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% Quantum Phases and Quantum Phase Transitions

+ Classification of QPs is one of main object in Condensed Matter Physics

e Why? Many different models & materials show essentially the same behavior

e Example : Transverse Field Ising Model (TFIM)

N N
> HE=ES Z G — Z 070511 - continuous QPT between

=1 =S| spontaneously symmetry broken (SSB)
& disordered phases

Fluctuation  Ordering

« the most characteristic case
of the qguantum phase transition

— so-called “conventional QPT”

— Ginzburg-Landau theory

 one can classify the QPs with a pair
of mathematical objects (Gy, Gv)

ex.) TFIM (Z2,{1})




¢ Topological Phases

» People found some examples of QPs and QP Ts which cannot be
understood by the conventional QPT : no SSB of any symmetry

JAN

« No SSB, no local order, eAmbelad abatically
but still distinguishable! /
connected to
trivial a product state
phase ex) [1p) = 1000- - )

« cannot be adiabatically topological

connected to phase

a product state 0

9

» Topological phases are divided into 2 categories

@ Symmetry Protected Topological phase (SPT)

— Distinct only in the presence of symmetry
— Gapped but gapless mode at edge. e.g.) Topological Insulator, Haldane phase, etc

@ Topologically Ordered phase
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¢ Topological Phases

» People found some examples of QPs and QP Ts which cannot be
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» Topological phases are divided into 2 categories

@ Symmetry Protected Topological phase (SPT)

— Distinct only in the presence of symmetry
— Gapped but gapless mode at edge. Ex) Topological Insulator, Haldane phase, etc
@ Topologically Ordered phase

— Non-trivial without symmetry
— Ground state (topological) degeneracy. e.g.) Z2 spin liquid, FQH, etc



¢ ] Dimensional System

» There is no topologically ordered phase in 1D
: any ground state can be adiabatically connected to a product state,
If no symmetry is imposed

» SPT phases do existin 1D
: we want to !

» Any gapped G.S. in 1D can be exactly described by a Matrix Product State (MPS)

: classification of SPT in 1D — classification of MPS in the presence of symmetry

¢ 2 Dimensional System

» Topologically ordered states do exist
: we want to !

» SPT phase do exist in 2D
: The way how we describe SPT with 2D TNS has been recently developed
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¢ Graphical representation

- rank O (scalar) :

- rank 1 (vector) :

- rank 2 (matrix) :

- rank 3 :

11

rank n

In
In-1




€ Basic Operation (1) - Contraction

- Matrix producT 0= — ZAikBkj
k

N
@ - 0 O

T contraction

- Contraction : Sum over connected legs

e.g.) 0 ) 0




€ Basic Operation (1) - Contraction

- Products of multiple high rank tensors :

e.g.) Z Tégg jTi(jZC)lecglzg = Téggd Already stressful...

1,J,k,1

: o

After getting used to graphical representation,

complex network of tensors are intuitively understandable!



€ Basic Operation (2) - Singular Value Decomposition

% Mij — szkV]:J U, W unitary matrix

(m X n)

H
.
€
XQ
<)




¢ Quantum Entanglement 0

™m T X
[ = LL%\@ SEDIIR U5V, i) © [55)
a=l1l 7=l p=1l g=ll /5=l
X m
— 5 (ZUW )@ (Zv,j]] )
k=1 1=1

X
= Z S k‘¢?> ® |¢2)  Schmidt decomposition!

[(S%)? :Entanglement Spectrum

= X
LOUN = Z(Sk)Q 1Og(Sk)2 : Entanglement Entropy
.




Tensor Network

 Whatis TN?

Specific form of TN
depends on property
of original tensor!




4 Connection between TN & Many-body state

= E ‘I’il,ig,...,iN|21,Z2,“' >ZN>
7;1’... fiN

Huge tensor!

= Wiy i
B~ O(d")
11 5 LN
MPS (1) FE R —_— S (ZD)
o000 o o000
e i 0.0.0.0. 0.

