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Microscopic description of dynamics

• Classical mechanics

– Hamilton eps. of motion:

q̇i =
∂H

∂pi
= −{H,qi}PB, ṗi = −∂H

∂qi
= −{H,pi}PB

– Liouville eq. for phase space distribution ρ({qi}, {pi}, t): 〈A({q}, {p})〉t =
∫
dNqdNp ρA.

∂ρ

∂t
=

[
∂H

∂q
· ∂
∂p
− ∂H

∂p
· ∂
∂q

]
ρ = {H, ρ}PB

• Quantum mechanics

– Heisenberg eqs. of motion:

q̇i =
i

~
[H,qi], ṗi =

i

~
[H,pi]

– von Neumann eq. for density operator ρ: 〈A({q}, {p})〉t = Tr[ρA].

∂ρ

∂t
= − i

~
[H, ρ]

Macroscopic description

• Equilibrium: Thermodynamic laws for state variables

• Nonequilibrium: Near (not far from) equilibrium

– Hydrodynamic description using transport coefficients

– Onsager reciprocal relations ← time-reversal symmetry

– Green-Kubo relations ← fluctuation-response relations

Mesoscopic description

• Effective theory obtained by separating System and Bath (Reservoir)

• Bath degrees of freedom give stochastic elements

• The time evolution of ρ(t) for (System)+(Bath) is unitary: dρ/dt = (−i/~)[H, ρ]
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• Observable A in System: 〈A〉 = TrS [ρSA], where

ρS(t) = TrBρ(t)

• So formally,
∂ρS
∂t

= − i
~
TrB[H(t), ρ(t)]

• Langevin: Effective dynamic equation including stochastic elements

• Fokker-Planck: Corresponding probability conservation equation

• Formalisms: Langevin (Stochastic DE), Fokker-Planck (PDE), Path Integrals (Martin-Siggia-Rose: Clas-
sical; Schwinger-Keldysh: Quantum)
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5 Problems 32

1 Macroscopic Theory

1.1 Transport Coefficients

Contents

Macroscopic Theory of Irreversible Processes

• Consider the case where a local equilibrium is achieved at some cell a within time scale τmicro. (NOT far
from equilibrium situation)

• Global equilibrium is achieved at τmacro � τmicro ⇐ Conservation Laws

• length scale `micro over which local eq. is established� `macro: length scale of variation of thermodynamic
quantities

• Hydrodynamic Regime: Consider system with local equilibrium subject to perturbation of long wavelength
λ� `micro and low frequency ω � 1/τmicro. (Focus on excitation modes with ω → 0 as q → 0)

• Ai(a, t): Extensive variable in a at time t

• Φi(a→ b): Flux (amount of Ai transferred from a to b per unit time)

• Clearly Φi(a→ b) = −Φi(b→ a).

• Conservation laws:
dAi(a, t)

dt
= −

∑
b 6=a

Φi(a→ b)

• Local form: Introduce density ρi(r, t) for Ai(a, t)

Ai(a, t) =

∫
V (a)

dr ρi(r, t)

• Current ji for flux: ∑
b 6=a

Φi(a→ b) =

∫
S(a)

dS · ji =

∫
V (a)

dr ∇ · ji

• Conservation Law:
∂ρi
∂t

+ ∇ · ji = 0

• Attribute an entropy S(a) to each cell (Remember we are in local equilibrium in a cell): Stot =
∑

a S(a).

• Define a conjugate intensive variable

γi(a) ≡ ∂Stot

∂Ai(a)
=

∂S(a)

∂Ai(a)
, γi(r, t) ≡

∂Stot

∂ρi(r, t)

• Examples: Ai = N , γN = −µ/T ; Ai = E, γE = 1/T

• Affinity Γi(a, b) ≡ γi(b) − γi(a) for neighbouring cells a and b measures the force imbalance thus the
deviation from global equilibrium
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• Local form: Γi(r, t) = dr ·∇γi(r, t)

• Transport Coefficient Lij(a, b): For sufficiently small Γi, flux depends linearly on affinity

Φi(a→ b) =
∑
j

Lij(a, b)Γj(a, b)

Φi(b→ a) = −Φi(a→ b) =
∑
j

Lij(b, a)Γj(b, a) = −
∑
j

Lij(b, a)Γj(a, b)

⇒ Lij(a, b) = Lij(b, a)

• Local form:
jαi (r, t) =

∑
j,β

Lαβij ∂βγj(r, t)

• Heat diffusion

– Thermal conductivity κ: jE = −κ∇T

– Note that γE = 1/T

jαE =
∑
β

LαβEE∂β(
1

T
) = −(

1

T 2
)
∑
β

LαβEE∂βT ⇒ LαβEE = δαβT 2κ

– Continuity eq.:
∂ρE
∂t

= −∇ · jE = κ∇2T

– If we write ρE = CT (C=specific heat), then we have diffusion eq. ∂T
∂t = κ

C∇
2T .

• Particle diffusion

– Fick’s law with diffusion constant D: jN = −D∇n

– Note that γN = −µ/T :

∇γN = −∇(
µ

T
) = − 1

T

(
∂µ

∂n

)
T

∇n = − 1

T

1

κTn2
∇n

– We therefore have
LαβNN = δαβDTκTn

2

• Entropy production

dStot

dt
=
∑
i

∫
dr

δStot

δρi(r, t)

∂ρi(r, t)

∂t
= −

∑
i

∫
dr γi(r, t)∇ · ji(r, t)

= −
∑
i

∫
dr ∇ · {γi(r, t)ji(r, t))}+

∑
i

∫
dr ji(r, t) ·∇γi(r, t)

=
∑
i,j

∑
α,β

(∂αγi(r, t))L
αβ
ij (∂βγj(r, t))

• This quantity should be positive definite (≥ 0)

• We will show below that (Onsager reciprocal relations)

Lαβij ({γk}) = εiεjL
βα
ji ({εkγk}),

where εi is the parity of Ai under time reversal.
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1.2 Onsager Reciprocal Relations

Contents

Onsager Reciprocal Relations

• Extensive variables: {Ai}, {Bi}; Under time reversal Ai → Ai, Bi → −Bi

• Equilibrium values:{Āi}, {B̄i}; Fluctuations: ai ≡ Ai − Āi, bi ≡ Bi − B̄i

• Departure from equilibrium in entropy

∆S = −1

2

∑
i,j

αijaiaj −
1

2

∑
i,j

βijbibj ≡ −
1

2
xT · g · x,

where x = (a, b)t. (For a closed system ρs(a, b) ∼ e∆S/kB serves as a pdf for fluctuations. We only
consider the parity symmetric pdf.)

• Thermodynamic Forces

F ai ≡
∂∆S

∂ai
, F bi ≡

∂∆S

∂bi
, → F x ≡ ∂∆S

∂x
= −g · x

• Macroscopic description of the approach to equilibrium → Transport Coefficients: ẋ = J = L · Fx

∂ai
∂t

=
∑
j

LijF
a
j +

∑
j

MijF
b
j ,

∂bi
∂t

=
∑
j

M ′ijF
a
j +

∑
j

NijF
b
j

• We can write
∂x

∂t
= L · F x = −Γ · x,

where Γ = L · g or L = Γ · g−1.

• Given x(t = 0) = x0, the solution is

x(t;x0) = e−tΓ · x0 ≡
∫
dx xPt(x|x0).

• Time correlation function Ckl(t) ≡ 〈xk(t)xl(0)〉

Ckl(t) =

∫
dx0 xk(t;x0)x0l ρs(x0) =

∫
dx0 (e−tΓ · x0)kx0l ρs(x0)

=

∫
dx0

∫
dx xkx0lPt(x|x0)ρs(x0) =

∫
dx

∫
dx0 x0kxlPt(x0|x)ρs(x)

• Microscopic reversibility: Detailed Balance

Pt(x|x′)ρs(x′) = Pt(x̃′|x̃)ρs(x̃),

where x̃ = (a,−b)t.

• Invoke the DB

Ckl(t) =

∫
dx

∫
dx0 x0kxlPt(x̃|x̃0)ρs(x̃0) =

∫
dx

∫
dx0 x̃0kx̃lPt(x|x0)ρs(x0)
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• Note that ∫
dx x̃lPt(x|x0) = x̃l(t;x0).

