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II. PROLOGUE
A. Phase diagrams: Fermi-surface problems

1. Metallic quantum criticality

o

. How do quasiparticles disappear, approaching a quantum critical point?

@

2. Mott quantum criticality

a. How do quasiparticles disappear, approaching a Mott quantum critical point?
b. How does a Fermi surface disappear, approaching a Mott quantum critical point?
c. Can we obtain localized magnetic moments in the Fermi-surface problem?

III. LANDAU’S FERMI-LIQUID THEORY
A. Effective field theory

1. Introduction to the Path-integral representation
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b. Coherent or Wave-function basis representation
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. Can we find w/T scaling in dynamic correlation functions beyond the Hertz-Moriya-Millis theory?
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2.  Effective field theory: Spinless fermions
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B. Self-consistent mean-field theory and Boltzmann transport theory

1. Free-energy functional in terms of an order parameter
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2. Physical quantities

8. Boltzmann transport theory
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b. Landau’s Fermi liquid: RPA (random phase approximation) result
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C. Justification of Landau’s Fermi-liquid theory I: Renormalization group analysis

Ref. R. Shankar, Rev. Mod. Phys. 66, 129 (1994)

1. Effective field theory
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Solutions in d = 2

a. p=k and p’ = k' — Forward scattering channel

b. p = k' and p’ = kK — Backward (exchange) scattering channel (= Forward scattering channel in the case of
spinless fermions)

c. p=—p and k = —k’ — BCS (pairing) scattering channel
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2. Scaling analysis
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3. Introduction of quantum corrections up to the one-loop order
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a. Renormalization of forward scattering channel
a-1. Zero sound (ZS) channel
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a-2. Zero sound’ (ZS’) channel (= Zero sound (ZS) channel for spinless fermions)
a-3. BCS (pairing) channel

b. Renormalization of BCS scattering channel

b-1. Zero sound (ZS) channel

b-2. Zero sound’ (ZS’) channel (= Zero sound (ZS) channel for spinless fermions)
b-3. BCS (pairing) channel
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D.

4. Renormalization group equations
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5. Main message

Justification of Landau’s Fermi-liquid theory II: Self-consistent RPA (random phase approximation)

theory
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1. Collective excitations for forward scattering channel and pairing interaction channel
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2.  Forward scattering channel only
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8. Cumulant expansion
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4. Fermi-liquid ansatz
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5. Self-consistency
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6. Main message
E. Problem: Landau’s Fermi-liquid theory for a Weyl metal phase 7
IV. SYMMETRY BREAKING IN LANDAU’S FERMI-LIQUID STATE
A. Symmetry breaking pattern of order parameter

Ref. C. Nayak, Quantum Condensed Matter Physics - Lecture Notes

1. Particle-particle channel

a. Spin-singlet channel

l
(Vo B, p(—R, 1) = Ay (R)eas = Do(k) (D dinYim(E) Jeas

m=-—I

=0, 2, 4: s-wave, d-wave, g-wave
Symmetry breaking pattern: U(1) x O(3) x SU(2) x ZI — Zy x U(1) x Z; x SU(2) x ZT
U(1) — Zs: The pairing ground state is invariant under ¥, (k,t) — —to(k,t).
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0O(3) = U(1) x Z;: U(1) is the subgroup of rotations about the direction of the angular momentum vector of the

pair, and Z; is the discrete set of rotations which leave ¥}, (k) invariant.
b. Spin-triplet channel

l
(Vall, 00 (—k, 1) = Ay(k) - Tarers = Aclk)( D Yim(B)d) - Farers

m=—1

1
(o k. s~k 1)) = Ac(k) (D2 Yim(R)din) - orers

b-1. 3He A phase

dy=d_=0, d,=d

(Valk,t)s(—k,t)) = Ai(k) (kg +iky)d - oayeqp

(81)

(82)
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Symmetry breaking pattern: U(1) x O(3) x SU(2) x Z' — Zy x U(1) x U(1) The former U(1) corresponds to spin
rotations about the d—direction, and the latter U(1), rotations about the £—axis combined with gauge transformations
(the former yields a phase factor which is cancelled by the latter).

b-2. 3He B phase

do=2, dy=

(85)

(Valk, t)s(—k, 1)) = Ay(k)k - 0areqp (86)

l=1,s=1,and J =0

Symmetry breaking pattern: U(1) x O(3) x SU(2) x ZI — Zy x SO(3) x ZI SO(3) is the group of simultaneous
rotations of both space and spin.

c. Odd-gap pairing

If the pairing order parameter is an odd function of ¢ — ¢, so that the correlation function acutally vanishes at
t = t', then the order is called odd-gap superconductivity.

d. Examples on 2d square lattice

The symmetry group of the 2d square lattice is D4 with 8 elements: 4 rotations and 4 reflections.

s-wave: (Yo (k,1)Ys(—k,t)) = Aseap

3He A phase analogue: (v (k,t)Yg(—k,t)) = Ap(sinkya + isinkya)d - ooy €5

Py wave: (G, )05 (1)) — Ay (sin kpa)d - ey

dy2_2 wave: (Vo (k,t)pg(—k,t)) = Ag(cos kya — coskya)eqs

dg2_y2 + idyy wave: (Vo (k,t)pg(—k,t)) = Ag(coskya — coskya + isin kyasin kya)eqs

2. Particle-hole channel I: Finite-momentum ordering

a. Spin-singlet channel

Wl (k+ Q. t)p(k,t)) = 2q(k)das (87)

®qg(k) = Pg: Charge density wave (CDW)
b. Spin-triplet channel

(Wl (k+ Q. t)s(k,t)) = Rg(k) - 0ap (88)

®,(k) = ®g: Spin density wave (SDW)
c. Higher angular momentum

Do(k) =Dqf(k), Pq(k)=Pqy(k) (89)

d. Commensurate ordering: Q = (7/a,0 or Q = (7/a,w/a)

(Wh(k+ Q. t)s(k, 1)) = o f (k)das,
(Wl (k) (k +Q,1) = ®5 f (k) bas,
(Wh(k +2Q, t)halk + Q, 1)) = 05 (k)" dap,
fk+Q) _%q
[ (k) Pq
If f(k+Q)=—f*(k), Pg must be imaginary. If f(k + Q) = f*(k), g must be real.
e. Examples in the 2d square lattice

Commensurate singlet p, density-wave ordering: (¢](k + Q,t)Yg(k,t)) = ®qg sink,adas 4
Q = (7/a,0): (¥l (k+Q,t)s(k,t)) — (Wl (x,t)Ys(x + aZ,t) — VYl (z,t)hs(x — aB,t)) = ... + |Pg|e’Q®Sap

Pof(k+Q)=2qf (k) — (90)
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Q = (0,7/a): <1/)L(k + Q,t)’(/Jg(k,t» — <¢L(CL’,t)’l/Jﬁ(£B + a2, t) — ¢L(w7t)¢5(w —ad,t)) = .. — 7;|(I)Q|6ZQm604ﬁ
Although this states looks to break time reversal symmetry, the combination of 7" and translation by an odd number
of lattice spacings remains unbroken. This p density-wave state is called Peierls state.

Commensurate singlet p, + ip, density-wave ordering: (¥[(k + Q,t)vs(k,t)) = ®g(sinkya + isink,a)dns This
state does not break time reversal symmetry, either.

Commensurate singlet d,2_,2 density-wave ordering: (¢, (k + Q,t)¢5(k,t)) = ®g(cos kya — cos kya)das

Q = (n/a,/a): (U], (k+Q7 sk, 1) — (5], )0 -+ 1) 0L, 00 (@, 1) — (0], ) (@ + 0, 1)~
(@, )ps(x — af,t)) = ... + 5|Pqle’¥*dnp

This looks break T as Well as translational and rotational invariance. The combination of time-reversal and a
translation by one-lattice spacing is preserved by this ordering. The commensurate Q@ = (7/a,7/a) singlet dg2_,2
density-wave state is called the staggered-flux phase, proposed to describe the normal state of high T, cuprates.