11 12



¢ Area Law of Entanglement Entropy

— (Generic quantum states satisfy

Sex ~ L2 (V) : volume law

—> Set of Relevant states or
ground states of local Hamiltonian

Sen ~ LP7H(0V) : area law

<> ;

V7
. (\,\ N

<>

Hilbert space of N-body system % %

!
N-body system



PEPS (2D)

¢ Area Law of Entanglement Entropy

SvNn ~ Llog x

U R

€D EDED DD > > > >

ERERERR

Hilbert space of N-body system
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s Canonical Form of MPS

My

U,

DeoeMepdemen

g2

: Entanglement Spectrum
between subsystems
X <iand x> |




¢ Transfer Matrix in Canonical (Pure) MPS

ol

SET

.  (x? x x°) - transfer matrix (TM)

SET

- TM: Linear mapping from matrix to matrix

\/

AN
P
S

|

|



¢ Transfer Matrix in Canonical (Pure) MPS

= One can show following two properties

SHT

=) ST =

SHT

® €(X)=AX :eigenvalues |A| <1 & Largest |A| is unique

¢ Global Symmetry Operation

» = @ s (ex) Spin rotation, Time-Reversal, etc

@@@@.
> (P|U|P) = ==

l@@l@@l




¢ New Transfer Matrix i9m5

- umn i o
i —> CulMNE ], S ST
m
S We want to know the eigenvalues of New TM!

- &u(V) = AV =) S

> \A\Tr[VSZVT] =y o Tr[FmSVSF:fnSQVT]

m

SB I g5

SR



¢ New Transfer Matrix e — ezem 5mn

c
—> ColEET, S X ST

S We want to know the eigenvalues of New TM!

- &u(V) = AV =) S

m
e ] e
Cauchy-Schwarz 7 Z 1r (X"];@Ym) Y,, = SVIT,,S
inequality &
U1 - Ta| < ||| | 3 3

YT (X X)| [T (VYo







¢ New Transfer Matrix

N[ =

> |A|Tr [vaS el

VAN

> T (SIESSEREST! S )

E(VTV) IS
bounded by V1V

‘e
.
.
.
.
.
.
.
.
.
-
.
.
.
‘e
0

‘A

s (VSQVT)

» |A| <1 :Physically, itis obvious! Otherwise <WU%@W>

» Requiring the symmetry : U|\IJ> = ei@|\11>

PR (SY T, S°T], V S)

= |Tr [e (VTV) Sz] |% ‘Tr (VSQVT)|%

< |Tr (VTVSQ) |% ‘Tr (VSQVT) |%

L (0|U|0) = © (0| T)

K e

N



¢ Symmetry Imposed MPS

» Symmetry or ‘)\‘ — | gives us 2 constraints
D e (VTV) — V112 RS o 1/ s unitary
@ X’m H Ym : aXm S Ym

|—> e’ ST, SV = SVIT, S

Ls o2y sr,5vivsTt s = S sviT,, 2T Vs

I I
— e AR — ¢ () =1l




¢ Symmetry Imposed MPS

» Symmetryor |A| = 1 givesus 2 constraints
@ - (VTV) — ViV : VIV =1 or V isunitary
@ X || Vi o GO
e’ ST, SV = SVIT, S

Ls o2y sr,5vivsTt s = S sviT,, 2T Vs

I—) ‘a’252 = DAy — e_w’“

eiem Fm i eiqbu VFmVT g — otPu

If satisfied, the MPS is symmetric under {J




¢ Projective Representation
» Acting u twice,

ugty I’ = e*Pua Tiuz I

- eigb[uwﬂ‘/[uluz] I' VT

[u1uz]

— piP1tide — P12

r ¢[’LL1’U,2] =% ¢U1 —I_ ¢’U,2

VoV, = e Vw1 = Vi IS aprojective representation of Gu
\ U1 ¥ U9 [ ik 2]

» non-trivial projective representation (or symmetry fractionalization)
leads non-trivial degeneracies in Entanglement Spectrum (ES)
characterizing topological phase from trivial phase

[M. Oshikawa et al. PRB (2010)]
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< Example : Haldane Phase (S=integer)

> Model: H=JY 8- Sit1+Usz 3 (57)°

> /o X /o symmetry: spin flipping along x and z axes

» Acting each Z5 twice,

f VZQUC VZ290 — 8’&’93; VY(ZQJ:)Q = 67;9“3 redefine < (VZ§)2 — I
< | >
| VZ; VZQZ o GZQZV(ZS'V = ewz VZ;‘ L (VZ§)2 — [

» Acting combined Z575 twice,

(VZg VZ;)(VZg VZ’QZ) — eiﬁm Wzg)g — ewmz — VZBVZ — Giemz Vzvx

1205 et 2 i
& s .o sz—Oorﬂ_ Oror—=rn 0., =0

> Uzz

We should pass through a phase transition!




< Example : Haldane Phase (S=integer)

» One canshow [S,Va] =0 . Therefore, when 0,, =7 or V,V,=-V,V,

Entanglement Spectrum S is at least double degenerate !

b
R

t

-
e
B =
e
e
-
e
-

[M. Oshikawa et al. PRB (2010)]
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< Gauge Transformation on TNS
Gauge redundancy

GL(D,C)
Many-to-one
=@ iz g @ correspondence
T

Site & Bond tensors are changed,
but physical state is not changed!

