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Holographic conductivity and Homes’ law
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Motivation:

What is Homes’ law?

Why is Homes’ law interesting?



Homes law

[Homes, et al.
2004 Nature]

A universal scaling relation in high-

temperature superconductors

C. C. Homes', S. V. Dordevic', M. Strongin', D. A. Bonn?, Ruixing Liang?,
W. N. Hardy’, Seiki Komiya’, Yoichi Ando’, G. Yu®, N. Kaneko’*, X. Zhao’,

M. Greven’®, D. N. Basov’ & T. Timusk®
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Superconducting

transition temperature |
F

Electric DC conductivity )

Superfluid density

Homes’ law: ps(T =0) = Copc(T)T.

C is constant regardless of doping level, nature of dopant,
crystal structure and type of disorder. /

C=4.4: a-b plane high-Tc superconductor,
clean BCS superconductor

C=8.1: c-axis high-Tc superconductor,
dirty BCS superconductor

[Erdmenger, Herwerth, Klug, Meyer, Schalm: 1501.0761 5]

(e Understanding high Tc superconductivity? )

Universal property of the hairy black holes?




History for finding universality: Uemura’s law

1986: Discovery of cuprate, Bednorz, et al. (Z. Phys. B)

* 3years

1989: Uemura et al (PRL) 2004: Homes et al (Nature)
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Universal properties in cuprates

Cuprate phase diagram

A DC resistivity |[p ~ T
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© Motivations

® Holographic superconductor with momentum relaxation

© Massless scalar model

© Q-lattice model

© Summary and outlook




Homes’ law in Holographic context

arXiv.org > hep-th > arXiv:1002.1722

High Energy Physics - Theory

Introduction to Holographic Superconductors

Gary T. Horowitz
8.1 Open problems

We close with a list of open problems'>. They are roughly ordered in difficulty with
the easier problems listed first. (Of course, this 1s my subjective impression. With
the right approach, an apparently difficult problem may become easy!)

1. In the probe limit below the critical temperature, there is an infinite discrete set

10. The high temperature cuprate superconductors satisfy a simple scaling law re-
lating the superfluid density, the normal state (DC) conductivity and the critical
temperature [36]. Can this be given a dual gravitational interpretation?




Homes’ law in Holographic context

Homes’ relation for g =6 & k =0

© Homes' law: ps(T'=0) = Copc(1)T.

2 n
arXiv.org > hep-th > arXiv:1206.5305 P
11 1240 , 440
High Energy Physics - Theory 3.8
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Homes’ law in Holographic context

© Homes' law: ps(T'=0) = Copc(1)T.

arXiv.org > hep-th > arXiv:1206.5305

High Energy Physics - Theory

Towards a Holographic Realization of Homes' Law

Johanna Erdmenger, Patrick Kerner, Steffen Muller

arXiv.org > hep-th > arXiv:1501.07615

High Energy Physics - Theory

S-Wave Superconductivity in Anisotropic Holographic
Insulators

Johanna Erdmenger, Benedikt Herwerth, Steffen Klug, Rene Meyer, Koenraad Schalm

~

arXiv.org > hep-th > arXiv:1604.06205

High Energy Physics - Theory

Ward Identity and Homes' Law in a Holographic
Superconductor with Momentum Relaxation

Keun-Young Kim, Kyung Kiu Kim, Miok Park

arXiv.org > hep-th > arXiv:1608.04653

High Energy Physics - Theory

Homes' law in Holographic Superconductor with Q-lattices

Keun-Young Kim, Chao Niu

\. /

Homes’ relation for g =6 & k =0

21
4.2
11 1240 440 ]
¢ @
3.8
Homes’ constant @ xk =0
QCI) 8
St 13
o
E'j _________ [ ] __: ______________________________
STl
0.2 98 v
5[
%J,S 110 1?5 2?0 275 370 3‘5 4.0
0.1L ?/u

50 500
UDCTC

This talk © Physical understanding?
~ How much model dependent?