3. Particle-hole channel II: Uniform ordering

a. Spin-singlet channel

(WL (k. s (k. 1) = Bf (k)das = (Zd Vi (k) )G (91)
m=—I1
b. Spin-triplet channel
(Ul (k)5 (k1)) = mg(k) - Gas = m (ZYzm ) s (92)
m=-—1

4. Effective theory

Ref. Phys. Rev. B 80, 064410 (2009)
a. Effective Hamiltonian

:—leS Sl+J2ZS -5 (93)

(G

b. SU(2) projective representation (Fermion parton construction)

1
Sj = 5flavasfis (94)

c. Matrix Nambu spinor for SU,(2) x SU.(2)

()

d. Effective theory

:/D\IJjDaTeXp{—/OﬁdT{;Ztr[‘l/;r-(aTI—i—iaT-O')\I/j]—l-HH (96)



. , B 1
Z:/D\ijaTDU;;"DU;;;;exp[—/ dT{§Ztr[@}(aTI+mT-a)\pj]
0 -
J

JQ i J2
= wlUEw Y (Il + 18a0)

(3n) (@)

Jl ri Jl
= 2 ulVUR o)+ D (Bl + |Djl\2)H
(g D)

e. Order-parameter matrix field
§lin _ ( X;il Ajl ) ’ Uflrv _ ( E;li,u Djluu' )
! Aji =Xt T D5, Eijip

f. How to perform the decomposition (Hubbard-Stratonovich transformation)

485+ Sy = —(flfia) (Fls £i8) — (Flalo2lasfls) (fry[o2lvs fis),
_4Sj S = _<f}a[a'u]a6flﬁ>(flty[o'u]véfjé) - (f;‘(a[U2Uu}a,8f;rﬁ)(flv[a'uoﬁ]véfjé)

X = (afia) D= (frnloalrsfis),
T = <f;a[0u]a5fm>, Dji = (fiyonoalys fis)

g. Spin quadrupolar ordering

ri i 6 v i i - sin i
—2Qjt,u = tr[UlZ,uU;l,u] - 7% tr[U U], — 2iPj \ = tr[Uj" U4
Opw .
Kjipw = (SjuSw) = (8- S1),  Pil,A = exu Ko,

1 1
Qi = 5Kt + Kjtwp),  Quu(r) = dyu(r)dy(r) = 30,[d(r)[?

B. Self-consistent RPA theory: Nambu-basis formalism vs. original-basis formalism

1. BCS theory
a. Effective theory

B
0

Z = /Dcpg exp [/ dr{ Z ho(0r — 1+ €p)cpo + Z Va Z Z c;f,+qac;,_qa/cp/0/cpg}}
P q p p

B
Z = /DcpoD(quAq exp [ — /0 dT{ Z c;f,g(ar — 1+ €p)Cpo — zz Z (chI,Jrqoch + Z 4‘1/(1¢q¢_q
p q p q

=D Alepraiest = 20D Aachigrelp =D ‘ZALAqH
q p q p q

Vg — —Vq

17

(98)

(99)

(100)

(101)

(102)

(103)

(104)

(105)
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B
Z:/DchDAqexp {—/ dT{ E ch(ar — b+ €p)Cpo
0
P

1
=D Aleprarcpt = DY Agchigrcl VqAIquH (106)
q P q P q

b. Nambu formulation

Ve = < Cf; ) 1on
Z = /D¢pexp - zw: zp: {eb( =il +lep — plm. + AT, )up + %QH (108)
F(A) = f% Z Ztr In ( —iwl + [ep — p]T> + AT_Z> + Ld%Q (109)

2

F(A)=—%Zln{1+exp(—ﬁ <ep—u>2+A2)}—%Zln{1+exp G (ep—u)2+A2)}+LdA7

= ——Zln{?cosh (g (ep—u)2+A2)} +LdA72 (110)

=0

11 1
—_ = —
oA v.oL Z,,: Viep — p)? + A2

tanh (g (ep — 10)2 + A2) (111)

i) = oot i = [t @) —(er(psiw)e,(—p, —iw)
Glp, i) = ~(¥{p . ) <—<c1<—p,—iw>cT(p,w>> _<cj<_p,_z-w>@<_p,_w>>>

_( Gnpiw) Fy (p,iw) _ 1 iw — (ep — 1) ~A
a ( {Fr(piw)t =Gy (-p, —iw) > C (iw)? = (ep — p)2 — A2 < -A iw— (ep — 1) > (112)
L tw~+ (ep — 1) B uf, vf,
G (p,iw) = (iw)2 — (ep — )2 — A2 joy— N R + it e T A2 (113)
1 (p — 1) 1 (ep — 1)
s (e e vl e e ) (114)
A (pyw +16) = uié(w —Ep) + vf,é(w + Ep), Ep =/(ep — )2+ A2 (115)

c. Self-consistent RPA theory

B
Z = /DCPUDAq exp [_/0 dT{ ZCI,G(@T — i+ €p)Cpo
P

1
N Z Z ALC*P“NCPT N Z Z ch;rﬁchT—pi T Z VqALAqH (116)
a p a p q
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B
Sint = _/O dTZZ (Agcfmqwm + AqCI,ﬂTCT_m) (117)
q P
ngf == <<512m> <Sint>2) (118)

Sg)f - / dT/ dr’ ZZZZA A‘IC1D+qT —plC—p'+a'LCp't
/ dT/ ar’ Z Z Z { (@, 7" = 7)ch gyl e priaeps + AJll(g, 7 = 7)Ag — D(q, 7' — 7)II(q, T — r’)}

(119)
- / dT/ i Z Z Z Dig, 1D+qTCJr plC—p' +alCp't
B / dT/ w22 Dl =) (CLTG“(_I’ +a,7 =7 )epy + b Gry(-p+ a7 — T)ep,
0 q p
—Gu(=p,7=7)Gp(p+4q,7 - T)> (120)

Z:/DCPUDAqexp[—{ZZCLT<—Z'0J—/1+6P—%ZZD(q,iQ)Gu(—p—l—q, —iw—&—iQ))cm
iw P 2 q
+ZZCLT( —iw— p+ep — %ZZD(q,iQ)GTT(—P +q, —iw + iQ))cm
W 2

+ZZ (AT (TI —H(q,zQ))A + (g, i) D(q, Q2 ) —|—Z ZZZD q,1)G (- —iw)GTT(p—l—q,iw—i—iQ)H

iQ q Tw 2 p
(121)

F[D(q, i), G, (p, i), Gir(p, iw)] Zzln( it — o+ e — 5ZZD<1,ZQ)GM P+ a v+ i)

il q

_%Zzln<_iw_l‘+€p_BZZD(QaiQ)GTT(_P+q,iw—i—z’ﬂ))
iw P i q

+: ) {n (3 - 1@ 1) + 1(a. 1) D(a. 1)}

B Z ZZZD q,1Q)G | (—p, —iw)G(p + g, iw + i) (122)
Tw i p
G () 1
D,ww) =~ ; ; paer!
i zw+ufep+%zm > ¢ D(@, )G (—p + g, —iw + i)
1
G ) ) = . . . . b
) = G e 150 50 D(@, )Gy (—p + 4~ + 1)
I(q,iQ) = ZZGU , —iw)G4(p + g, 1w + i),
. 1
D(q,iQ) = — (123)

Ve H(qv ZQ)



Cirr(p. i) ;
w) ~
T i = 6+ D(0,0)Gy (P, i)’
‘ 1
Gw(p,zw) ~ iw+ p— p +D(O’O)GTT(_p7 —Z'OJ)’
1 1
11(0,0) ~ —— Gy (—p, —iw)Gy(p,iw),  D(0,0) = ————
(0,0) ﬂ;%: w(=p, —iw)Gi4(p, iw) (0,0) L ZTI(0,0)
AQ
i1 (pyiw) = D(0,0)Gyy (=p, —iw) ~ D(0, 0)guy(=p, —iw) = 52—,
P
AQ
Z(pyiw) = D(0,0)Gir(—p, —iw) ~ D(0,0)grt (—p, —iw) = —-—— =)
p
A? = D(0,0) = _
, VLO - H(070)

11(0,0) Z Z G (=p, —iw)Gry(p, iw) Z Z gu (=
1 L
Z Z

A2 . A2
WA =~ e W T T g

2 1
-1 1 1 1
7wt F i

A2 A2
—iw =y~ = W e

C. Effective field theory in symmetry breaking

Ref. 1. Vekhter and A. V. Chubukov, Phys. Rev. Lett. 93, 016405 (2004)
a. Spin-fermion model for magnetic instability

— /Dc,wDSq exp [— /B dT{ ZCLU(@ — 1+ €g)Cho
0 k
+QZ%ZSQ'C};+anO‘BCkﬂ+ZS 82—|—’Usq + m; )S_q}}
k q q

b. Self-consistent RPA theory — Spontaneous symmetry breaking

S, ~mz5?(q - Q)+ 48,

, —iw) g1 (P, iw)

