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Band is a D-brane
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BPS brane
Band — Brane correspondence
Spectrum = D-brane
4d topol. insulator = Supertube

Edge state = Tilted D1



Topological insulator

- Bulk is insulating, characterized

by a topological number

2

e
oall — = 1, pez

- Surface has a gapless mode

Chiral, Majorana, etc.

Binding energy (eV)

Bi, ,Sb,Te;  Se,
(Osaka-u, Ando group)
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[Chen et al., Science "09]



Band of topological insulator

Topological numbers classified

class \ d | 0 1 2 3 4 5 6 7 |T C S
A Z 0 Z 0 0O =z 0,0 0 O
ATII o =z o0 =z 0 Z 0 Z |0 0 1
Al Z 0 0 0 22 0 Zo Zo|+ 0 O
BDI Zo Z 0O 0O 0 22 0 Zo |+ + 1
D Zo Zo Z 0 0 0 22 0 0 + 0
DIII 0 Zo Zo Z 0O o 0 2Z2,- + 1
ATl 22 0 Zo Zo Z O O O |- 0 0
CII 0 22 0 Zo Zo Z 0 0 |- — 1
C 0O 0 22 0 Zo Zo Z 0 |0 — 0
CI 0O 0 0 22 0 Zo Zo Z |+ — 1

[Schnider,Ryu,Furusaki,Ludwig "08] [Kitaev "09]



Band of topological insulator

[Thouless, Kohmoto, Nightingale, den Nijs "82]

Topological insulator characterized by 15t Chern class

1) Hamiltonian of 2d relativistic electron
H = o1p1 + o9p2 + o3m

2) Solve for energy eigenstates [Zg + H] v(t) =0

ot
e'! —p1 + 1p2 ) 2 | .2
= e = £\/pi +p3 +m?
v \/2(e+m)< €+ m \/p1 D3
: , : d
3) Obtain Berry’s connection A®) =i —o (1= 1,2)
: dpy,

1 1
4) 1st Chern class - /dpldpz Fiy) = —5sign(m)



Band of topological insulator

1) Hamiltonian

p

H = o01p1 + o2p2 + o3m

Existence of Chiral edge state /

2) Put a boundary: (o7 — 13)wv(t) =0
x2=0
3) Solve for energy eigenstates z% + H] v(t) =0

Localized mode: v(t) = e **v/mexp[ma?] ( i )

Dispersion is chiral: € = p;



BPS brane

Original Spiky [Callan,Maldacena] [A.Hashimoto]

- Dictated by D-brane actions and BPS equations
S=1T, /dp+1a:\/— det(Nep + 27/ Fop + (27 )20,00p0)

- D-brane charges (= Ramond-Ramond charges)

D(—-1) DO D1 D2 D3 D4 D5 D6 D7 D8 D9

type 1IB Z 0 Z 0 Z 0 Z 0 Z 0 Z
09~ (type I) Zo Zo Z 0 0 0 Z 0 Zo Zo Z
09+ 0 0 Z 0 Zes Zo Z 0 0 0 Z

[Witten '98], See [Ryu, Takayanagi "10]



BPS brane

BPS equation solving EoM

1
@CI)(x) = —§€iijjk(.fC)

Spiky solution (Dirac monopole)

Py

—1 1 x
(I)(;'Z?) — 2—7 ] B, (: §Eiijjk) — F

7

Interpretation :
D1-brane stuck to D3-brane

Evidence: Susy, tension, fluctuation



BPS brane
[Nahm "80][Diaconescu "97]

Nahm construction : all monopole solutions of

BPS equation @CI)(:I:) = —%Eiijjk(w)

1) “Tachyon” operator [Terashima, kH, "06]
T = 0'7;212'2

d
2) Solve for normalized zeromode [d_f + T] v(€) =0

3) Obtain scalar and gauge fields

O(z) = /df vigv, Ai(z) = /d§ 'deiiv

1 1
4) Monopole number 7 /dsz 5 €in ik = 1
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Band-Brane Correspondence

Brane

(p17p27 m)

(z, 2%, a”)

Hamiltonian (H, t)

Tachyon (7, i§)

Wave fn. v(p)

Zero mode v(x)

Berry (B)
connection AM (w)

Monopole
gauge field A; (.Cl?)

TKNN number v

RR charge k

Spectrum €(p)

Shape P (x)
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Spectrum = D-brane

~ e
c=—ifol ) @ @~ ) @ =(ule
Spectrum €(D) Shape ®(x)
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4d topological insulator = Supertube

S
e

Supertube ending on D4

(Dyonic instanton)
[Kim,Lee "03] [Chen Eto KH "06]

4d topological insulator
(Class A)

ADHM construction of instantons h

V' = (ply, 0,2")
Zero mode =2 ADHM connection =2 2nd Chern class

- Hamiltonian of 4d topological insulator

Eigenstates > Berry connection = 2nd Chern cIassgj




Review: Bulk — Edge correspondence

[X.G.Wen '92] [Hatsugai 93]

1, B, ?
4 ) Integer Hall effect
S 5

[Thouless, Kohmoto, Nightingale, den Nijs "82]

- Charge non-conservation |n the Bulk

)

<]z> — Ozy Z €ij Ej (O-Iy — \Ch ) 9 QbUlk 2 E
J
- Compensated by the Edge state cancel
: AN e?
€k = v(ky - eEyt) > Qedge = —€ Alﬂlo At L27T |1|Ey



Edge state = Tilted D1

Chiral edge state Non-commutative monopole
E A [Gross, Nekrasov] [Hashimoto KH]

Tilted D1

H
D3

> P

Boundary of 2d topol. insulator

» Electron Hamiltonian

m < 0 H = p101 + p20a + m(z')os
m(xt) ~ Oz

- non-commutative space!