• But x̃ also satisfies
∂x̃

∂t
= L̃ · F̃ x = −Γ̃ · x̃, x̃(t;x0) = ˜e−tΓ · x0 = e−tΓ̃ · x̃0

where

L =

(
L M

M′ N

)
, L̃ =

(
L −M
−M′ N

)
, Γ̃ = L̃ · g

• We therefore have

Ckl(t) =

∫
dx0 x̃0k(e

−tΓ̃ · x̃0)lρs(x0) = 〈x̃k(0)x̃l(t)〉

→ Time reversal symmetry + Time translational symmetry

• Note that ∫
dx0 x0ix0jρs(x0) =

∫
dx0 x̃0ix̃0jρs(x0) = kB(g−1)ij

• It follows that ∑
m

(e−tΓ)km(g−1)ml =
∑
m

(g−1)km(e−tΓ̃)lm =
∑
m

(g−1)km(e−tΓ̃)t
ml

e−tΓ̃
t

= g · e−tΓ · g−1, Γ̃t = g · Γ · g−1

• Since g is symmetric,
(L̃ · g)t = g · L̃t = g · L · g · g−1

L̃t = L

Lt = L, Mt = −M′, Nt = N

• Example: Coupling between thermal and particle diffusion

– Gas of light particles scattering elastically

– Temperature gradient can produce particle flux; Density gradient can produce heat flow

– Currents

jE = LEE∇
1

T
+ LEN∇(

−µ
T

), jN = LNE∇
1

T
+ LNN∇(

−µ
T

)

– Onsager relation: LEN = LNE

– In the absence of particle current jN = 0,

LNE∇
1

T
+ LNN∇(

−µ
T

) = 0, ∇(
−µ
T

) =
LNE
LNN

∇ 1

T

jE =
1

LNN
(LEELNN − L2

EN )∇ 1

T

– Thermal conductivity in this case is

κ =
1

T 2LNN
(LEELNN − L2

EN ) ≥ 0
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2 Mesoscopic Theories

2.1 Langevin Equation

Contents

Langevin equation
Brownian motion

m
dv

dt
= F (t)

What to include in F (t)?

• frictional force −γv : v(t) = e−γt/mv(0) → 0 as t → ∞. Inconsistent with 〈v2〉 = kBT/m at thermal
equilibrium

• Need fluctuating (random) force ξ(t) to keep it alive

– Simplest form of random force: Gaussian white noise

〈ξ(t)〉 = 0, 〈ξ(t)ξ(t′)〉 = 2Bδ(t− t′)

m
dv

dt
= −γv + ξ(t) (1)

• Effect of environment (”heat bath”): systematic part (−γv) + fluctuating part (ξ)

• There is a relationship between the two: Fluctuation-Dissipation Relation

Let v(t) = e−γt/mw(t), then dw/dt = eγt/mξ(t)/m. Therefore

v(t) = e−γt/mv(0) +

∫ t

0
dt′e−γ(t−t′)/mξ(t′)/m (2)

Let us calculate 〈v(t1)v(t2)〉. The cross term is zero. We have to evaluate∫ t1

0
dt′e−γ(t1−t′)/m

∫ t2

0
dt′′e−γ(t2−t′′)/m 〈ξ(t′)ξ(t′′)〉/m2

=e−γ(t1+t2)/m

∫ t1

0
dt′
∫ t2

0
dt′′eγ(t′+t′′)/m 2Bδ(t′ − t′′)/m2

=
B

γm
e−γ(t1+t2)/m

[
e2γmin(t1,t2)/m − 1

]
=

B

γm
(e−γ|t1−t2|/m − e−γ(t1+t2)/m)

We have

〈v(t1)v(t2)〉 =

(
v2(0)− B

γm

)
e−γ(t1+t2)/m +

B

γm
e−γ|t1−t2|/m

〈v2(t)〉 = e−2γt/m

(
v2(0)− B

γm

)
+

B

γm
→ B

γm
as t→∞

Comparing with 〈v2〉eq = kBT/m, we have

γ =
B

kBT
=

1

kBT

∫ ∞
0

dt〈ξ(t)ξ(0)〉 FDR of 2nd kind

Balance between dissipation (driving to ”dead” state) and fluctuation (driving to ”alive” state) to maintain
thermal equilibrium.

Note that
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• If v2(0) = B/(γm) = kBT/m, then 〈v2(t)〉 = 〈v2〉eq

• If v2(0) = B/(γm) = kBT/m, then 〈v(t1)v(t2)〉 = 〈v(t1 − t2)v(0)〉

Mean Squared Displacement, 〈(∆x(t))2〉, where ∆x(t) ≡ x(t)− x(0).

〈(∆x(t))2〉 =

∫ t

0
dt′
∫ t

0
dt′′ 〈v(t′)v(t′′)〉.

Consider
∂〈(∆x(t))2〉

∂t
= 2

∫ t

0
dt′′〈v(t)v(t′′)〉 = 2

∫ t

0
dt′′〈v(t− t′′)v(0)〉 = 2

∫ t

0
ds〈v(s)v(0)〉

We expect 〈(∆x(t))2〉 ∼ 2Dt as t→∞ with diffusion constant D. We have

D =

∫ ∞
0

ds〈v(s)v(0)〉 Green-Kubo formula

Explicit calculation shows that (∗ Exercise)

〈(∆x(t))2〉 =
2B

γ2

[
t− m

γ
+
m

γ
e−γt/m

]
+

(
v20 −

B

γm

)(
1− e−γt/m

γ/m

)2

∼ 2B

γ2
t as t→∞

We can identify

D =
B

γ2
=
kBT

γ
Einstein relation

We can write for mobility µ as

µ ≡ 1

γ
=

1

kBT

∫ ∞
0

dt〈v(t)v(0)〉 FDR of 1st kind

Suppose there is an uniform external driving force f so that

m
dv

dt
= − v

µ
+ f + ξ(t)

As t→∞, the average velocity approaches
〈v〉 → µf

Therefore we can regard µ as a response of the velocity to the external driving. So the above FDR is a
relationship between the response and the correlation or fluctuation. ⇒ Fluctuation−Response Relation

2.2 Generalized Langevin Equations

Contents
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Generalized Langevin equations
The reservoir may produce a generalized friction term which includes memory effect

m
dv

dt
= −

∫ t

0
dt′ γ(t− t′)v(t′) + ξ(t)

Laplace transform

L{v} = v̂(ω) ≡
∫ ∞
0

dt eiωtv(t), Im(ω) > 0,

L{v̇} = −v(0)− iωv̂(ω), L{
∫ t

0

dt′γ(t− t′)v(t′)} = γ̂(ω)v̂(ω)

Multiply by v(0) and take the average remembering 〈ξ(t)v(0)〉 = 0 for t > 0.

dC(t)

dt
= −

∫ t

0
dt′ γ(t− t′)C(t′) with C(t) ≡ 〈v(t)v(0)〉, or

Ĉ(ω) =
〈v2(0)〉

γ̂(ω)/m− iω

Suppose adding a time-dependent external driving force f(t). Taking the average and Laplace transform,

−iω〈v̂(ω)〉 − v(0) = − 1

m
γ̂(ω)〈v̂(ω)〉+

1

m
f̂(ω),

We introduce the response function µ(t) as

〈v(t)〉 =

∫ t

0
dt′µ(t− t′)f(t′), µ̂(ω) =

1

m

1

γ̂(ω)/m− iω
We therefore have

µ̂(ω) =
1

m〈v2(0)〉
Ĉ(ω), µ(t) =

1

m〈v2(0)〉
〈v(t)v(0)〉

If 〈v2(0)〉 = kBT/m, then

µ̂(ω) =
1

kBT

∫ ∞
0

dt eiωt〈v(t)v(0)〉 FDR of 1st kind

To show FDR of 2nd kind, consider

1

m2

∫ ∞
0

dt eiωt〈ξ(0)ξ(t)〉 =

∫ ∞
0

dt eiωt
〈
v̇(0)

[
v̇(t) +

1

m

∫ t

0

dt′ γ(t− t′)v(t′)

]〉
=

∫ ∞
0

dt eiωt〈v̇(0)v̇(t)〉+
γ̂(ω)

m

∫ ∞
0

dt eiωt〈v̇(0)v(t)〉

Time-translational invariance:

d

dt0
〈v(t0)v(t0 + t)〉 = 0, 〈v̇(t0)v(t0 + t)〉 = −〈v(t0)v̇(t0 + t)〉, 〈v̇(t0)v(t0)〉 = 0

Integrating by parts the first term, we have

1

m2

∫ ∞
0

dt eiωt〈ξ(0)ξ(t)〉 = −iω
∫ ∞
0

dt eiωt〈v̇(0)v(t)〉+
γ̂(ω)

m

∫ ∞
0

dt eiωt〈v̇(0)v(t)〉

=

(
iω − γ̂(ω)

m

)∫ ∞
0

dt eiωt〈v(0)v̇(t)〉

=

(
iω − γ̂(ω)

m

)(
−〈v2(0)〉 − iω

∫ ∞
0

dt eiωt〈v(0)v(t)〉
)

=

(
iω − γ̂(ω)

m

)(
−〈v2(0)〉 − iω 〈v2(0)〉

γ̂(ω)/m− iω

)
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• We therefore have
1

m2

∫ ∞
0

dt eiωt〈ξ(0)ξ(t)〉 =
〈v2(0)〉
m

γ̂(ω)

or

γ̂(ω) =
1

m〈v2(0)〉

∫ ∞
0

dt eiωt〈ξ(0)ξ(t)〉

• If 〈v2(0)〉 = kBT/m, then

γ̂(ω) =
1

kBT

∫ ∞
0

dt eiωt〈ξ(0)ξ(t)〉 FDR of 2nd kind

We have a colored noise: non-Markovian dynamics

• For γ(t) = 2γδ(t), we recover the white noise limit.