B
Z = /DckUD(SSq exp [— /0 dT{ Z (c;[w(@T — i+ eg)cro + gmac};JrQackg)

k

1 ~
+9 7d D 08 chyqaTascrs + LMz (q - Q) + 55‘1]}}
k q

c. Effective order-parameter field theory in symmetry breaking

20

(124)

(125)

(126)

(127)

(128)

(129)

(130)

(131)
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L[Sa] = /ddx{sw(—ai 0207 + m2)Sy + ulSa - Sal? + v[Sa x Sul (132)

m2 <0 (133)

Ref. L. H. Ryder, Quantum Field Theory (Cambridge)

£ = 20,00,00— Ti61 — Agu6)? (134)

G i — e O = (7T 565 = Uiy = [U(g) 9l (135)
Vigibd = b+ A(ous)” (136)

m2 <0 — ¢o=abs, a= (7%2)1/2 (137)

G ¢y =Ulg)do # ¢o (138)

H: ¢h=U(h)go=go, U(h) = eiToos (139)
V(¢h=V(e), ¢ =Ulg¢ (140)

¢s=x+a (141)

V(61,¢2,x) = 4a°Ax* + 4adx (67 + 03 + X?) + A(¢T + ¢3 + x?)* — Aa’ (142)
m} =8a®\,  mj, =mj, =0 (143)

Dim(G/H) = The number of gapless transverse modes (144)

This counting rule works only in the case of Lorentz invariance. What happens in the case of Galilean invariance?
d. Effective field theory for an itinerant SDW (spin-density-wave) phase

Hf = Z Z En(k)a;rcnaak"‘”
n=+ k

1 € — €
Ey(k) = 5(% —pt i — p) E \/(k2k+Q> + m? (145)
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a;rH_U = ukcLU - JvkcL+Qa, a’lt:—o’ = avkcLJ =+ ukcLJrQo,
1 €L —€R+Q 1 €k —€kL+Q
Ui:§(1+ 2 ), U%:* 2 ) (146)

\/(Ek—;k+Q) + m2

6f - gz Ld Zrnn k k + q)a;rcnaak+qn’,80'a5 . (S;S’_q7

sz,(k, k+gq) = [ukuk+q — afBUkVE4q][1 — Onns] — NOpns [QVURUK4q + PUkVk+q] (147)

The vertex for the Goldstone transverse mode is given by Fgg}”(kz, k + q) x |q| at small g, as required by Adler’s
principle.

Degrees of freedom: Renormalized quasiparticles 4+ 1 gapped longitudinal mode + 2 gapless transverse modes + a

gradient-type coupling between such renormalized fermions and gapless transverse modes — Landau’s Fermi liquid
state with symmetry breaking

D. Problem: Effective field theory of symmetry breaking with spin-orbit coupling or nematicity ?
V. HERTZ-MORIYA-MILLIS QUANTUM CRITICALITY
A. Hertz-Moriya-Millis theory and renormalization group analysis

1. Effective field theory for an itinerant Ising ferromagnetic phase transition

B
Z = /DCpUD¢q exXp |: - /0 dT{ Z CI)G’(aT — [+ €p)Cpe + 9 Z % Z (quCLJquCp

+§qj¢q(—82+v¢q +m3)o “¢Z Ldz Lququqbq/ 16 qdq}] (148)

2. Recalling the polarization bubble

dw Z(w+9Q)
1T(g, 2 +1i0) = 2/,oo 2m & {w+Q—Z(w+Q)Z(P+q>”F'(P+q_pF)
Z(w)
w—Z(w)Z(p)vr - (p— pr)

_mé(z‘1<w+ﬂ>(w+ﬂ) —Z(p+ q)vr - (P+q—pF>)}{
—ims(Z_l(w)w — Z(p)vr - (p— pF))}

1 [ Z Y
2/ Z W+ Q— ZuZyvr (p+q— pF)_WS(Zw (W+Q)—vaF'(p+q—pp))}

{wi Zpr'v:- o pr) —imi(Z;lw—vaF . (p—pF))}

Zy Ly
_ = o 149
2/0027rzp:w—l—Q—Zprvp-(p+q—pp)+i5w—ZprvF~(p—PF)+i5 ( )
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1 Z.

(g, +1i6) =

1
/ Z w— ZyZyvp - (p—prp)+i0  w+Q—Z,Zyvp - (p+q-— pp)—H(S}Q ZwZyvp - q

1 272w Zyor - q Np/ Q
Ly Ay Ne [y )
4 zp: Q—-Z,Z,vr - q 2 J_ o8 + Q2 — Z,Z,vrqcosl

N Q Q+ Z,2, N Q Q+ Z,2,
:Zw—F{—2+ In ( + qu)}——ZNF—i— F ( + UF(I)
2 2w LyVrq Q—Z,Zyvrq 2 Z,vrq Q- Z,2,vFq
N
—Z,Np + - zbgn(Q)—l—qu2 (150)
2 Zyvrq

3. Hertz-Moriya-Millis theory for an itinerant Ising ferromagnetic phase transition

/D¢leP / / d¢q | || +v3q° +m¢)¢ a
+[ /OO dQ// / / ' ’d/(;ld; % g1 —16—g 6 H (151)

4. Renormalization group analysis

a. Tree level scaling

R L (152)
(b(qr/rv iQr/TZ) = TA¢¢(qra iQr)v mi = TA'"Z miv Uy = TA“U(# (153)

d . oor er d r T .
Z:TL Ad’/Dﬁbr(QTJQr)eXp |:7 {/ ot ( q>d ( qr,? T)<7 | Z|2 +v¢qr +m¢)¢(7q7’777’97‘)

oo la;
. /wf do, [ dq /°° dv, / diq, / diq, / di,
ooy 2T ) o 21 ), 27 @2m)d J (2m)d ) (2n)d
L@ + 1 i+ i0)0 () = Ui, — iv,) B~ g, —i6)9(—qr, i) } (154)
2
O e I L U Ay = dtzt2 ; + ,
P A 2B — 0 s A, = 2
p3p 3R Rt he — 00 L A = —[4— (d+ 2)] (155)
dm? dm?
¢ ¢ 2
= — T =9
dinr 0 iy 2
dU¢ dU¢,
= 1
dmr 07 dmy B @l (156)

b. Introduction of quantum corrections
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Pq = g, O(A > |qn| > A/r) + ¢, O(A/r > |qu]) (157)

A dd | |
D¢QZD¢Qh eXp d ¢Qh | ‘ + U¢qh + md))(b qn

sy A dd A dd;L Aoad, A adi, . Ug
/ 7/ / / /A/r (27)11 /A/r (27r)d /A/r (27) hgd (lh +1, —a, — qh)g(ﬁlh(bl;ﬁb—q;b(é—qh
4 (M7 oddq,
/ W/ @d%vﬁﬁ%%“%Wm
dQ [es} d / [es} d AJr dd AJr dd / AJr ddl AJr ddl/
+/ 7/ 7/ l/ / qld / ld / 70 (b +1 - )%‘ﬁlz(bl"z)—q’?b—qz
oo 2T o0 2T (2m) (2m) (2m)d 2 T
40 Q[ dv (M7 ddql Mgy r ddq, N adt, u
— — S+ 1, - g, by b b
+/OQ o /oo o /Oo 271'/ / @) /A/T (@) /A/T ami® Wt @)% a9 |
(158)

znt ¢q; d’qz /OO dQ/ dQ// - /A/T ddql /A/T ddll /A ddq;l /A ddl;L
a 27 (2m)d @2m)® Japr 2m)4 Jape (2)

8D +1, — q;, — ql)gqsmm,qu, (159)

<exp ( - Sint[¢qm¢qu>h = exp { - <Sint[¢qm¢qz]>h + %(< 1nt[¢¢1h ¢Ql]> - <Sint[¢qm¢qz]>i>} (160)

c. Mass renormalization in the one-loop level

L S L
m2Pal — o2 ) (27T)d AJr (27T)d A7 (27‘-)(1

Ug
8D +1, — q), — Qz)7¢zl <¢1;L¢7q;1>h¢—q, (161)
©dq (M ddql
slbal= [ 52| Gemtmioad-a (162)
mi(A/r) = mé(A) + (5mi (163)
oo 10y A d QO A d 1
5m§, = %/ d / d’q), LG(q),, i) = u¢/ d / dq R 2t InT(164)
2 J_ooo 21 Jayr (2m)d T /IZ 2 +U¢>qh +m¢

dmi 0

Ty = 2ma +ematis, G2 >0 (165)

d. Vertex renormalization in the one-loop level

SuQ) [¢qz] = _% (< znt[(btn ¢41]> - <Si”t [¢qm¢qz]>i> (166)