= @ @ S

~

I { [T(f)]abcd T ew(f) [W(fa 1)]aa’ [W(fv 2)]56’ [W(fv 3)]66’ [W(fa 4)]dd’ [T(f)]a’b’dd’
9 x

~

[B(f, g)]ab s [W_l(fv 1)]a’a[W_1(_)v )]b’b[B(fa y)]a’b’

(1) (11)
G - [Omn - [§ < &
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< Gauge Transformation on TNS

- Invariant Gauge Group (IGG):

[X. G. Wen, 2001]
{ (1) :T(f)]abcd T 62’9(:5’) Naa’ by Nee! T)dd! [T(f)]a’b’c’d’
(i) [B(Z, D]ab = MaraMys [B(E, D)]aer

74
Q) 10 0 @ 0 i @ = @ 0 — {1} : trivial IGG
0 —V{I,Q}ZZQ IGG

(i) —p P = = <>

|GG is directly related with the gauge dynamics!

[X. Wen, PRB 82, 165119(2010)] [B. Swingle and X. Wen, arXiv:1001.4517]
[N. Schuch et. al, Ann. Phys. 325, 2153 (2010)] [S. Jian and Y. Ran, PRB 92, 104414(2015)]



+ /2 topological order (1)

ex) Deconfining phase of 7, gauge theory

r 1 : trivial particle

_ : e : chargon
¢ Low-energy quasi-particles
m ! fluxon

\ f: bound state of e and m xitacv, 2006]

¢ Anyonic statistics : ¢ Fusion rule
Self-braiding Mutual braiding D < ® =1
e bosonic
i < E = 1
m bosonic fermionic
f fermionic D < i - @




+ /2 topological order (2)

(@) Z2 even Tensor (b) Z2 odd Tensor

g g
oo - @ 0O =-- @
g g

(c) TNS with Z2 even Tensor




(f) Chargon

i




(.

7> IGG invariant TN —— Z2 topologically ordered state

[S. Jian and Y. Ran(2015)]



‘ I Intrca luctic
- TOpoIOIC Phases infGondensediiviatter de@

: '.>"s ~

- Teh‘sor‘Ne work andRISTCHINEUWOTRISIAteS - v PS PEPS

\’.b e
N
‘ ,.(_.\
PN i'

gt ‘.5'\&. .-"’Q L

I1. CIaSS|f|c"at|o’ ofT b

- Matrix Product States : SPT i
- Projected Entangled Pair States : Z2 Topological Order

[II. Summary & Outlook



Summary

1. By imposing symmetry on MPS, one can derive the constraint

2. For a given symmetry, one can classify SPT phases using above eq.

3. Z2 topologically ordered state 1s systematically constructed by PEPS

4. One can 1impose symmetries on PEPS to classify the quantum states
in terms of the projective symmetry group



Outlook

1. Multi-scale Entanglement Renormalisation Ansatz (MERA)

IR0 AR AR AN AR A4~ AR L%
PR PR P IXPIPIPIPIPS
\ y \ f \ f \ f f \ f \ f \

bd bdbdbdbdbdbdbd

AdS/CFT

2. Classification SPT 1in 2D

3. Numerical tools to find the ground states and thermally excited states and etc....
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< When TNSs work very well?
¢ Quantum Entanglement

- Physical phenomenon that occurs when groups of particles are generated in ways such
that the quantum state of each particle cannot be described independently [wiki]

- Measured by von Neumann (entanglement) entropy:

Syn = —Tr[palog pa] = —Tr|pp log p5]

°2) | 1ats) s

1
—2(’ Tl e il B e e N lep)



¢ Area Law of Entanglement Entropy

TN state can target directly
this tiny area in Hilbert space

Hilbert space of N-body system



Ik 17mk
 Exemplary TNSs T e
¢ Affeck-Lieb-Kennedy-Tasaki (AKLT) state
N =,
SEED LIRS T, dmiitm,
S S S S S

¢ Nearest Neighbour Resonating Valence Bond (NN-RVB) state

ex) NN RVB on Kagame

2 - A 2 =1,
(s=0,1)
.............. Otherwlse 0

[Cirac et. al., 2013]




s Canonical Form of MPS

- -

combine
indices

*
combine
indices

*
combine
indices

Resolution of Identity :



s Canonical Form of MPS

____________
- -

- LY

. ~

.............................................................

-----------------------------------------------------

MoBeRMeMe® -



¢ T[ransfer Matrix

(P|T) =

 (x* x x°) - transfer matrix (TM)



