with Berman and Lee.

Y Dpp' = 7Dy

e For R-R as our new result
F=DiC=DiC 3+ﬁqur7pq76*i by C" = 15foary 'V CF T+ 1oy D CT

The nilpotency of this twisted R-R cohomology implies the Bianchi identity for
the twisted R-R flux, which is expected to produce the ‘tensor hierarchy’
[Bergshoeff, et. al; Fernandez-Melgarejo et. al]



Summary and comments

o We successfully twisted the semi-covariant formulations of the N' = 2 and the
N =1,D = 10 SDFT.

e The semi-covariant four index curvature is refined.
Gapep = % [(-7: + ﬁ)ABCD +(F+ ﬁ)C‘DAB +(®+ (i))EAB((I) + (i))E(,‘D} ,

It cannot be written in terms of only generalized metric, but should be written
in terms of double vielbein.
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N =1,D = 10 SDFT.

e The semi-covariant four index curvature is refined.
Gapep = % [(-7: + ﬁ)ABCD +(F+ ﬁ)C‘DAB +(®+ (i))EAB((I) + (i))E(,‘D} ,

It cannot be written in terms of only generalized metric, but should be written
in terms of double vielbein.

e Imposing the twistablility conditions, it systematically derives the gauged
maximal and half-maximal supersymmetric double field theories,
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cosmological constant!
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Summary and comments

e Half-maximal gauged SDFTs has two sectors , which have different signs of the
cosmological constant!

e For maximal gauged SDFT, we require

fisef =0,

e R-R potential C is not twisted. Only the field strength 7 = D C is influenced
by twisting though the twisted nilpotent operator. We expect that this will
change when U-duality is twisted in M-theory setup.



. Thank youl!




Thank you.
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