24 ] /°° dQ / ey / dv /A/’“ d'q, /A/’“ diq /A/’“ dl, /A/T 1]
” (2m) (2m) (2m) (2m)
W+~ af — a) S b by P

[l
) 2m )
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dQY’ Afr dd Afr ddq/ AT gl s
/ / / (277)ld / (2m)d 7¢¢ql+l¢‘1{—l¢—q;¢—ql (167)

ug(A/1) = ug(A) + dug (168)

dug = 5u§s + 5u "+ 6uBCS (169)

d-1. ZS (zero sound channel-ph)

Q A d
u?® o u¢/ d d qh LG(qy, + 1,1 +iv)G(q),, 1)

/°° dsy /A dd 1 1
:—U¢ Q' +v
27T oyt + ol + U+ md g+ oda? +md

2
X —uy Inr

d-2. ZS’ (zero sound’ channel-ph)
d-3. BCS (pairing channel-pp)

dU¢ _[
dlnr

—(d+ 2)]uy — cuui

e. Wave-function renormalization in the two-loop level

5. Wilson’s effective field theory

(170)

(171)

d . oo dq, ddQT r .
Z=rl"Be /DQZ’T(QMZQT) exXp [7 {/ —a Or(@r, i€ )( r | z|2 +v¢rqr erqﬁr)qsr(*qu*ZQr)

g |

oo, 21 ) (2m)
+/OO7~ dQT QO dQ;, /OOT % A dqu /A ddq;‘/ ddlr
oo, 2m [ 2m o 2 (2m)d (2m)d (2m)d

%@(qr + 1o, iy + i) DL (q — Loy i€ — i) b (=g, =i b (— g, _mT)H

B. Scaling theory

1. Singular free energy

1 Q 1
F(m3,T) = 3 Z Z In (’y q|z|2 +uiq” + mi) —(d+z) L Z Z In ( 24 m¢r) + Fronst.

i q
= 7”_(‘7l"rz)F(m?mm_Am2 ,Tpr %)

(172)

(173)
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2. Scaling theory

F(5,T) = r~ @2 p(5r—v Tr?) (174)

3. Callan-Symanzik equation

dF((S, T) 0 0 0 —(d+2) 1 —z
= — = = v 1
i = (g g Br gz ) FO.T) =0 = F@.T) = r~ @9 Pt 15 (175)
OF (5, T) Olné 1 olnT
Olnr (d+2)F(,T), Bs Olnr v’ fr dlnr ‘ (176)
4.  Thermodynamics
r=TY* — F(,T) =T "= F(6T % ,1) (177)
_ OF(5,T) Oy O?F(5,T)
S=cTor 0 T T T T (78
—92F(6,T): Thermal expansion coefficient
Gruneisen ratio at quantum criticality vs. at classical criticality
5. Dangerously irrelevant operators
Singular dependence for u in Free energy near quantum criticality
dF(6,T,u) 0 0 0 0
= F(0,T,u) = 1
dinr (81nr+6661n5+6T81nT+6u81nu) (6,7, u) =0 (179)
OF(6,T,u) _Olné 1 _O0lnT _ Olnu _
F(5,T,u) = r~ 2 p(5p=v  Tr—? ur~ 4= (@+2)]) (181)
r =TV — F(5,Tu) = T~ FFOT~ %, 1,ul~ =) (182)

The existence of a dangerously irrelevant operator gives rise to breakdown of w/T scaling in dynamical susceptibility
near quantum criticality.

Ax

X(w, 0, T,u)=T" "= X(w/T,&T_le,l,uT_

4—(d+=2)

) (183)

4—(d+z)

§=0— v(w,0,T,u) = T~ = x(w/T,0,1,uT" ) (184)
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C. Self-consistent treatment of both fermions and critical bosons

1. Self-consistent RPA theory

B
Z = /DCPJD¢Q exp [ / dT{ Z La(a — Bt ep)CPU + gz Ld Z ¢qo'cp+qa

0 p

+ 3 ba(—02 +120% + m2)p_g + 2 Z = Z = quqmq/ 16— qd-q}] (185)
q
= /Dcchﬁq exp [ - Z ZCIW( —iw— p+€ep — % Z ZD(q,iQ)G(p +q,iw + iQ))cpg
iw P i q
-3 {¢q ((22 +02q% +m3 +Ti(q, iQ))¢_q - %H(q, iQ)D(q, m)}

i q

_,ZZ ZZG})—Fq,w—FzQ) (q,i))G(p, iw)

i q

1 1
- /0 A {03 23 3 6aehgotpo + 2SS S bgidg 166} (156)
p q q q’ l

Zess = [ DegnDogesp [ = 3 o (= 0=+ cp = iessen)el V)

iw Pp
Q
—ZZ%(QQ +03g? +md 4 it )¢_q
i q | |
g 1 + U 1 1
_ ; dT{g Z ﬁ Z ¢qUCp+QUCp0' + 7 Z ﬁ Z ﬁ Z ¢q+l¢q/—l¢—q’¢—q}} (187)
p q q q’ l
2. Two dimensions
Geri = /DCWD% P / / or)2 pv —iw — i+ ep — inQQSgH(W)le/Z)Cpo

7/, / 5 0q 92+v¢q +m¢+’7|q|?2)¢ q / :/(Zj:;/ / 29¢q p+q0
_/_ / /°° dQ’/ d%q // / d2l u¢¢q+l¢q, 1 } (188)

Zugs ~ / DegnDigen [~ [ 52 [ Lot~ iesgssn()ol?* +or - (b= pr) + csl(wr/loel) x (b~ pr))cpe

‘/ / o0 ||SZ|2+”¢"" OIS / w/ éff; /Zii/ (gjr??g(b""ci’“”c”
/°° dQ/ / dQ’/ d?q ’/ / d?l U¢¢q+l¢q/ (g b } (189)
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3. Patch construction: To be proven below

® dw ] ; p2
Zegy ~ /Dcpsqu’)q exp [—/ 2—/ pH/ dplcpsg chggsgn(w)\w|2/ + svpp) + ﬁ)cpsg
+

/ dq / dqmq
[ ] s
TN

+| :2| 2t +q\|))¢
/ ) / g1 90q0Ch geoCpso
/ / /OO o / dl”/ di 2 ¢q+l¢q' 19—q P }(190)

4. Scaling analysis

¢
q1
Q

2m

:m\a

aqy

s
/°°d
/.

oo

w‘&w

oo
dq.
— 00

w="r =t =t (191)

Coo (P /12, PLr /7160 /17) = T2 oo (P P L, i) (192)

e R s i z ;— o 4 (193)

&gy /7%, qLr /T, iQ/r7) = 12 G(q)r, qLr, i) (194)

D T e Yy z ;’ 5 _y (195)
g=rlg (196)

T2y 2 2By BopBe — 0 S A =22 46— Z(2+5) 2;320 (197)
ug ="y (198)

PO Re A =0 LA =3249-2(245)=2—-1=2 (199)
mi = rfm? mi (200)

—2,=2,-1,.20, A

r r r n12:7‘0—>Am2:Z+3_2_5:_2 (201)
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5. Critical field theory

2

. py
eff ~ /DCPWD(ZSlep / / dpx/ dpy aa(pxapyazw)(_lcfg Sgn( )|w|2/ + Svpps + 2m>cso(vapyazw)

—/ / d%;/ de¢ vaZQ)( | ||z 2 +U¢qy> ¢(—qy,—iQ)

> dw dQ
/ / dps / dp, / / dqy / day9d(qy, i) ocl, (Pes Dy + Gy, iw + iQ)Cso (Pa, Py, i)

Tl il

2 6 (ay + 1y 19+ )0(d) — 1y 1 — i0)6(~d), ~i%)6(~qy, i)

a. Boson cutoff necessary.

b. ug is more irrelevant than the case of the Hertz-Moriya-Millis theory. Is it still dangerously irrelevant at this
fixed point? w/T scaling in the regime of intermediate temperatures?

c. Justification of the patch construction?