Edge state = Tilted D1

Helical edge state Orientifold

E 1
mirror
D1

> P

D1

(Prohibited)

\
/T

Electron hamiltonian of 2d topol. insulator of class All

H = (o1p1 + 02p2) ® 02 +mly ® 03

Time reversal = Orientifolding
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Fertile applications

Exploration

Lattice Domain wall fermions /, m
All classifications mapped?
Higher winding

7
Generic boundary conditions / /7 /\/

Boundary states —
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2d topological insulator

[Thouless, Kohmoto, Nightingale, den Nijs "82]

Topological insulator characterized by 15t Chern class

1) Hamiltonian of 2d relativistic fermion
H = o1p1 + o2p2 + o3m

2) Solve for energy eigenstates Hv = ev

(I — 1 _p].—I_Zp2 2 2 2
v/ 2(e +m) €+ m €:i\/lerp?er
d
v(n=1,2
. (h=1,2)

1 1
4) 1st Chern class - /dpldpz Fiy) = —5sign(m)

3) Obtain Berry’s connection A!” = of
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2d topological insulator

Bulk-Edge correspondence [Hatsugai ‘93] [X.G.Wen '92]
Existence of Chiral edge state

1) Hamiltonian

H = o01p1 + o2p2 + o3m

y Q

2) Put a boundary: (o1 — 12)v — 0

xr2=0

3) Solve for energy eigenstates Hv = €ev

Localized mode: v = /m exp[ma?] ( 1 )

Dispersion is chiral: € = p;



4d topological insulator

Topological insulator characterized by 2nd Chern class

1) Hamiltonian of 4d relativistic fermion
H = Yupu +y5m

0 e, 15 0
Yu = y V5= V1727374 =

2) Solve for energy eigenstates Hv = ev

o ¢<pu>12 +m? ( (e iﬁm ) =+ )

p d
dp,,

3) Obtain Berry’s connection A'”) = of—uv (u=1,2)

1
4 B B)| _ :
/d ptr [F;Su) * FL(W)} = —581gn(m)

4) 2nd Chern class e

21



4d topological insulator

Edge state from the Bulk-Edge correspondence

€

1) Hamiltonian  'H = v,p,, + 1sm /
2) Put a boundary: (75 + 14)0 0

x4=0

3) Solve for energy eigenstates Hv = ev

Localized mode: v:< 0 >
770(29)

no(pi) = \/2|p]exp[—|plz?] 7 1
Fd - ie) =0  i=Ue ()
Dispersion is flat: € = —m
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Dirac monopole at edge

i d
Odpz- 1o

Berry connection of edge state: A; = / dz? in
0

giving a Dirac monopole

- i(p1 + ip2)
2[pl(|p] — p3)

. . 1 L=
Monopole charge is unity: — [ [p]*d5- B =1
27'(' g2
Equivalence to 2d topological insulator :
Replacing p,; by a mass m,,

1 1 [ ]
U — — /dpldpz F1o = —sign(ms)
2T 2



Double boundaries

Two edge states for two boundaries

1) Hamiltonian  'H = v,p,, + 1sm

2) Put a boundary: (V5 + 14)v — 0
zi=4+L

3) Solve for energy eigenstates Hv = ev

Localized mode: v = < 2 )

n=c"(pi)n" +c (pi)n~
Nt = \/sinh@]ﬁ\L expl|plz*] U(p:) ( . ) ,

"= \/ sinh’]j\ﬂL exp[~[ple’] U(pi) ( ; )
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‘t Hooft Polyakov monopole

. . L
i} d
Non-Abelian Berry connection Aab = Z/ dat (n?)T b
of the two edge states: I dp;
L
“Depth operator” Pt = / dz* (n™)Tz*n®
—L
a, b=+

giving a SU(2) ‘t Hooft Polyakov BPS monopole

1
D;® = §€iijjk

: : 1 1
Monopole charge is unity: 1= y /d3p 5 €k T [D;®F ]



‘t Hooft Polyakov monopole

[Nahm "80][Diaconescu "97]
Nahm construction : all monopole solutions of

BPS equation p.® — %eiijjk

1) “Tachyon” operator (rerashima, kH, 06]
T = O'f,;ilj'z

d
2) Solve for normalized zeromode [d_f + T] v(€) =0

3) Obtain scalar and gauge fields

d(z) = /df vigv, Ai(z) = /df deiiv
1 [ 4 1
4) Monopole number 1= — [ d°p —€;x tr [D; D F ]

47 2



‘t Hooft Polyakov monopole

Relation to TKNN??

Replacing p; by a mass m;, define “topological number”

1
/ dpl d]DQ tI’[(I)Flg]

V= —
4

___________________ L
" O'HaHN/ o(x*) f(z*)dz?

—L

02l

R