2.3 Quantum Brownian Motion: Caldeira-Leggett Model

Contents

Quantum Brownian Motion: Caldeira-Leggett Model
Treat a heat bath as a collection of harmonic oscillators:

• System

HS =
p2

2m
+ U(x)

• Bath

HB =
∑
j

(
p2
j

2mj
+

1

2
mjω

2
j q

2
j

)
=
∑
j

~ωj(b†jbj +
1

2
)

• Interaction: HI = −x
∑

j κjqj ≡ −xB.

• The interaction renormalises the potential, so we need counter term: HC = x2
∑

j κ
2
j/(2mjω

2
j ) that can

be absorbed into U(x). (In this way, the minimum potential energy is given by ∂H/∂x = ∂U/∂x = 0.)

• Total Hamiltonian H = HS +HB +HI +HC

H =
p2

2m
+ U(x) +

∑
j

(
p2
j

2mj
+
mjω

2
j

2
(qj −

κj
mjω2

j

x)2

)
(3)

• Heisenberg Eqs. of motion: For Heisenberg operators x(t) = eiHt/~xe−iHt/~ etc.,

– System

ẋ(t) =
i

~
[H,x(t)] =

p(t)

m
,

ṗ(t) =
i

~
[H, p(t)] = −U ′(x) +

∑
j

κjqj(t)−
∑
j

κ2
j

mjω2
j

x(t)
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– Bath

q̇j(t) =
i

~
[H, qj(t)] =

pj(t)

mj

ṗj(t) =
i

~
[H, pj(t)] = −mjω

2
j qj(t) + κjx(t)

• Bath eqs. of motion are linear, so we can solve them. Rewrite the eqs. for {qj , pj} as

Q̇(t) = A · Q(t) + C(t)

where

Q(t) =

(
qj(t)
pj(t)

)
, A =

(
0 1/mj

−mjω
2
j 0

)
, C(t) =

(
0

κjx(t)

)
• The solution to this equation is

Q(t) = eAt · Q(0) +

∫ t

0
ds eA(t−s) · C(s)

• We can easily show that

eAt = cos(ωjt)1 +
1

ωj
sin(ωjt)A =

(
cos(ωjt)

1
mjωj

sin(ωjt)

−mjωj sin(ωjt) cos(ωjt)

)
.

• We have

qj(t) = qj(0) cos(ωjt) + pj(0)
1

mjωj
sin(ωjt) +

κj
mjωj

∫ t

0
ds sin(ωj(t− s))x(s)

• Recall that

qj(0) =

√
~

2mjωj
(bj + b†j), pj(0) = −i

√
~mjωj

2
(bj − b†j)

• Therefore

qj(t) =

√
~

2mjωj
(e−iωjtbj + eiωjtb†j) +

κj
mjωj

∫ t

0
ds sin(ωj(t− s))x(s)

• Inserting this into eq. for p(t)

ṗ(t) = −U ′(x) +
∑
j

κj

√
~

2mjωj
(e−iωjtbj + eiωjtb†j)

−
∑
j

κ2
j

mjω2
j

x(t) +
∑
j

κ2
j

mjωj

∫ t

0
ds sin(ωj(t− s))x(s)

• Recall that

B = B(0) ≡
∑
j

κjqj =
∑
j

κj

√
~

2mjωj
(bj + b†j)

• Time evolution (in the interaction picture) of this is denoted by

B(t) ≡ eiHBt/~Be−iHBt/~ =
∑
j

κj

√
~

2mjωj
(e−iωjtbj + eiωjtb†j) (4)
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• Integrating by parts,

ṗ(t) = −U ′(x)−
∑
j

κ2
j

mjω2
j

x(t) +
∑
j

κ2
j

mjωj

∫ t

0
ds sin(ωj(t− s))x(s) +B(t)

= −U ′(x)− d

dt

∫ t

0
ds γ(t− s)x(s) +B(t)

= −U ′(x)−
∫ t

0
ds γ(t− s)ẋ(s) + ξ(t), (5)

where ξ(t) = B(t)− γ(t)x(0). Note that the counter term is cancelled.

• Here, the dissipation kernel is

γ(t) ≡
∑
j

κ2
j

mjω2
j

cos(ωjt) , t > 0

• The above is in standard form of the generalized (quantum) Langevin Eq.

• Properties of the bath are described by the spectral density of the oscillator frequencies:

J(ω) ≡ π

2

∑
j

κ2
j

mjωj
δ(ω − ωj)

• We can rewrite

γ(t) =
2

π

∫ ∞
0

dω
J(ω)

ω
cos(ωt) , t > 0

– Ohmic bath: J(ω) ∼ ω or J(ω) = γω. Then γ(t) = 2γδ(t), and
∫ t

0 dsγ(t − s)ẋ(s) = γẋ(t); Markov
limit.

– High-frequency cutoff - Drude form: J(ω) = γωΩ2/(ω2 + Ω2). Then γ(t) = γΩ exp(−Ωt). Memory
effect for the time scale τ ∼ Ω−1.

• B(t) (or ξ(t)) plays a role of stochastic force from the bath.

• One can show that (left as Problem)
〈B(t)〉 = 0

〈[B(t), B]〉 = [B(t), B] = −2i~
π

∫ ∞
0

dω J(ω) sin(ωt)

〈{B(t), B}〉 =
2~
π

∫ ∞
0

dω J(ω) coth(
1

2
β~ω) cos(ωt),

where the average is evaluated with respect to the bath Hamiltonian, i.e. 〈· · · 〉 = Tr[ρB(· · · )] where
ρB = (1/Z)e−βHB with Z = Tre−βHB .

• In the classical limit β~ω � 1,
1

2
〈{B(t), B}〉 = kBTγ(t)

• Recall that

B(t) =
∑
j

κj

{
qj(0) cos(ωjt) + pj(0)

1

mjωj
sin(ωjt)

}

12



• Therefore the shifted stochastic force is

ξ(t) ≡ B(t)− γ(t)x(0)

=
∑
j

κj

{(
qj(0)− κj

mjω2
j

x(0)

)
cos(ωjt) + pj(0)

1

mjωj
sin(ωjt)

}
.

• Noting that qj , pi and x operator on different Hilbert space, we see that ξ(t) satisfies the exactly same
statistics as B(t) when we use the shifted bath Hamiltonian, i.e. ρ′B = (1/Z ′)e−βH

′
B , where

H ′B =
∑
j

p2
j (0)

2mj
+

1

2
mjω

2
j

(
qj(0)− κj

mjω2
j

x(0)

)2


2.4 Fokker-Planck Equation

Contents

Fokker-Planck Equation

• Sometimes we face nonlinear problems like Brownian particle in a potential

dx

dt
=

p

m
dp

dt
= −γ p

m
−∇U(x) + ξ(t), 〈ξ(t)ξ(t′)〉 = 2Bδ(t− t′)

• Let us consider a general form, for i = 1, 2, . . . , N ,

dxi
dt

= fi(x(t)) + ξi(t) ,

where 〈ξi(t)〉 = 0 and 〈ξi(t)ξj(t′)〉 = 2Dijδ(t− t′).