6. Scaling theory

dF(5,T, u) ) P ) )
= F(6,T,u) = 2
dlnr (5‘1117"+6§31n5+ﬁT31nT+5“81nu) (0,T,u) =0 (203)
oF(6,T,u) Olné 1 olnT _ Olnu
o = @HFQ T ), Bs=o— = Br=r— =z Bu= i =224 1) (204)
F(5,T,u) = r~ T F(5r—v  Tr—* ur?=tD) (205)
r=TY" — F(5,T,u) = F(6T~ 7 ,1,uT?>) (206)

The existence of a dangerously irrelevant operator gives rise to breakdown of w/T scaling in dynamical susceptibility
near quantum criticality. However, it vanishes faster than the case of the Hertz-Moriya-Millis theory. In this respect,
the renormalization group flow of the dangerously irrelevant operator may not affect quantum critical physics relatively
in the intermediate energy scale. We speculate the presence of a crossover line (temperature) from this novel fixed
point to a Hertz-Moriya-Millis fixed point, where the dangerously irrelevant operator may start to work.

z+1

(@, 6, T,u) = T~ = y(w/T, 6T~ %, 1,uT?) (207)

z+1

§ =0 — x(w,0,T,u) = T~ = x(w/T,0,1,uT?) (208)

VI. BEYOND HERTZ-MORIYA-MILLIS QUANTUM CRITICALITY
A. BKYV (Belitz-Kirkpatrick-Vojta) singularity
B. Justification of the patch construction at quantum criticality

Ref. S.-S. Lee, Phys. Rev. B 78, 085129 (2008)

(202)
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a. Effective action

Seff =S+ 5 (209)

. 1
So=_ / dwdkdOyp] (w, k, 0)(iw + K)o (w, k., 0) + / dudqqutz—ggwu,qz,qﬁm(ﬁ+q2)¢<fu,fql,—qt;9>

(210)

1
S, = _W Z /dwdkd@dydqldqm(m Q1,913 0)

ol (w+v/2,k+ q1/2,0 + ;) (2kp))tho (W — /2, k — q1/2,60 — q;/ (2kF))

As/2 Ay
= d dk do d d d
TR

O(Ap/2 = [k +q(sing)/2[)O(As/2 = |k — g(sin¢)/2])
$(v,4,0 — )opl(w +v/2,k + (sn6)/2,0 + 4/ (2kr))bo(w — v/2,k — (sin ) /2,0 — gcos ¢/ (2kr))  (211)

b. Double patch construction

Af/z
So=> > / dw / dewj,s(w,k,e)(w+sk)¢08(w,k,9)
s=+ o=+ Af/2 —n/2
Ay /2
[T [ [ dagotna.)0? + o —a.0) (12)
—o0 —Ayp —m/2 g

Ay/2 Av/lql
_ d dk o [ d d
s R 2 e[ [ [ [ [
6(,0,0 = $)oUh(w + /2 k + 56/2,0 + 548/ (2kp) o (w = v/2 k= 56/2,0 = sa/(2kr))  (213)

¢. Quantum effective action in the one-loop level

Ty = Z Z /dwdkdew w, k,@)(icsgn(w)|w‘2/3 + sk)tys(w, k,0) + /dudq|q|da¢T(y,q7a) (ry|: _|_Xq2)¢(1/,q,a)

s=+o=% ‘|

(214)
d. Scaling analysis
w=w'/b, v=V[b, k=K q=q /b3 Ap=N /6 A=A 0P (215)
0=0/b%  ¢=¢ /b3 (216)
Yos (W' /b, K JV22,00 [D13) = 013l (K, 00), p(V /b, q [6PP 8 6P = 6P e(V g, o) (217)

e. Effective field theory
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. 1 1
S= Z Z /dea:de (7,2,0)(0r — 1802 )Yos(T,2,0) + m /dexdedQ|q|ﬁ L(ﬂl’, 9)(_83 + q2)¢q(77$7 0)

s=t o=+

( 1/2 Z Z /dexdeqd)q(T x H)waé(r x,0 + sq/(2kp))os(T, 2,0 — sq/(2kF)) (218)

s=+o=%

2

Overlap area = Sy, = A—i;, Af = 0 — 05,

The ratio of this area to the area included in ¢4(7,2,0) = 8‘697;92 = (A?/AH)/(AfAbL

89192 SN b—1/3 89102

for a given Af (219)
G G

C. Failure of the self-consistent RPA theory in the large— N limit

Ref. S.-S. Lee, Phys. Rev. B 80, 165102 (2009)

1. Effective field theory

= [Dvnsess [~ [Car [ [T an{ub (0~ isvron — 25 Y~ vt
(=02 — 0302 — v302)6 + mie? + 24t} (220)

2

00 dw 00 e’} . ) 92 ; D .
Zeff %/Dd}asDQﬁexp 7/ 7\/ dp:ﬂ/ dpywls(prapy77’w)(7’chﬁsgn(w)|w|2/ +5Usz+ﬁ>¢o’s(prapyalw)

< 40 ,
/ / de/ dgyd(gqy, i€2) ( yur || | +v¢qy+m¢)¢(—%,—m)
> dw dQ
/ / dpy / dpy / / dqy / dqy——= \F Dy, i) TV]  (pey Py + @y, 1w + Q) Vs (Das Py, i)

TR TR

%aé(qy + 1y, i+ i) p(qy, — Ly, 1 — iv)p(—q,, —iQ)d(—qy, _Z‘Q)}

z=3 (222)

W= Pe=1arm Py =g

Yos (i /b, pl, /62, i, [012) = 6130 (i, pl, ),

d(ic /b, pl, Jb¥2,ply B13) = b¥3¢ (i, ),

g=4g, up = b2/3u;) (223)

(221)
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2. 1/N ezxpansion

a. The origin of the 1/N enhancement factor

L=}, 00y — 10,0, — v,02) by + %w;wgs +o(~82)0 (224)
(h)=—t " D)= (225)

go _inko+kz+k§’ _vf%%i
T(p,p+q)=—-N"*" / dk / dlgo(k)go(k + )go(k + 1)go(p + 1) D()D(l — q) (226)

F(lo, lya kOv q0, Qy)
F(ly, Ly, ko, 40, ) = 47i[0(lg + ko — ©(1p))][© (ko + q0) — O (ko)][O(ay — L) — O(g,)]DI)D(I — g),

I(0,q) = ~N 372 / dlodldky R

3/2
['(0,q) = N 1/3 Filay/a’™),
|zl t2(z — 1)
)=d4m° / dw/ dy/ dz vy + (t2)3][v(1 —y) + 3(z — 1)3] (227)
g(k) = —— ! (228)

inko + igsgn(ko)lko|?/3 + ko + k2

L(0,q) = —N"Y2fo(qy/a5"°),

|]
47r / dz/ dy/ dz

D R el (P e N B e B
1/n"singularity = N™enhancement factor (230)
b. The origin of the 1/7 singularity
(1) p and p 4 ¢ on the Fermi surface.
PetDy =0, potdet(py+q)° =0 (231)
(2) For a given ¢, k and k + ¢ on the Fermi surface.
ko +kp =0, kot qet+(ky+q)° =0 (232)

(3) As a result, k = p. (4) k+ 1 on the Fermi surface, tuned by l,, and I, free: one dimensional Fermi surface,
described by 1,

kp + 1y + (ky +1,)2 =0 (233)

(5) Singular all four fermion propagators in an one dimensional manifold, embedded in the four dimensional space k
and [, and referred to as a singular manifold. (6) The codimension of the singular manifold = 3: three dimensional
integrals to cancel the IR divergence. (7) The strength of the singularity in the product of the four fermion propagators
= 4. (8) The remaining singularity: 4 —3 =1 — 1/7 singularity, replaced with N.
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1 1
o T — k4+q) = - ,
inko + ki + k2 go(k +q) in(ko + qo) + (kz + qz) + (ky + ¢y)?
1 ( n l) _ 1
in(ko +lo) + (ku L) + (ky + 1,27 7 (po + o) + (P + o) + (py + 1y)?

go(k) =

go(k+1) =

(234)

c. A general rule for the Feynman diagram in 1/N

(1) Single lines for fermion propagators and double lines for boson propagators (2) Vertex with the ¢/v/N factor (3)
Factor N enhancement due to fermion loops (4) The enhancement factor = NUs=2L47) T;: The number of internal
fermion propagators = the strength of the 1/n singularity L: The number of loops (internal momenta) (2 = two
dimensions) n: The number of closed single-line loops in the double line representation 2L — n: The codimension of
the singular manifold = the cancelation factor of the 1/n singularity [x] = x if > 0 and 0 if x < 0 (5) Each single
line represents a momentum on the Fermi surface. (6) Momenta in the single lines connected to the external lines are
uniquely fixed to make all fermions stay on the Fermi surface. (7) Momenta in the single lines forming closed loops
are unfixed. (8) First diagram N [4=(@x2-1D] = N1 (four fermion propagators, two internal loops, and one dimensional
singular manifold = one closed loop) (9) Second diagram NP~(2*3=2] — N (five fermion propagators, three internal
loops, and two closed loops = two dimensional singular manifold)