~

arXiv.org > hep-th > arXiv:1409.8346

High Energy Physics - Theory

Coherent/incoherent metal transition in a holographic
model

Keun-Young Kim, Kyung Kiu Kim, Yunseok Seo, Sang-Jin Sin

arXiv.org > hep-th > arXiv:1501.00446

High Energy Physics - Theory

A Simple Holographic Superconductor with Momentum
Relaxation

\ Keun-Young Kim, Kyung Kiu Kim, Miok Park )




' Goals and method I

Goals

o Homes’ law  ps(T'=0) = Copc (1)1
o Uemura’s law p (T = 0) = BT,

Holographer’s tool box

1. Need a holographic superconductor ~ hairy black hole (0803.3295: Hartnoll, Herzog, Horowitz)
2. Conductivity?

Linear response theory Holography
G (w) Son and Starinets, hep-th/0205051
JJ ’
O'(Cc)) = : GR Herzog and Son, hep-th/0212072
i W Skenderis and van Rees, 0805.0150

!

opc = 512% Relo(w)]

(
pe = lim whm[o(w)

The model and method are well established.
Why is the progress slow?

Momentum relaxation matters



[Hartnoll, Herzog, Horowitz:

Original holographic superconductor: HHH 0803.3295]

The first holographic superconductor > Homes’ law
ps(I'=0) = Copc(Te)T.

4

O =0
AdS-RN-black brane \/

1
Sign = /d4:c\/—g [R+ 6— -~ F*—|(0—iqA)®|* — m?bm*]

Charged
condensate

=+

+ 4
1106.4324: Hartnoll

O +£ 0

Holographic superconductor




Optical conductivity I

Conductivity: normal phase = [Hartnoll: 0903.3234]

o Homes’ law
ps(T =0)=Copc(T,)T.

Imo ~1/w < Reo(w)~dw)

Kramers-Kronig relation

x(w) = xr(w) +ixr(w)

Xr(w) = l7’/ Xf(w/)dw’, xr(w) = _173/ Xi%(w,)dw’

i w —w T

Translation invariance + finite density




[Erdmenger, Herwerth, Klug,

Holographic superconductor with momentum relaxation Meyer, Schalm: 1501.07615]

Helical lattice model

Stotal — Shelix+/d4+lx V—g| — |(9p - lqu|2 o m/2)|p|2]

i 1 1
Shelix = / d*z /=g|R+12 - T F = g W Wi — m?B,, B*

momentum relaxing sector

B = w(r)ws
w(oo) = )\ Homes’ relation for g =6 & k =0
wo = cos(pr)dy — sin(pr) dz
2 |
11 12 40 7 ide]
wo-one form field Homes’?g(fnstant Q@Qr=0
o] . e
in yz-plane S y
02 o A& W Tyt
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01 B . p/u .
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Holographic superconductor with momentum relaxation

1
SHuHE = /d4x\/—g [R +6 — ZF2 — (0 — iqA)®|* — m?qup*]

[Andrade, Gentle: 1412.6521]

Massless scalar [Andrade, Withers: 1311.5157] —» [KYK, Kim, Park: 1501.00446]

Sars — / day=g |~ Y@ | gy = (Br, gy

I=1,2

[Ling, Liu, Niu, Wu, Xian: 1410.6761]

Q-lattice :
[Donos, Gauntlett: 1311.3292] [Andrade, Gentle: 1412.6521]

So = /d4aﬁ\/—g [—\8\11\2 — m%l,\\If|2]

WOy =X
ps(T =0)

¢= UDC(TC)TC
ps(T — )

R

We want to check if C or B is universal
(independent of momentum relaxation parameters)



© Motivations

© Holographic superconductor with momentum relaxation

® Massless scalar model

© Q-lattice model

©Summary and outlook




[KYK, Kim, Park: 1501.00446]