• Convenient to work with the Fokker-Planck equation for the probability density at time t

P (x, t) = 〈δ(x− x(t))〉,

where the average is with respect to noise and x(t) is the solution of the above Langevin eq. with some
initial condition x(0) = x0

• P (x, t) satisfies the Fokker-Planck eq., which is a deterministic p.d.e.

∂

∂t
P (x, t) = −

∑
i

∂

∂xi
(fi(x)P (x, t)) +

∑
i,j

∂2

∂xi∂xj
DijP (x, t)

• The derivation can be found in many textbooks. (See also my lecture note for PSI 2014)

• The F-P equation is of the form
∂tP (x, t) = −L(x)P = −∇ · J,

where

L(x) =
∑
i

∂

∂xi
fi(x)−

∑
i,j

∂2

∂xi∂xj
Dij

13



is the F-P differential operator and

Ji = fiP −
∑
j

∂jDijP

is the probability current.

• Stationary solution: P s(x) satisfies ∂tP
s = −LP s = 0 or ∇ · Js = 0.

Examples
1 Brownian motion

ṗ = −γ p
m

+ ξ, 〈ξ(t)ξ(t′)〉 = 2Bδ(t− t′)

∂tP (p, t) = ∂p(
γ

m
p+B∂p)P (p, t)

Maxwell-Boltzmann dist.
Peq ∼ exp(−p2/(2mkBT ))

becomes the stationary solution if γ = B/(kBT ). [FDR of 2nd kind].
In this case J s = 0.
2 Brownian particle in a potential (Kramer’s equation)

dx

dt
=

p

m
dp

dt
= −γ p

m
−∇U(x) + ξ(t), 〈ξ(t)ξ(t′)〉 = 2Bδ(t− t′)

∂tP (x, p, t) = −∂x
p

m
P (x, p, t)− ∂p(−

γ

m
p− (∂xU(x))−B∂p)P (x, p, t)

Again equilibrium dist.

Peq ∼ exp

[
− p2

2mkBT
− U(x)

kBT

]
becomes the stationary solution P s if γ = B/(kBT ). In this case, stationary currents

J s
x(x, p) =

p

m
P s(x, p), J s

p(x, p) = (− γ
m
p− (∂xU(x))−B∂p)P s(x, p)

do not vanish. But the ”irreversible” part

J s,ir
p (x, p) ≡ (− γ

m
p−B∂p)P s(x, p) = 0

does vanish. The ”reversible” part J s,rev
p (x, p) ≡ −(∂xU(x))P s(x, p) satisfies

∂xJ
s
x + ∂pJ

s,rev
p = 0

3 Driven colloidal particle in a periodic potential

• Overdamped limit: Friction is so large that inertia term can be negelcted. In 1d,

ẋ = γ−1f(x) + η(t), 〈η(t)η(t′)〉 = 2Dδ(t− t′),

where D = Bγ−2.

• In equilibrium Einstein relation holds; B = γ(kBT ) or D = (kBT )/γ.
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• Stationary state satisfies
d

dx

(
−γ−1f(x) +D

d

dx

)
P s(x) = 0

• If f(x) = −V ′(x) +F where V (x) is a periodic potential and F is a uniform drive, one can have Nonequi-
librium steady state (NESS) described by P s

• Nonzero stationary current
J s = γ−1f(x)P s(x)−DP s′(x) 6= 0.

• Detailed Balance is broken

Detailed Balance
The Fokker-Planck equation can be written as

∂

∂t
P (x, t) =

∫
dx′

[
Wx,x′ P (x′, t)−Wx′,xP (x, t)

]
,

where Wx,x′ is the transition rate from x′ to x given by

Wx,x′ = −L(x)δ(x− x′) =

−∑
i

∂ifi(x) +
∑
i,j

Dij∂i∂j

 δ(x− x′)
The Detailed Balance condition for the stationary state distribution is defined by

Wx,x′P s(x′) = Wεx′,εxP
s(εx) ,

where εi = +1 if xi is even (e.g. position) and εi = −1 if xi is odd (e.g. momentum).

(l.h.s.) =− L(x)δ(x− x′)P s(x′) = −L(x)P s(x)δ(x− x′)

=− (L(x)P s(x)) δ(x− x′) +
∑
i

−fi(x)P s(x) + 2
∑
j

Dij(∂jP
s(x))

 ∂iδ(x− x′)

+
∑
i,j

Dij∂i∂jδ(x− x′)

(r.h.s.) =

−∑
i

εi∂
′
ifi(εx

′) +
∑
i,j

εiεjDij∂
′
i∂
′
j

 δ(x′ − x)P s(εx)

= P s(εx)

−∑
i

εi∂
′
ifi(εx

′) +
∑
i,j

εiεjDij∂
′
i∂
′
j

 δ(x′ − x)

= P s(εx)

∑
i

εifi(εx)∂i +
∑
i,j

εiεjDij∂i∂j

 δ(x− x′) ≡ −P s(εx)L†(εx)δ(x− x′)

• Coefficient of δ(x− x′): L(x)P s(x) = 0 (Stationarity)

• Coefficient of ∂iδ(x− x′):

−fi(x)P s(x) + 2
∑
j

Dij(∂jP
s(x)) = εifi(εx)P s(εx)
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• Coefficient of ∂i∂jδ(x− x′): DijP
s(x) = εiεjDijP

s(εx) → P s(x) = P s(εx)

The second condition for DB becomes

f ir
i (x)P s(x)−

∑
j

Dij∂jP
s(x) ≡ J s,ir

i (x) = 0

or
f ir
i (x) = −

∑
j

Dij∂jφ(x), where P s(x) = e−φ(x)

The total stationary current J s
i = J s,rev

i + J s,ir
i : The first condition becomes∑

i

∂iJ
s,rev
i (x) =

∑
i

∂i(f
rev
i (x)P s(x)) = 0

• Define f ≡ f rev + f ir:

f rev
i (x) ≡ 1

2
[fi(x)− εifi(εx)], f ir

i (x) ≡ 1

2
[fi(x) + εifi(εx)]

• f rev
i (εx) = −εif rev

i (x) behaves like ẋi and f ir
i (εx) = εif

ir
i (x) behaves opposite to ẋi under time reversal.

• For example,

ẋ = p/m︸︷︷︸
frevx

, ṗ = −(γ/m)p︸ ︷︷ ︸
f irp

−U ′(x)︸ ︷︷ ︸
frevp

+ξ

• For an overdamped case,
γẋ = f(x)︸︷︷︸

f irx

+ξ

3 Fluctuation-Response Relations

3.1 Microscopic Level: Linear Response Theory

Contents

Linear Response Theory

• The von Neumann eq. for the density operator

∂ρ

∂t
= − i

~
[H, ρ] ≡ −Lρ

• Add to a stationary Hamiltonian H0 a small time-dep. perturbation

H = H0 − λ(t)B, B† = B

• Then L(t) = L0 + L1(t), where

L1(·) = − i
~

[B, ·]λ(t)
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• Write ρ = ρ0 + ρ1 with ρ̇0 = −L0ρ0. Then

∂tρ1 = −L0ρ1 − L1ρ0 +O(λ2)

• The solution with initial condition ρ1(−∞) = 0 is

ρ1(t) = −
∫ t

−∞
dt′ e−L0(t−t′)L1(t′)ρ0

• Suppose initially ρ(−∞) = ρ0(−∞) = (1/Z) exp[−βH0] = ρeq, the equilibrium distribution. Then

ρ(t) = ρeq −
∫ t

−∞
dt′ e−L0(t−t′)L1(t′)ρeq

• The expectation value of an observable A is given by

〈A〉t = Tr[Aρ(t)] = 〈A〉0 +
i

~

∫ t

−∞
dt′ Tr

(
Ae−L0(t−t′)[B, ρeq]

)
λ(t′)

• Note that for any operator X satisfying Ẋ = −L0X = −(i/~)[H0, X], the solution can be expressed in
two different ways as

e−L0tX = e−iH0t/~ X eiH0t/~

• Therefore, we have

〈A〉t =〈A〉0 +
i

~

∫ t

−∞
dt′ Tr

(
Ae−iH0(t−t′)/~[B, ρeq]eiH0(t−t′)/~

)
λ(t′)

=〈A〉0 +
i

~

∫ t

−∞
dt′ Tr

(
[A(t), B(t′)]ρeq

)
λ(t′)

≡〈A〉0 +

∫ ∞
−∞

dt′ χAB(t− t′)λ(t′)

where A(t) ≡ exp(iH0t/~)A exp(−iH0t/~) and similarly defined B(t′) are Heisenberg operator w.r.t. H0

(interaction picture).