D. Dimensional regularization for the Fermi-surface problem

Ref. S.-S. Lee, Phys. Rev. B 88, 245106 (2013)

1. Setup
[ Ak ‘ 1 [k
S = ;; / Ty Vi (R) (ko + sk + K2 (k) + 5 / Gy (8 + K+ B)o(—R)o (k)
N
g d3kd3q i '
PN | Gl + () (235)

(iR
U;(k) = (wTj(_k) ) (236)
N 3 3
S = ;/ (;lﬁl;g U (k) [ikoyo + ik + k5], (k) + % / (;lﬂ])“g (kg + kT + k3)p(—k)p(k)
+-2 XN:/ d3kd3q¢(q)\f’ (k+q)im (k) (237)
VN =) (2m)° ! !
Yo=0y, =0z Pk = \Il;(k)fyo (238)
N d+1p, d+1
S= jz_g/w%(k)(if K 4 iyg-108) (k) + ; / C(l%)f(m? + k2 + KD o(—k)p(k)
. Y[t Rdt g
H% Vd-1)" / W(qub(q)%(k + @)va-1Y; (k) (239)

Jj=1



34

K = (k07k1> "'7kd*2)7 516 = kd*l + k?z; r= (70;717 "'7’7d*2)7 Yo = Oy, Yd—1 = Oz (240)

d—2
By =4,|Y k?+6? (241)
i=1

One dimensional Fermi surface embedded in the d—dimensional momentum space

ki=0, fori=1,...d—2, kg i=—Vd—1k> (242)
2. d=3and N =2

_/ : k4 > Z Ol () (ko + sk + V2k3 )0 (k) — ka [0l (k)0 (=k) + 91 (R)¢T | (=k) + H.c](243)

s=+tj=1,]
T
(0], ®) w1¢<k>)[d<k>-alay(“( ’“)> (244

d(k) = iky (245)
p—wave spin triplet superconducting state: U(1) x O(3) x SU(2) x ZI — Zy x O(3) x U(1) x Z¥

3. Scaling analysis in d > 5/2

K=K'/b, kay=k, /b, kqo=k/Vb
(k) = bW, k) = bR () (246)

¢ = p1/D(6/2-d), (247)

N d+1y, d+1
5= ;/M\Pj(k)(ir K +iv4-16,) ¥ (k) + 2/‘5270’;@@5(—@(;5(@

dd+1 k‘dd+1

“T Wd-1 Z/Wﬂﬁ(Q)‘I’j(kﬂLq)vdmﬂj(k) (248)

4. Scaling analysis in d < 5/2

K=K'/b*, ka1=k, /b, kq=k,/Vb,
(k) = 0D, (k) = bl A (k) (249)

e=>—d (250)
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5. Formal construction for the renormalization group analysis

A4k, d 1k,
§= Z/ 5 oy (ko) (iT - Ky + i7a—10k,) Uy; (ky) + 2/ @) kit (—ko) do (ko)
derlk dd+1 _
i V= Z / T @) Ty + 00 a1 U ) (251)
S =S, +Su (252)

N d+1 d+1
Z/d - ki (k)(iT - K + ivq—10x) ¥, (K )+2/mk3¢(—k)¢(k)

dd+1 kderl

\/gN 6/2\/72/ )24+ A@) W5k + q)ya-19;(k) (253)

d+1
Z/d”“ DAL K +idra008,00 + 2 [ C k010

2 ) (2
dd+1k’dd+1 B
tidg—L \ﬁ 12/q= Z / g STk + 0y (8 (254)
Ward identity — As = Ay (255)
z
K = ;Kb, ka1 = kpa—1,  ka = kpa,
1
(k) = 23 P Wy (k), k) = ‘”%b(kb),
B Zs Zs
Z, =1+ A,, ZW_ZQ(Zl) , Z¢_Z3(Zl) (256)
_ rgp(te (d—1)/2
ey = p°Z, (21) e (257)
8111(22/21) - 181112\1; . 18111Z¢
2le) = AOlnpy =g Alnp’ mo(€) = 2 Inpu (258)
de € 3 e’/ 3 el1/3
B = i =5 0.02920(5 - e) - 0.01073(5 - e) = (259)
-3 = S 40075412 - (260)
Z_3—26’ nw = 2 - €, N = 2
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E. Role of disorder in metallic quantum criticality
VII. MOTT QUANTUM CRITICALITY
A. Problem: Experiments

a. Phase diagram of xk—organic salts
b. Scaling phenomena (electrical transport) in the vicinity of metal-insulator transitions
c. Bad metal

B. DMFT (Dynamical mean-field theory) Mott quantum criticality

1. Effective field theory and Mott transition as breakdown of the self-consistent pseudogap Kondo effect

— /Dcw exp [, /0/3 dT{ ZCIU(&. — W)Cis — % Zc;rocjg —He + UZ“WMH (261)
i ij i

A t
7 = /D1][}UDCZ';£OO- exp [— / dr{wl(& — s + un%nf — ﬁ Zv,blcw — H.c.
0 i€0

+Z i (0r — p)Cig — \f Z Ci,Cjc — H.c. + uZnZanH (262)
i#0 ij7#0 i7#0

= — /0 g dT(% ;w;cw +He) (263)

(=5 = exp { = (i) + 5 ((8%) — (Sime)?) } (264)

i€0 j€o
~(Vor (7)) (cio (D)l (7)) (265)
Sg)f = —% /0/3 dr Oﬁ dT’g (w;(7)< % Cio(T)el ( > ; el (T < 7)o (T )>cw(7')
+{( ()0l (7 >><ch<7>cw<f'>>)
/ dr/ dr’ wT VGL(T — " )o (T ch )Gy (T — T)eio(T) = GL(T — TGy (7' — T)) (266)
ico

B
= /D’lpoDCi;ﬁOa— exp [— / dT{i/):;(a.,- — s + un?nf
0

B
+%/0 dq-’(?/ﬁ( )GL(TfT Yo (T ch )Gy ( e — T)eio(T) — GL(T*T/)Gw(T/—T)>

€0

+ Z cng (aT - cza - Z Cw-cja H. c.+u Z nman (267)

17#0 1]750 i7#0
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B B
~ [ Dis Do esp [~ [ ar{ulio, = +unind + 5 [ arul )Gt = )n(e)

1 ﬁd 'G Gyl ] tQG ] d
_5/0 TGt —7)Gy(r —7'} {ZZC,W w (—zw—u—i—ek—I—? w(zw))ckg(zw —i—u/o T#Zonmnn}}
(268)
d
e = —Qthoskl (269)
=1

B
/Dﬂ)o iw)Degy (iw) exp [ {Zzﬁ iw ( —iw—p+ %GL(iw))z/JU(iw) + u/ dwffnf - %Z GL(iw)Gw(iw)}
0 W
2

_{ Z Z c};g(iw)( —iw — p+ € + %G¢(iw)>ck,a(zw )+ u/o dr Z nman (270)
iw k

i#0

/Dwg (iw) Dego (iw) exp [ {Zz/ﬁ (iw (— iw— p+ %GL(iw) + EL(iw))wg(iw) - %Z GL(iw)Gw(iw)}

2

—{ zw: zk: cjw(iw)< i — e+ %Gw(iw) +Y(k, iw))ckg(iw)” (271)
Fupt]Gr(iw), Gy (iw)] = Z { In ( —iw— i+ %GL(iw) + zL(m)) + %GL(iw)Gw(iw)}
_]\g’%:%:ln(—iw—u—kek—kQGw(iw)+E(k7iw)> (272)
OFpr[Gr(iw), Gy (iw)] L 1
9G 1 (iw) =0 = Gyliw) = o 161 (iw) — B (iw)’

OF. 1[G (iw), Gy (iw)]

: 1
30 () =0 — Gr(iw) =Y - — _ (273)

S(k, iw) — B (iw) (274)