' = 1 1 © Homes’ law
e ps(T'=0) = CODC(Tc@
— @ — @ —_— x)
Ansatz A= Ay(r)dt (r) Yr = (B, By)
ds? = —U(?“)e_X(T)dt2 + d_r2 4+ T2(dx2 4 dy2)
Ul(r)
Solutions
___ normal, =0 xtrl
___ super, B=0 2!
.--- nhormal, B*0 i
super, B+0
80 1odH
0.2
20 40 60 80 100"




Critical temperature [KYK, Kim, Park: 1501.0044¢]

© Homes' law ps(T'=0) = CODO(T@




Conductivities [KYK, Kim, Park: 1501.00446]

| | ~ Homes’ law
Action S = /d4:m/_—g R+6— —F> — (0 —igA)®|* - mg®d* — = ) (9¢r)?
4 2 |
“ =12 T = 0) — Cc
Background A= Ay(r)dt ¢ = o(r) vr = (B, By) opc = o(w=0)
ds? = —U(r)e XM de? + ar + r?(da? + dy?) o(w) ~ i
§° = T)e 0(r) r-(dz Y W
+
[ * dw A 1 1
Fluctuations 5 AL (t,r) = /_OO %e—zwtax(w7r) hiw = B0 + T_th) 4 T—ghg) TR
_ [T AW i 2 _ o Ly
0gtz(t, 1) = /_oo 27r€ r“hg(w, ) Ay = ay’ + Tax + ,
1 1
o g () BRI C) B PV C N
o1 (t, ) :/ %e_mé(w,r) S A
. - J

=2 792 (a2 - U + a0l - N + 3600

remn 2 27_‘_ X
i O\ 7N (o
ey -4 hgi) —|. . . hgg) ’
1 dw roa b 5(3) SR 5(0)
2 /0 o T2 Gab )

R® = MjJ°



[Kaminski, Landsteiner, Mas, Shock, Tarrio: 2009]

Numerical method for multi fields T

How to compute M} R* = M{J?
~ oo e 1o
a te = My’ + 5y’ + s hy +
cI>g(r)—>S§”+---+%+--- \ o
' i ae=al® + a4
B (r) = BI(r)c’ — ST 4 -+ —i— .. # )
roa 525(0)+—§(2)+—§(3)+“‘
_ a Ra /r2 /r3 ’
=] _|_..._|_T5a_|_..., y
¢ =@t R =0t {0
(1)
My ex) one field case: afo) J
—: (0%

[Hartnoll: 0903.3234]

_iG1 i(G11p—G12)
i(G1ip—G21)  i(Goo+u(=G12—G21+G11p))

w w




Thermoelectric conductivities and DC limits

[KYK, Kim,

Sin, Seo: 1409.8346]

Electric conductivity

p/T =6

DC result: Im[o]
Andrade, Withers 4r
1311.5157 *
2
_ H
(O — 1 —|— @
6 10"
Thermoelectric conductivity DC results: Thermal conductivity
Donos and Gauntlett
1406.4742
Re[a] Re[x/T]
41 _
a = —;Lro E o (4m)? 5] 400
— = r i
5 T 32 0 :
300 ¢
2004
100%
w/T




' Ward identities I

~ Generating functional for Euclidean time ordered correlation functions
eWloAdl = 719 A ¢] = /Dq)e_s[q)’g’A’¢]

~ Diffeomorphisms and gauge transformations
x“—)x“+€“ A, — A, +9,A
09w = (L@ = VG + Vil
54, = (LA), = CVaA, + (V,C)A,
0¢1 = (Ledr) = PVagr,

© Woard identities for diffeomorphisms

. [ 0w S SW B
| (m(x) et + 54 ) et 55, >(£<¢I)) -

r

One-point correlation functions

) = s - ) =2 (0'@) = 5

© Woard identities for one-point functions

D, (T*) + F\V (J*) +{O") g 0x¢r = 0




Ward identities KK, Kim, Park(20135)

© Ward identities for one-point functions

D, (T") + F\" (J*) + (O") g"*0r¢r = 0

One-point correlation functions

) = W ey =2 W01

; 0 Gy ()