• Linear susceptibility (Response function) χ is obtained as

χAB(t− t′) =
i

~
〈[A(t), B(t′)]〉0Θ(t− t′)

• Θ(t− t′) signifies the causality.

• Dropping Θ function, define another function

χ′′AB(t) ≡ 1

2~
〈[A(t), B(0)]〉0 =

1

2~
[CAB(t)− CBA(−t)],

where CAB(t− t′) ≡ 〈A(t)B(t′)〉0 is the equilibrium correlation function.

• The Fourier transform satisfies

χ̃′′AB(ω) =
1

2~
[C̃AB(ω)− C̃BA(−ω)]
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• Using C̃BA(−ω) = e−β~ωC̃AB(ω) (proved in the next slide), we have the Fluctuation-Dissipation Theorem

χ̃′′AB(ω) =
1

2~
[1− e−β~ω]C̃AB(ω)

• In the classical limit, χ̃′′AB(ω) = 1
2βωC̃AB(ω), or χ′′AB(t) = i

2β
d
dtCAB(t)

χAB(t− t′) = 2iΘ(t− t′)χ′′AB(t− t′)

= −Θ(t− t′)β d
dt
CAB(t− t′) = Θ(t− t′)β d

dt′
CAB(t− t′).

CAB(t) =
1

Z
Tr[e−βH0eiH0t/~Ae−iH0t/~B]

=
1

Z

∑
n,m

e−βEnei(En−Em)t/~〈n|A|m〉〈m|B|n〉

C̃AB(ω) =
2π~
Z

∑
n,m

e−βEn〈n|A|m〉〈m|B|n〉δ(En − Em + ~ω)

C̃BA(−ω) =
2π~
Z

∑
n,m

e−βEn〈n|B|m〉〈m|A|n〉δ(En − Em − ~ω)

=
2π~
Z

∑
n,m

e−βEm〈m|B|n〉〈n|A|m〉δ(Em − En − ~ω)

= e−β~ω
2π~
Z

∑
n,m

e−βEn〈n|A|m〉〈m|B|n〉δ(En − Em + ~ω)

= e−β~ωC̃AB(ω)

Example: Electrical Conductivity

• Classical treatment

• Consider a set of N particles of charge qi located at xi.

• Apply a uniform time-varying electric field E(t).

• Interaction Hamiltonian is
HI =

∑
i

qiΦ(xi),

where Φ(x) is the elctrostatic potential for E(t) = −∇Φ(x). We can easily see that Φ(x) = −x · E(t).
We have

HI = −
∑
i

qixi ·E(t) = −P ·E(t),

where P ≡
∑

i qixi is the total dipole moment.

• For the conductivity we have correspondences:

A⇔ J , λ(t)⇔ E(t), B ⇔ P
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Without perturbing E, we expect 〈Jα〉 = 0. In the presence of E, we expect

〈Jα(t)〉 =

∫ ∞
−∞

dt′ χαβ(t− t′)Eβ(t′).

We can identify that the response function is the conductivity

χαβ(t− t′) = σαβ(t− t′)

Using the fact that Ṗ =
∑

i qiẋi = V J in the FDR, we have

σαβ(t) = θ(t)β〈Jα(t)Ṗβ(0)〉 = θ(t)βV 〈Jα(t)Jβ(0)〉 ≡ θ(t)βV Cαβ(t)

The Fourier-Laplace transform

σ̃αβ(ω) =

∫ ∞
−∞

dt eiωtσαβ(t) =

∫ ∞
0

dt eiωtσαβ(t)

Using the integral representation of the theta function,

θ(t) = i

∫ ∞
−∞

dω′

2π

e−iω
′t

ω′ + iε
, ε = 0+

we have

σ̃αβ(ω) =iβV

∫ ∞
−∞

dt eiωt
∫ ∞
−∞

dω′

2π

e−iω
′t

ω′ + iε

∫ ∞
−∞

dω̄

2π
e−iω̄tC̃αβ(ω̄)

=iβV

∫ ∞
−∞

dω′

2π

∫ ∞
−∞

dω̄

2π

C̃αβ(ω̄)

ω′ + iε
(2π)δ(ω − ω′ − ω̄)

=− iβV
∫ ∞
−∞

dω̄

2π

C̃αβ(ω̄)

ω̄ − ω − iε

=− iβV P
∫ ∞
−∞

dω̄

2π

C̃αβ(ω̄)

ω̄ − ω
+

1

2
βV C̃αβ(ω)

Longitudinal DC conductivity:

σL ≡
1

3

∑
α

σ̃αα(0)

=
1

3

∑
α

[
−iβV P

∫ ∞
−∞

dω̄

2π

C̃αα(ω̄)

ω̄
+

1

2
βV C̃αα(0)

]

=
βV

6

∑
α

C̃αα(0),

where we have used the fact that Cαα(t) = Cαα(−t), and C̃αα(ω) = C̃αα(−ω).
We finally obtain the Green-Kubo formula as

σL =
βV

3

∑
α

∫ ∞
0

dt 〈Jα(t)Jα(0)〉

3.2 Mesoscopic Level: F-P Equation

Contents
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FDR / Fokker-Planck Equations

• For the F-P eq., ∂tP = −LP , consider the case where we apply a small time-dependent perturbation such
that

L(x, t) = L0(x) + L1(x, t) = L0(x) + λ(t)L1(x), λ small

• Let P s be the stationary solution of L0: L0(x)P s(x) = 0.

• Write P = P s + P1 then the F-P eq. becomes for small λ

∂t(P
s + P1) = −(L0 + L1)(P

s + P1), or ∂tP1 = −L0P1 − L1P
s +O(λ2)

• The solution with initial condition P1(x,−∞) = 0, P (x,−∞) = P s(x) is

P1(x, t) = −
∫ t

−∞
dt′ e−L0(x)(t−t′)L1(x, t

′)P s(x)

• The average of an observable A(x) is given by

〈A〉t ≡
∫
dx P (x, t)A(x).

• The response to the perturbation is studied using the response function

RA(t, t′) ≡ δ〈A〉t
δλ(t′)

∣∣∣∣
λ=0

=−
∫
dx A(x)e−L0(x)(t−t′)L1(x)P s(x), t > t′

• We define the correlation function C0
AB(t, t′) = 〈A(t)B(t′)〉0 of two observables A(x) and B(x) at two

different times t > t′ in the stationary state as

C0
AB(t, t′) =

∫
dx

∫
dx′A(x)P (x, t|x′, t′)P s(x′)B(x′)

• The symbolic solution to the F-P eq. is P (x, t) = exp[−L0(x)(t−t0)]P (x, t0), so the conditional probability
is P (x, t|x′, t′) = exp[−L0(x)(t− t′)]δ(x− x′)

C0
AB(t, t′) =

∫
dxA(x)e−L0(x)(t−t′)B(x)P s(x), t > t′

For t′ > t,

C0
AB(t, t′) =

∫
dxB(x)e−L0(x)(t′−t)A(x)P s(x), t′ > t

• We have the Fluctuation-Response Relation

RA(t, t′) =

{
C0
AB(t, t′), t > t′

0, t < t′

where

B(x) ≡ − 1

P s(x)
L1(x)P s(x)
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Examples
1 Perturbation of the stationary state satisfying DB

Consider for some i
ẋi = fi(x) + λ(t)︸︷︷︸

perturbation

+ξi(t)

Li1(x, t) = λ(t)∂i, Li1(x) = ∂i

Bi(x) = − 1

P s(x)
∂iP

s(x) = −
∑
j

[D−1]ijf
ir
j (x),

where we have used the DB condition, J s,ir
i = f ir

i P
s −
∑

j Dij∂jP
s = 0.

RiA(t, t′) = −
∑
j

[D−1]ij〈A(t)f ir
j (t′)〉0 , t > t′

2 Overdamped system

• In this case, f = f ir.

ẋ = γ−1f(x) + ξ(t), 〈ξ(t)ξ(t′)〉 = 2Dδ(t− t′), D = kBT/γ

• We have

RA(t, t′) = −D−1γ−1〈A(t)f(t′)〉0 = − 1

kBT
〈A(t)f(t′)〉0, t > t′

• In this case, one can show that the (r.h.s) is equal to

RA(t, t′) =
1

D
〈A(t)ẋ(t′)〉0 , t > t′

(See the next slide for the proof.)