2. Phase diagram and essential physics

a. First order phase transition at low temperatures and the critical end point
b. Emergent local moments and their entropy contributions
c. Cluster extension: The role of RKKY correlations — Phase diagram based on the entropy
d. Scaling phenomena (electrical transport) in the vicinity of metal-insulator transitions
Bad metal behaviors: Fate of electron quasiparticle excitations and their transport phenomena (Half filling vs.
Away from half filling)

@



C. Spin-liquid Mott quantum criticality
1. Effective field theory and Mott transition as a Higgs transition

a. One-band Hubbard model
H=—t Z c;rgcjg —H.ec +u Z NNy
ij i
b. To take into account charge fluctuations only
B
= /Dcw exp [— / dT{ 2630(87 — W)Cio — thzacjo — H.c.+ uannw}]
0 - — -
i i 7
? i T 1 2
= DiaDi |:* d{ ; a‘r* *‘i ic — ; 'J*H-~ a5 }:|
[ pewpeesn [ [[ar{ 3o - g~ o~ Hot 13

c. U(1) slave-rotor representation

_ —1i0;
Cig = € 1fio
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(275)

(276)

(277)

Zz/DfigDHiDgoiexp[—/ dT{ZfJUB — 1 — i — 10:0;) fw—tzlf;fa ie™" f;; — H.c. +7Z%H
0

j

B
Z= [ DraDoDeess [ [ ar{ S0 A0 = p—io0 i =t 3 1l gy —

+% >_(0:0 - ei)}]

(2

d. Hubbard-Stratonovich transformation for the hopping channel

2= [ D5 DODN DXy Dgrexp | - / dT{wa C—— fw—tz Fd e —H
0

+21u Z(a — %i) —tze_’ejx e — H.c. +tZXWXﬂ+H-C~H

e. Effective Lagrangian

LZLf—i—Lg—I—LX,
Lf :Zf;;(af_ _Z‘pz fza_tz UXijjcr —Hec,

Ly = 21u Z(a —¥i) —tz ije % _ H.e.,

Ly = tZXinﬂ + H.c.
ij

(278)

(279)

(280)

(281)
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f. Mean-field theory for a spin-liquid state

Lyr = ngg(af — W) fie — tXy nggfjo' —H.c
i i

L 2 —i6; ,i0; d
+% ‘ (0:6;) —thZe et — H.c.+22tL%rxo (282)

g. Nonlinear o —model representation

N (283)

e

Zyvrp = /waDbi exp [— /0,8 dT{ Zf;(gr = tir) fic — tXfo,jafjo- —He

+% Z(—ibjafbi) —txo Y 0o — He. +)\Z|b 12 4+ L9(22ty X0 —)\)H (284)

ij

h. Mean-field free energy

1 02
Fur(xs, xe,A) = Zzln<_zw_ﬂr—zt)(f’ﬂc>+BZZIH{%+)\—2tX9"yq}+Ld(22tXfX9—/\)
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i. Self-consistent equations for order parameters
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j. Condensation of bosons

AV /kaanq exp [* {Zz‘f}la(ﬁw — fir — 2t ) o

w k

QQ
+ 3D b (5 + A #txova )ba + B = 2txera=o) b2 + BL(2ztxx0 = ) }] (287)
12 q



40

Frr(xyr, xo, A Zln{l—l—exp( Bl—=tx e — )} BZln{l—exp(—ﬁ\/Qu()\—ztngyq))}

+% S in {1 —exp (By/2u() — 2tx079) ) | + (A = 2tx07a=0) BI? + L2250 — )
q

F N 1
9 MF(avaXea)\) 00— ﬁzzm = 22t x4,
Xf k exp (ﬂ[—tif% - M) +1
OFyr(Xs, X0, ) =0— LZ{ uztg 1
3X9 Ld 2u()\ — ZtXe’Yq) exp (ﬂ 2’(},()\ — ZtXQ’Yq)) -
uztyg

- } = 22tx5 — 2t7g=0/b]%,

2u(X — 2txo7q) exp( B/ 2u(A — ztxevq ) -1
aFMF(Xf7X97>‘ !

—0
oA e Z { V2u(A = ZtXe’Yq exp (ﬁ 2u(\ — ztxoq )
- —1- b2,
2u(A — 2tX07q) exp ( B/ 2u(X — ztxevq ) — 1} g

OFnvr(Xsy X0, A)
a|b|?

k. Electron Green’s function
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1. Transport near the spin-liquid Mott critical point
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2. Renormalization group analysis and emergence of localized magnetic moments

a. Emergence of spin-liquid physics in k—organic salts: NMR, specific heat, thermal conductivity, ...
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b. Crossover from a spin-liquid state at low temperatures to a almost “decoupled” local moment state at high

temperatures
c. Effective field theory for a U(1) spin-liquid state
d. Two-patch construction
e. Setup for the dimensional regularization
f. Renormalization group analysis I based on a stable spinon Fermi surface

g. Renormalization group analysis II based on a stable boson dynamics in the vicinity of the Higgs transition

h. Emergence of localized magnetic moments
i. Scaling theory for correlation functions
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D. From a DMFT theory to a spin-liquid theory

VIII. DISCUSSION AND CONCLUSION

Hertz-Moriya-Millis theory is a standard theoretical framework for quantum criticality in metals. Within the self-
consistent RPA (random phase approximation) analysis, critical order-parameter fluctuations become overdamped,
described by Landau damping. As a result, the dynamical critical exponent is enhanced to result in the fact that
critical dynamics of order parameter fluctuations is essentially mean-field-like since the critical field theory is above
the upper critical dimension. Such mean-field-type critical dynamics does not respect the hyperscaling relation due
to the presence of a dangerously irrelevant operator, responsible for the violation of the w/T scaling behavior of the
dynamical susceptibility for critical fluctuations, where w is frequency and T is temperature. Even if low-energy
critical electrons are taken into account fully self-consistently in the RPA level, the mean-field-type scaling theory
with a dangerously irrelevant operator remains unchanged essentially except for the fact that the scaling dimension
of the dangerously irrelevant operator becomes more positive and thus, more irrelevant.

Since the Yukawa coupling between low-energy electrons and critical order-parameter fluctuations is marginal at
the critical point within the self-consistent RPA analysis, such an approximation scheme can be dangerous in the
case when the fixed-point value does not reside within the convergence area for the self-consistent RPA analysis. In
order to justify this approximation scheme, one may increase spin degeneracy from o =71,] to ¢ = 1,..., N. Then,
the interaction vertex is reduced from g to g/+/N, and the self-consistent RPA analysis seems to be justified in the
N — oo limit, where any vertex corrections give rise to higher order contributions in O(1/N) and thus, self-energy
corrections turn out to be in the leading order, referred to as the 1/N expansion.

Recently, S.-S. Lee has shown that the self-consistent RPA analysis cannot be justified even in the N — oo limit. He
starts from the Hertz-Moriya-Millis fixed point in the self-consistent RPA framework, where critical boson dynamics
is described by Landau damping with the dynamical critical exponent z = 3 and the dynamics of low-energy critical
electrons is given by the following non-Fermi liquid self-energy correction, ¥ (iw) ~ i(g%/N)sgn(w)|w|?/3. Performing
the scaling analysis which makes the self-consistent RPA critical field theory scale-invariant, he finds two essential
aspects: First, the angular part of the momentum integral acquires an anomalous scaling dimension. Second, such an
anomalous scaling exponent justifies the double-patch construction as a minimal effective field theory. In particular,
the overlapping region between two different patches is shown to vanish in the IR (infrared) limit. Based on this
effective critical field theory, S.-S. Lee investigated the stability of the self-consistent RPA fixed point. It turns out
that the presence of the 1/N factor in the non-Fermi liquid self-energy correction spoils the structure of the 1/N
expansion. In particular, he suggests the double-line representation for Feynman diagrams, where boson fluctuations
are given by double lines and fermion excitations are described by single lines. As a result, he reveals that the number
of decoupled fermion loops correspond to the enhancement factor of N, originating from the 1/N factor of the self-
energy correction and identified with Fermi surface fluctuations. Although this counting rule turns out to break down
beyond the single-patch approximation, this study proposes that vertex corrections should be taken into account
properly in order to describe critical dynamics of low-energy order-parameter fluctuations and fermion excitations.
We do not know how to incorporate such vertex corrections into the quantum criticality of the Hertz-Moriya-Millis
fixed point systematically based on the field theoretical approach.