%

© Woard identities for two-point functions

w(JTY+w(ny—if(JS) =0
w(TT) +wle) —iB(TS) =0 In momentum space (with constant one point function)

w<SJ>—if(SS)=0

$ Q=T-—uJ, (QJ) =iwal , (QQ)=iwrkT , (JJ)=1iwo

~ Relation between transport coefficients

) S)
T wT w2T

R 2pa pio () (QS)  Lu{JS) _
7t T i P P e =0
(SJ) —7,6<SS> =0




Ward identities [KYK, Kim, Park: 1604.06205]

Derivation from field theory

o < >
Ward 4 :
ar o+ T 0,
. pwo (@S) | p{JS)
Ward 5 : H+2M@+T—Z—+5w2T 6(,‘)2—T_O
SS
Ward 6 :  (ST) + zﬁu =0,
W
Confirmation by numerical holography
Re[Ward 4] Re[Ward 5] Re[Ward 6]
1.x1071° 1.x1071® 1.x1071®

5.x107"° 5.x10716 5 x10-16
0

-5.x10716

Im[Ward 4] Im[Ward 6]
4.x10716 4.x10-16
2.x10716 2.x10716

-2.x10716
-4.x10716

-2.x10716
-4.x10716

~ wlu - wly - wly




Ward identities [KYK, Kim, Park: 1604.06205]

Re[K]/u
Re[a] o
30¢ 50F
20} 40/
30¢
20}
10}
P RS T R / O:
4 5 “H
Im[q] MR
30¢ 150
25 1005 %,
20t 50:. )
15},
/ 108 -50|
‘ = WiH :
4 5 S e -100
0 ‘ SEEEEEE Wiy
_ql 1 2 3 4 5 -150
Re(JS)/1? Re(QSY/P Re(SSy/1°
h n " | i _-I---I--.|...|...|...|...|.. /
0 12 14 6 8 10 12 14 o T
-50} -5t
-10¢F
-100f _15¢
-20F
-150f
-25¢
-2007 -30F
3
IM{JSY/ 1 Im(QS)/1° Im(SSY/
0.2¢ 3000f
k 2500¢
0.1
2000¢
1500F
—0.1l 1000
500
-0.2}
2




Optical electric conductivities: superconducting phase [KYK, Kim, Park: 1501.00446]

B/p=1 © Homes’ law

(pJr =0 = CC

opCc = a(w = 0)
.Ps
o(w) i

- wl
5 M

Im[o] © delta function

/J pole

no pole

- wl
5 M




Homes’ law and Uemura’s law I

Are we ready?

© Homes’ law  ps(T'=0) = Copc(T.)T-.

o Uemura’s law p (T = 0) = BT, o(w) ~ i
w
T/T. = 3.2
T/T. =1
T/T, = 0.89 |
T/T,. = 0.66 0.51
T/Te = 02T — 0! e wlp
0 3 4 5

Im[o]

- wl
5 Y




Homes’ law and Uemura’s law

[KYK, Kim, Park: 1604.06205]

Ps Te
° 3.0 ¢
151 , 2.5 .
10! 2.0
° 1.5 °
5/ . 1.0 L
. 0.5 -
l# R e
5 10 15 20MP 5 0 {5 oMk
ps(TZO) ps(T: )
C C B =
o UDC(TC)TC 128- (TC)TC
10} °
: 10}
8+ e I.
. 8
6:_ 6;..l—l —s < < <
4t ° 4
2} ol
R R S S S s 0 5w M

Jpc
400} o
300!
200! :
100! .
_:._Q ® ? . . .............
5 10 15 20HF
B
12%
10}3 /q:2
i =3
8 A
615 e /
e N
2 q=6
5 10 15 20 MP

© Homes’ law
o Uemura’s law  p (T

ps(T'=0)=Copc(T,.)T.