4 Special case: f = f ir : Consider (summation convention)

L0(xiP
s(x)) =∂k(fkxiP

s)− ∂k∂l(DklxiP
s)

=fiP
s + xi∂k(fkP

s)− xiDkl∂k∂lP
s︸ ︷︷ ︸

xiL0P s=0

−2Dik∂kP
s = −fiP s

For t > t′

RiA(t, t′) =− [D−1]ij

∫
dxA(x)e−L0(x)(t−t′)fj(x)P s(x)

=[D−1]ij

∫
dxA(x)e−L0(x)(t−t′)L0(xjP

s(x))

=[D−1]ij
d

dt′
〈A(t)xj(t

′)〉0

3 Brownian motion with momentum dependent irreversible force
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• Consider ẋ = p/m and

ṗ = − γ
m
p+ f(x) + g(p) + ξ(t), 〈ξ(t)ξ(t′)〉 = 2Bδ(t− t′), B = γkBT

• g(p) is irreversible: g(−p) = −g(p). Total irreversible force: −γp/m+ g(p).

• Therefore we have

RA(t, t′) = −B−1〈A(t′)(−γp(t′)/m+ g(p(t′))〉0

=
1

kBT
〈A(t)

p(t′)

m
〉0 −

1

B
〈A(t)g(p(t′))〉0

4 Perturbation of stationary state without DB

• Consider again for some i (We also assume that f = f ir.)

ẋi = fi(x) + λ(t) + ξi(t), Li1(x, t) = λ(t)∂i,

• Without assuming DB, we have for P s = e−φ,

J s
i

P s
= fi(x) +

∑
j

Dij∂jφ(x) ≡ νi 6= 0

• Then we have

Bi(x) = − 1

P s(x)
∂iP

s(x) = ∂iφ(x) =
∑
j

[D−1]ij(νj − fj)

• Therefore,

RiA(t, t′) = 〈A(t)∂iφ(t′)〉 =
∑
j

[D−1]ij〈A(t)(νj(t
′)− fj(t′))〉 , t > t′

• We again have

L0(xiP
s(x)) = ∂k(fkxiP

s)− ∂k∂l(DklxiP
s) = fiP

s − 2Dik∂kP
s = (2νi − fi)P s

or
L0(xiP

s)− νiP s = (νi − fi)P s.

• Therefore, we can also write

RiA(t, t′) =
∑
j

[D−1]ij〈A(t)(ẋj(t
′)− νj(t′))〉 , t > t′

4 Path integral formalism

4.1 Martin-Siggia-Rose (MSR) Formalism

Contents
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MSR Functional-Integral Formalism
Consider again

dxi
dt

= fi(x(t)) + ξi(t), (?)

where 〈ξi(t)〉 = 0 and 〈ξi(t)ξj(t′)〉 = 2Dijδ(t− t′).
Let us use the distribution function Pξ[ξ] for the Gaussian white noise, which satisfies∫

DξPξ[ξ]ξi(t) = 0,

∫
DξPξ[ξ]ξi(t)ξj(t

′) = 2Dijδ(t− t′)

It is given by (summation convention)

Pξ[ξ] =Z−1 exp(−1

4

∫
dt ξi(t)D

−1
ij ξj(t))

=Z−1 exp(−1

4

∫
dt

∫
dt′ ξi(t)D

−1
ij δ(t− t

′)ξj(t
′)),

where

Z =

∫
Dξ exp(−1

4

∫
dt ξi(t)D

−1
ij ξj(t)).

Gaussian Integrals
Consider (summation convention)

P0(x) =
1

Z0
exp(−1

2
xiAijxj),

where

Z0 =

∫ ∏
i

dxi exp[−1

2
xiAijxj ] = (2π)n/2(det A)−1/2.

From

Z0(b) =

∫ ∏
i

dxi exp[−1

2
xiAijxj + bixi] = Z0 exp[biA

−1
ij bj ]

we have

〈xixj〉0 =

∫ ∏
i

dxi xixjP0(x) =
1

Z0

∂2

∂bi∂bj
Z0(b)

∣∣∣∣
b=0

= A−1
ij

〈xixj · · ·xn〉0 can be expressed in terms of 〈xixj〉0.

Perturbation Expansion (0-dim. field theory)
Consider for example

P (x) =
1

Z
exp(−1

2
xiAijxj + λ

∑
i

x4
i ),

where

Z =

∫ ∏
i

dxi exp[−1

2
xiAijxj + λ

∑
i

x4
i )].

Expand

exp[λ
∑
i

x4
i ] = 1 + λ

∑
i

x4
i +

1

2
λ2
∑
i

x4
i

∑
j

x4
j +O(λ3)

Express

〈xixj〉 =

∫ ∏
i

dxi xixjP (x)
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in terms of 〈xixj〉0.

The transition probability is

P (xτ , τ |x0, 0) =

∫
Dξ Pξ[ξ] δ(x(τ)− xτ ), (∗)

where x(t) is the solution to (?) with the initial condition x(0) = x0.
Now we use the identity

1 =

∫
Dx δ(ẋ(t)− f(x(t))− ξ(t)) J [x],

where

J [x] = det

[
δGi[x(t)]

δxj(t′)

]
is the Jacobian with Gi[x(t)] ≡ ẋi(t)− fi(x(t)). Using the integral representation of the delta-function,

1 =

∫
Dx

∫
Dx̂ J [x] exp

−i∑
j

∫ τ

0
dt x̂j(t){ẋj(t)− fj(x(t))− ξj(t)}


Inserting this into (∗),

P (xτ , τ |x0, 0)

=

∫
DξPξ[ξ]

∫ x(τ)=xτ

x(0)=x0

Dx
∫
Dx̂ J [x] e−i

∑
i

∫ τ
0 dt x̂i(t){ẋi(t)−fi(x(t))−ξi(t)}

=

∫ x(τ)=xτ

x(0)=x0

Dx
∫
Dx̂ J [x] exp[−S0[x, x̂]],

where

S0[x, x̂] ≡
∫ τ

0
dt

∑
i,j

x̂i(t)Dij x̂j(t) + i
∑
i

x̂i(t){ẋi(t)− fi(x(t))}


The average of an observable A[x(t)] which depends on the x(t), 0 ≤ t ≤ τ is given by

〈A[x(t)]〉 =

∫
dxτ

∫
dx0 Pi(x0)

∫ x(τ)=xτ

x(0)=x0

Dx
∫
Dx̂ J [x]A[x(t)]e−S0[x,x̂]

=

∫
Dx

∫
Dx̂ J [x]A[x(t)]e−S0[x,x̂]Pi(x0),

where Pi(x0) is the initial distribution.
This can be understood from

P (xk, tk) =

∫
dxk−1P (xk, tk|xk−1, tk−1)P (xk−1, tk−1)

For a finite time interval [0, τ ], we divide it into M infinitesimal intervals such that t0 = 0 and tM = τ , xM = xτ
and dt = τ/M .

P (xτ , τ |x0, 0) =

∫
dx1 · · · dxM−1

M∏
k=1

P (xk, tk|xk−1, tk−1)

24



Evaluation of Jacobian

J [x] = det

[
δGi(x(t))

δxj(t′)

]
≡ detMij(t, t

′) = det

[
δij

d

dt
δ(t− t′)− ∂fi

∂xj
δ(t− t′)

]
We can write

Mij(t, t
′) =

∑
k

∫
dt′′M(0)

ik (t, t′′)M(1)
kj (t′′, t′),

where

M(0)
ik (t, t′′) = δik

d

dt
δ(t− t′′)

and

M(1)
kj (t′′, t′) = δkjδ(t

′′ − t′)− θ(t′′ − t′)∂fk
∂xj

Note that detM = detM(0) detM(1) and that detM(0) is a constant which can be absorbed into the functional
integral measure.

• We therefore have

J [x] =N detM(1) = N exp[tr lnM(1)]

=N exp
[
− θ(0)

∫
dt
∑
i

∂fi(x(t))

∂xi

− 1

2

∫
dt1

∫
dt2 θ(t1 − t2)θ(t2 − t1)

∑
i,j

∂fi(x(t1))

∂xj

∂fj(x(t2))

∂xi
− · · ·

]
• All but the first term vanish due to the properties of the theta function.