In order to make the physical description of metallic quantum criticality mathematically controllable, theoreticians
have tried to find another expansion parameter beyond the N — oo limit. Here, we focus on the dimensional regular-
ization technique. The dimensional regularization technique is well known for bosonic quantum criticality. Although
its conceptual aspect is completely clear, a concrete manipulation has not been performed for the Fermi-surface
problem. S.-S. Lee proposed an interesting field-theoretical setup for the dimensional regularization technique to the
Fermi-surface problem. We would like to call it “Graphenization” of the Fermi-surface problem. Maintaining the
dimension of a Fermi surface with one dimension, he devises how to put the problem of spatially two-dimensional
metallic quantum criticality into d—dimensions. Here, d counts only the spatial part. Suppose Ising nematic quantum
criticality in two dimensions. In order to maintain the shape of the one-dimensional Fermi surface in three dimen-
sions for example, one should gap out the band structure of electrons along the z—dimension. The resulting band
structure turns out to describe p, —wave superconductivity in thee dimensions. Within the dimensional regularization
technique, the nematic quantum criticality in two dimensions can be achieved from the band structure of p,—wave
superconductivity in thee dimensions. In this situation the upper critical dimension of the Yukawa coupling between
low-energy electrons and critical Ising nematic fluctuations is d. = 5/2. Although it is questionable whether or not
we are solving the same problem as the originally suggested one, the physical description is now completely justified
at least mathematically, performing the renormalization group analysis in a slightly lower dimension than the upper
critical dimension, i.e., d = d. — e with d. = 5/2 and € = 1/2. The e—expansion technique can be more justified than
before.

The “graphenized” effective field theory of the double patch construction in d—dimensions allows an interacting



42

fixed point for the Yukawa coupling constant. Critical dynamics of order-parameter fluctuations and non-Fermi liquid
physics of low-energy electrons are described by the renormalization group analysis based on the dimensional regu-
larization technique. Solving Callan-Symanzik equations gives scaling theories for correlation functions, identifying
the nature of this novel interacting fixed point. The resulting interacting fixed point differs from the Hertz-Moriya-
Millis critical point given by the self-consistent RPA analysis. First of all, the w/T scaling behavior for the dynamic
susceptibility of critical order-parameter fluctuations is expected to hold beyond the Hertz-Motiya-Millis framework.
An essential point of the dimensional regularization technique is that the dynamical critical exponent is much less
than the value of the self-consistent RPA theory. This is certainly expected due to the presence of pseudogap in the
graphenization technique, responsible for the appearance of an interacting fixed point. Frankly speaking, it is not
completely clear at all whether or not such an interacting fixed point reflects the nature of the originally proposed
metallic quantum critical point. Suppose the Kondo problem. It is well understood that the nature of the quantum
critical point between the local moment phase and the local Fermi-liquid state in the pseudogap Kondo model differs
from that in a normal metallic host, where such a quantum critical point does not exist in the latter case. However,
we reach the same renormalization group equation for the Kondo coupling constant if the pseudogap density-of-states
parameter set to vanish and recover the finite density of states as in normal metals.

Here, we adopt the dimensional regularization technique for the renormalization group analysis. As discussed before,
we consider an insulator-metal transition from a U(1) spin-liquid state with a spinon Fermi surface to a Fermi-liquid
phase, given by the Higgs transition of bosonic charge degrees of freedom referred to as holons. The effective field
theory for this spin-liquid Mott quantum criticality is as follows: First, critical spin dynamics is described by spin
doublets interacting through low lying spin-singlet fluctuations, where spin doublets form a Fermi surface of spinons
and low lying spin-singlets are expressed by U(1) gauge fluctuations. This Fermi-surface problem is exactly the same
as that solved before by the dimensional regularization technique. Second, critical charge dynamics is described by
sound modes interacting via low lying spin-singlet fluctuations, where sound modes are given by bosonic holons with
the relativistic spectrum. This critical charge dynamics has never been taken into account on equal footing with the
Fermi surface problem in a controllable way.

We start from the U(1) spin-liquid interacting fixed point as intensively discussed above, which occurs from the
dimensional regularization technique for the sector of the spinon-gauge field problem, essentially the same as the Ising
nematic quantum criticality problem. The appearance of such an interacting fixed point is based on the assumption
for the stability of the spinon Fermi surface. It turns out that this spin-liquid fixed point is too stable to flow toward
another fixed point. Since it is a fixed point for critical spinon dynamics, one may investigate the stability of such
a fixed point, introducing the role of critical charge fluctuations into the spin-liquid fixed point. The self-interaction
constant for the holon dynamics is relevant at the spin-liquid fixed point, where the upper critical dimension is d. = 3
as expected. However, the upper critical dimension of the Yukawa coupling constant (the gauge charge) is 5/2, and
thus, the expected screening effect for the holon self-interaction term does not arise at such a fractional dimension
within the dimensional regularization scheme. As a result, the relevant four-boson interaction constant increases
indefinitely, interpreted as gapping out from the spectrum. Critical spin dynamics with gapped charge fluctuations is
identified with the U(1) spin-liquid interacting fixed point as the spinon Fermi-surface problem without introducing
charge fluctuations.

Nonrenormalization for the charge dynamics in the dimensional regularization technique leads us to consider another
fixed point as our starting point. Since the spin-liquid to Fermi-liquid insulator-metal quantum phase transition is
described by the Higgs condensation transition in the holon dynamics, it may be natural to keep the boson dynamics
at spin-liquid Mott quantum criticality. In other words, the relativistic holon spectrum in both z— and y— directions
is assumed to be our starting fixed point of scale invariance. Then, we find that the spinon Fermi surface cannot
be stabilized at this boson fixed point, where the curvature part of the spinon spectrum becomes irrelevant and the
spinon dispersion shows the one-dimensional relativistic spectrum. The spinon dynamics remains itinerant along the
direction of the Fermi velocity while spinons become localized along the direction of the Fermi surface. Critical spinon
dynamics at UV (ultraviolet) is given by Luttinger liquid theory. The effective field theory is as follows: First, critical
spinons are described by the one-dimensional Dirac spectrum, coupled with U(1) gauge fluctuations. Second, critical
holons are described by the two-dimensional relativistic spectrum with their self interactions, coupled to U(1) gauge
fluctuations. This critical field theory shows an emergent enhanced symmetry than that of the U(1) spin-liquid fixed
point, that is, the conformal symmetry at UV beyond the U(1) spin-liquid fixed point.

We emphasize that the rotational symmetry does not break down although the spectrum is localized along one
direction. We recall that the effective field theory is represented in the double-patch construction. The double-patched
effective field theory should be taken into account for all angles of the Fermi surface, where other double-patched
effective field theories do not communicate with each other as discussed before, thus regarded to be independent. As
a result, the rotational symmetry is preserved.

Now, it is straightforward to apply the dimensional regularization technique for the renormalization group analysis
to this conformal field theory. The one-dimensional spinon Fermi-surface with a flat band along the direction of the
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Fermi surface remains unchanged in the dimensional regularization scheme. An essential point is that the upper
critical dimension of the Yukawa coupling constant, i.e., the gauge charge is the same as the self-interaction coupling
constant, given by d. = 3. As a result, not only the gauge coupling constant but also the self-interaction coupling
constant is screened to show an interacting fixed point at IR, certainly beyond the U(1) spin-liquid fixed point
discussed before. More importantly, the conformal symmetry does not allow the emergence of the Landau damping
term in the dynamics of U(1) gauge fluctuations. As a result, the critical spinon dynamics becomes completely
localized even along the direction of the Fermi velocity. Localized magnetic moments emerge from itinerant fermions,
completely nonperturbative and thus, not allowed usually in the perturbative or diagrammatic approach. Critical
charge dynamics is also interesting and unexpected. Although the self-interaction constant of holons becomes reduced
by screening, the relevant scaling in two dimensions at the tree level is expected to give a finite fixed point value for
the self-interaction constant. However, it turns out that the self-interaction constant vanishes completely. It does not
play any role in critical charge dynamics. On the other hand, the gauge coupling constant remains to be finite at
IR, suggesting a novel IXY (inverted XY in the sense of duality) universality class, since the self-interaction constant
vanishes.

The emergence of localized magnetic moments from itinerant fermions has been discussed recently in the critical
field theory of fermions and order-parameter fluctuations with their Yukawa coupling interactions. An important
assumption in this renormalization group analysis is that the Landau damping term does not arise due to a certain
reason, not clarified in these previous studies. Although our renormalization group analysis gives essentially the
same result of the emergence of localized magnetic moments, the present field theoretical construction serves more
transparent physical mechanism for the absence of the Landau damping term and the emergent conformal symmetry
plays an important role in the localization phenomenon.
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