• We therefore have

J [x] = N exp

[
−θ(0)

∫
dt
∑
i

∂fi(x(t))

∂xi

]
≡ N exp[−SJ [x]]

• The appearance of θ(0) is intimately related to the discretization scheme for the stochastic differential
equation. (e.g. θ(0) = 0 ⇔ Itô, θ(0) = 1/2⇔ Stratonovich)

• More general average

〈O[x, x̂]〉 =

∫
Dx

∫
Dx̂ O[x, x̂]e−S0[x,x̂]−SJ [x]Pi(x(0))

Onsager-Machlup formula

• Integrating away x̂, we have

〈A[x]〉 ∼
∫
DxA[x] exp[−SOM[x]− SJ [x]]Pi(x0),

where

SOM[x] =
1

4

∫ τ

0
dt
∑
i,j

{ẋi(t)− fi(x(t))}D−1
ij {ẋj(t)− fj(x(t))}

• exp[−SOM[x]− SJ [x]] can be regarded as the probability for the path x(t)
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4.2 FDR and Time-Reversal Symmetry

Contents

Response functions in the MSR formalism
Consider again for some i

ẋi = fi(x) + λi(t)︸︷︷︸
perturbation

+ξi(t)

• Consider a response of an average of a local observable 〈A[x(t)]〉 at t due to a perturbation λi(t
′) at t′.

• Linear response

RiA(t, t′) =
δ〈A[x(t)]〉
δλi(t′)

∣∣∣∣
λ=0

• Nonlinear responses

RiA(t; t′, t′′) =
δ2〈A[x(t)]〉
δλi(t′)δλi(t′′)

∣∣∣∣
λ=0

, etc.

• Causality: RiA(t, t′) = 0 if t < t′. RiA(t; t′, t′′) = 0 if t < t′ or t < t′′.

〈A[x(t)]〉 =

∫
dt′ RiA(t, t′)λi(t

′) +
1

2

∫
dt′
∫
dt′′ RiA(t; t′, t′′)λi(t

′)λi(t
′′) + · · ·

Use of Response Field x̂

• In the action S0, we have an additional term

−i
∫
dtx̂i(t)λi(t).

• Taking a derivative w.r.t. λi(t
′) brings down a factor of ix̂i(t

′) in front of the exponential.

• x̂(t): Response Field

• No need to introduce λ; All averages are w.r.t. the unperturbed action.

Response Field Formalism
RiA(t, t′) = 〈A[x(t)]ix̂i(t

′)〉.

RiA(t; t′, t′′) = 〈A[x(t)]ix̂i(t
′)ix̂i(t

′′)〉, etc.

Time-reversal Transformations

R-transformation

R :

{
x(t) → xR(t) ≡ x(τ − t)
x̂(t) → x̂R(t) ≡ x̂(τ − t)− iD−1 · ddtx(τ − t)

• Integration measure:
DxDx̂ = DxRDx̂R

• Jacobian
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SJ [x]→ SJ [xR] = θ(0)

∫ τ

0
dt
∑
i

∂

∂xR
i

fi(x
R)

= θ(0)

∫ τ

0
dt
∑
i

∂

∂xi(τ − t)
f(x(τ − t))

= SJ [x]

after changing the integration variable from t→ t′ = τ − t.
Change in S0:

S0[xR, x̂R] =

∫ τ

0
dt
[
{x̂(τ − t)− iD−1 · d

dt
x(τ − t)} · D

· {x̂(τ − t)− iD−1 · d
dt
x(τ − t)}

+i{x̂(τ − t)− iD−1 · d
dt
x(τ − t)} · { d

dt
x(τ − t)− f(x(τ − t))}

]
=

∫ τ

0
dt[{x̂(t) + iD−1 · d

dt
x(t)} · D · {x̂(t) + iD−1 · d

dt
x(t)}

+i{x̂(t) + iD−1 · d
dt
x(t)} · {− d

dt
x(t)− f(x(t))}]

= S0[x, x̂] +

∫ τ

0
dt ẋ(t) · D−1 · f(x(t))︸ ︷︷ ︸

≡∆S[x]

• Suppose that (cf. DB condition)

f(x) = −D ·∇φ(x), and Pi(x(0)) = P s(x(0)) = exp(−φ(x(0)))

• Then

∆S[x] = −
∫ τ

0
dt ẋ(t) ·∇φ(x) = −

∫ τ

0
dt

d

dt
φ(x(t)) = −[φ(x(τ))− φ(x(0))].

• We then have the symmetry

〈O[x, x̂]〉 =

∫
Dx

∫
Dx̂O[x, x̂]e−S0[x,x̂]−SJ [x]Pi(x(0))

=

∫
DxR

∫
Dx̂R O[xR, x̂R]e−S0[xR,x̂R]−SJ [xR]Pi(x

R(0))

=

∫
Dx

∫
Dx̂O[xR, x̂R]e−S0[x,x̂]−∆S[x]−SJ [x]Pi(x(τ))

=

∫
Dx

∫
Dx̂O[xR, x̂R]e−S0[x,x̂]−SJ [x]+{φ(x(τ))−φ(x(0))}Pi(x(τ))

=

∫
Dx

∫
Dx̂O[xR, x̂R]e−S0[x,x̂]−SJ [x]Pi(x(0))

= 〈O[xR, x̂R]〉

In particular

〈
A[x(t)]x̂i(t

′)]
〉

=

〈
A[x(τ − t)]

x̂i(τ − t′)− i∑
j

[D−1]ij
d

dt′
xj(τ − t′)


〉
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or

RiA(t, t′) = RiA(τ − t, τ − t′) +
∑
j

[D−1]ij
d

dt′
〈
A[x(τ − t)]xj(τ − t′)

〉
By changing τ − t→ t and τ − t′ → t′,

FDR 1 (DB)

RiA(t, t′)−RiA(τ − t, τ − t′) =
∑
j

[D−1]ij
〈
A[x(t)]ẋj(t

′)
〉

U-transformation

U :

{
x(t) → xU(t) ≡ x(τ − t)
x̂(t) → x̂U(t) ≡ −x̂(τ − t) + iD−1 · f(x(τ − t))

• One can show again with the same ∆S that (see Problems)

S0[xU, x̂U] = S0[x, x̂] + ∆S[x] (6)

• The Jacobians and the measure are invariant as well.

• If the DB holds and the initial state is given by the stationary state, then

〈O[x, x̂]〉 = 〈O[xU, x̂U]〉 (7)

〈
A[x(t)]x̂i(t

′)]
〉

=

〈
A[x(τ − t)]

−x̂i(τ − t′) + i
∑
j

[D−1]ijfj(x(τ − t′))


〉

(8)

FDR 2 (DB)

RiA(t, t′) +RiA(τ − t, τ − t′) = −
∑
j

[D−1]ij
〈
A[x(t)]fj(x(t′))

〉
(9)

Exact symmetry of MSR action

• Consider the following transformation

E-transformation

E :

{
x(t) → xE(t) ≡ x(t)
x̂(t) → x̂E(t) ≡ −x̂(t)− iD−1 · (ẋ(t)− f(x(t)))

• Unlike R and U , they don’t involve time reversal.

• One can show that it is an exact symmetry: (see Problems)

S0[xE, x̂E] = S0[x, x̂] (10)

• Without assuming DB or stationary initial distribution, we have

〈O[x, x̂]〉 = 〈O[xE, x̂E]〉 (11)
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• It follows that

〈A[x(t)]x̂i(t
′)]〉 =− 〈A[x(t)]x̂i(t

′)〉 (12)

− i
∑
j

[D−1]ij 〈A[x(t)]ẋj(t
′)〉+ i

∑
j

[D−1]ij 〈A[x(t)]fj(x(t′))〉

• We therefore have an important identity

Identity

2
∑
j

DijR
j
A(t, t′) =

〈
A[x(t)] ẋi(t

′)
〉
−
〈
A[x(t)] fi(x(t′))

〉
• This nonperturbative relation can also be obtained from the identity

0 =

∫
Dx(t)

∫
Dx̂(t)

δ

δx̂i(t′)

[
A[x]e−S0[x,x̂]−SJ [x]Pi(x(0))

]
= −2

∑
j

Dij

〈
A[x(t)]x̂j(t

′)
〉
− i
〈
A[x(t)]ẋi(t

′)
〉

+ i
〈
A[x(t)]fi(x(t′))

〉
• This relation can be used to study the violation of the FDR in nonequilibrium

4.3 Time-Reversal Transformations in Nonequilibrium

Contents

Use of Time-reversal Transformations in Nonequilibrium

• Consider an overdamped system driven by the time-dependent protocol λt

γẋ = f(x, λt) + ξ(t), or ẋ = γ−1f(x, λt) + η(t),

where 〈η(t)η(t′)〉 = 2Dδ(t− t′) and 〈ξ(t)ξ(t′)〉 = 2Dγ2δ(t− t′) with the Einstein relation γD = T .

• Let us apply the R-transformation in this case

S0[xR, x̂R;λ] =

∫ τ

0
dt [D{x̂(τ − t)− i

D

d

dt
x(τ − t)}2

+ i{x̂(τ − t)− i

D

d

dt
x(τ − t)}{ d

dt
x(τ − t)− γ−1f(x(τ − t), λt)}]

=

∫ τ

0
dt [D{x̂(t) +

i

D

d

dt
x(t)}2

+ i{x̂(t) +
i

D

d

dt
x(t)}{− d

dt
x(t)− γ−1f(x(t), λτ−t)}]

= S0[x, x̂;λR] +
1

T

∫ τ

0
dt ẋ(t)f(x(t), λR

t ),

where λR
t ≡ λτ−t corresponds to the reverse protocol.

• We can write this as
S0[xR, x̂R;λ] = S0[x, x̂;λR] + ∆S[x;λR],

where

∆S[x;λR] =
1

T

∫ τ

0
dt ẋ(t)f(x(t), λR

t ) = −∆S[xR;λ]
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• Jacobian:

SJ [x;λ]→ SJ [xR;λ] = θ(0)

∫ τ

0
dt
∑
i

∂

∂xR
i

[γ−1fi(x
R;λt)]

= θ(0)

∫ τ

0
dt
∑
i

∂

∂xi(τ − t)
[γ−1f(x(τ − t);λt)]

= SJ [x;λR]

• We again have
DxDx̂ = DxRDx̂R

Now consider 〈
O[x, x̂]e−∆S[x;λ]−ln ρi(x(0))+ln ρf (x(τ))

〉
=

∫
Dx
∫
Dx̂O[x, x̂]e−S0[x,x̂;λ]−SJ [x;λ]−∆S[x;λ] ρf (x(τ))

ρi(x(0))
ρi(x(0))

=

∫
DxR

∫
Dx̂R O[xR, x̂R]e−S0[xR,x̂R;λ]−SJ [xR;λ]−∆S[xR;λ]ρf (xR(τ))

=

∫
Dx
∫
Dx̂O[xR, x̂R]e−S0[x,x̂;λR]−∆S[x;λR]−SJ [x;λR]+∆S[x;λR]ρf (x(0))

=

∫
Dx
∫
Dx̂O[xR, x̂R]e−S0[x,x̂;λR]−SJ [x;λR]ρf (x(0))

≡
〈
O[xR, x̂R]

〉
R
, · · · · · · (†)

where 〈· · · 〉R is the average evaluated with the reverse protocol λR and the initial distribution ρf

• Note that

∆S[x;λ] =
1

T

∫ τ

0
dt ẋ(t)f(x(t), λt) = − 1

T

∫ τ

0
dt ẋ[−γẋ(t) + ξ(t)]

The quantity in [· · · ] is the force from the reservoir and the integral can usually be interpreted as the heat
flow ∆Q into the system. We therefore have

∆S[x;λ] = −∆Q

T
= ∆Senv

which is the entropy change in the environment (reservoir).

• Let us write the system entropy change as the change in Shannon entropy as

∆Ssys = − ln ρf (x(τ)) + ln ρi(x(0))

• The total entropy change is ∆Stot = ∆Ssys + ∆Senv

• The above relation can the be written as〈
O[x, x̂]e−∆Stot

〉
=
〈
O[xR, x̂R]

〉
R
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Integral Fluctuation Theorem

• For O = 1, we have the integral fluctuation theorem

〈
e−∆Stot

〉
= 1 .

From Jensen’s inequality 〈ex〉 ≥ e〈x〉, the thermodynamic 2nd law follows

〈∆Stot〉 ≥ 0

• For O = A[x(t)]x̂(t′), we have a generalized FDR〈
A[x(t)]x̂(t′)e−Stot[x;λ]

〉
=

〈
A[x(τ − t)]

{
x̂(τ − t′)− i

D

d

dt′
x(τ − t′)

}〉
R

Jarzynski equality

• Consider the special case where f(x(t);λt) = −∂xU(x;λt)

• We have

∆Senv =
1

T

∫ τ

0
dt ẋ(t)f(x(t), λt) = − 1

T

∫ τ

0
dt ẋ(t)∂xU(x(t), λt)

= − 1

T

∫ τ

0
dt

[
dU

dt
− λ̇t

∂U

∂λt

]
= −∆U

T
+

∆W

T
,

where ∆U = U(x(τ);λτ )− U(x(0);λ0) and the Jarzynski work

∆W =

∫ τ

0
dt λ̇t

∂U

∂λt

• Consider also the case where the initial and final distributions are given by Boltzmann distribution as

ρi(x(0)) =
1

Z(0)
e−U(x(0);λ0)/T , ρf (x(τ)) =

1

Z(τ)
e−U(x(τ);λτ )/T

• The system entropy change is

∆Ssys = − ln ρf (x(τ), λτ ) + ln ρf (x(0), λ0) =
1

T
(∆U −∆F ),

where ∆F = −T lnZ(τ) + T lnZ(0) is the free energy difference.

• The total entropy change is

∆Stot = ∆Senv + ∆Ssys =
∆W

T
− ∆F

T

• Applying this to Eq. (†), we have

e∆F/T
〈
O[x, x̂]e−∆W/T

〉
=
〈
O[xR, x̂R]

〉
R0
,

where 〈· · · 〉R0 is the average using the reverse protocol and the Boltzmann distribution as an initial one.

• When O = 1,

〈e−∆W 〉 = e−∆F , ⇒ 〈∆W 〉 ≥ ∆F
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5 Problems

Problem 1
Consider for a set of variables a(t) = {ai(t)}, i = 1, 2, . . . , N

dai
dt

=
∑
j

Gijaj + ξi(t), or
da

dt
= G · a + ξ(t),

where
〈ξi(t)〉 = 0, 〈ξi(t)ξj(t′)〉 = 2Bijδ(t− t′)

The dissipation matrix G = {Gij} is not necessarily a symmetric matrix whose eigenvalues have negative real
parts. In the long time limit, we expect 〈ai(t)aj(t)〉 approaches the equilibrium value 〈aiaj〉eq = Mij . (B and M

are by definition symmetric matrices.)

Find the relationship among the matrices G, B and M. (Hint: Try a(t) = eGt · b(t).)

Problem 2
In the Caldeira-Leggett model, B(t) defined in Eq. (4) plays role of stochastic force from the bath.
(a) Show that

〈B(t)〉 = 0

〈[B(t), B]〉 = [B(t), B] = −2i~
π

∫ ∞
0

dω J(ω) sin(ωt)

〈{B(t), B}〉 =
2~
π

∫ ∞
0

dω J(ω) coth(
1

2
β~ω) cos(ωt),

where the average is evaluated with respect to the bath Hamiltonian, i.e. 〈· · · 〉 = Tr[ρB(· · · )] where ρB =
(1/Z)e−βHB with Z = Tre−βHB .

(b) Show that in the classical limit β~ω � 1,

1

2
〈{B(t), B}〉 = kBTγ(t)

Problem 3
In the Caldeira-Leggett Hamiltonian, Eq. (3), let us assume that the coupling between the system and the

bath is nonlinear in system coordinates (but still linear in bath coordinates; we want an exact solution for the
bath.). For example, suppose for an arbitrary F (x),

HI = −F (x)
∑
j

κjqj

and the corresponding counter term. Derive the final form for the quantum generalized Langevin equation
corresponding to Eq. (5).

Problem 4
For a free quantum Brownian particle, the equation of motion is given by Eq. (5) with U(x) = 0. Let us

assume the bath oscillators satisfy the Ohmic property, i.e. J(ω) = γω, then the equation looks very similar
to the (Markov) Langevin equation Eq. (1) for the classical Brownian motion. Using the solution of the form
Eq. (2), find the expressions for the average kinetic energy

1

2m
〈p2(t)〉
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and the mean square displacement
〈[x(t)− x(t′)]2〉

for the quantum Brownian motion. Try to separate out the terms that diverge when the frequency cutoff goes
to infinity. This is related to the vacuum energy fluctuations of the bath oscillators. Find the asymptotic
expressions in the long time limit. Check whether these expressions approach the known classical results .

Problem 5
Derive Eqs. (6)∼(9) for U-transformations and Eqs. (10)∼(12) for E-transformations
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