Homes’ law



[Erdmenger, Herwerth, Klug,

Helical lattice case Meyer, Schalm: 1501.07615]

Homes’ law  ps(T' =0) = Cope (1)1,

Homes’ relation for ¢ =6 & k =0 p/w: 1~2
A p:4.5~57
“| | Phase diagram (& = 0)
fisssss:
4.2
11 42 49 44| ;
3.8
Homes’ constant @ k = 0
“ - - - - st Insulator
Q |
o1 1.8 oY
I e o ¢ | ’<\ 3
24 £ gl s RN i Metal
02| o A et e — * 2
] 1
15 20 25 3.0 35 4.0 / Insulator
0.1] . ol. | . . . . .
50 500 0 1 7 3 4 5 6
p/u
undetermined

4.8, 5.1, 5.4, 5.7



© Motivations

© Holographic superconductor with momentum relaxation

© Massless scalar model

® Q-lattice model

© Summary and outlook




Q_quﬁce mode' [KYK, Niu: 1608.04653]

[Donos, Gauntlett: 1311.3292]

1
Action S = /d4x\/—_g [R +6— —F?—|(0 —iqA)®|? — m3PD* — |0V|? — m%I,\xIJP]

4 [Ling, Liu, Niu, Wu, Xian: 1410.6761]

[Andrade, Gentle: 1412.6521]

1 dz?
2_ - |_(1— 2 2 2
Ansatz = ds = [ (1 —2)U(z)dt* + 1=2)0(z + Vi(2)dx” + Va(z)dy
A= (1 - 2)alz)dt O = 2¢(2) U — eikxzw(z) ((0) = A) [Donos, Gauntlett: 1401.5077]
Two parameters f, A o \/72Jr p2a?/ViVy
with m% =m3 =-2 q=6 bo = Vi 2k29)2 B

Phase diagram (® = 0)

o MNp=S08&ku=8
. . 1 !
Helical lattice Q lattice / :
[ & ]
6 T T T T L s o e s S B L Sy — 405— \\q\ @ — O f
80 : pr N é
5 Insulator : 20} Te ]
| oo PFEOTT— ]
+t Insulator : 60 ] N f
| 0.60 o 0.65 o O.‘10 T 0.‘15 T 0.‘20
§ 3 AMu | T/u
40 1
Metal e Np=50 & k/y=12
2 e L B A el :
| 8? //,.- “\\i
20 Metal 7 | / ?
1 { | » ® =0 ,',
/ f Insulator :
P a4t 4
OL . . - ; ; - 0 I !
0 1 7 3 4 5 6 0 5 10 15 20 ! /
2+
P I K
i kiy | y, d#£0
undetermined ) _ .. PO SR S— S
There may be metal regime near k=0: numerical issue 000 005 010 015 020



Transition temperature and DC conductivity [KYK, Niu: 1608.04653]

T/Te=1

k — o0
AdS RN limit

kiu k — oo k < /
AdS RN limit No momentum relaxation

- Ap=50 & TIT;=0.1

L

80|

Insulator

60|

Alu
40t

k/p=2,4,6,10.1,12, 15, 20.

k/u



Superfluid density [KYK, Niv: 1608.04653]

H JZ ) — _KsAz ,
London equation (@, p) (w,p)

bUIk gauge field a/i(zj w’p) — CL,EO) (w’p) + ZCL(l) (w)p) SRR

1

In the limit p =0 and w — 0 B. In the limit w=0and p — 0

(1)
K. — _az(co) (w,0)
ay’ (w,0) s0
K
Ji(w,0) = =2 Ei(w,0) = o(w)Ei(w, 0)
K
I _ s
m|o(w)] —

Infinite DC conductivity Meissner effect:
Magnetic penetration depth



Superfluid density

[KYK, Niu: 1608.04653]

extrapolate —»

Perfect conductor: spurious contribution
from translational invariance

Alu=0, k/u=0
20—t ————
Rwoo o,
L ‘J\
1.5
1.0;
L —o— Ks
0.5j ks
0.0;
0.0 0.2 0.4 0.6 0.8 1.0 1.2
T/T,
(a) no momentum relaxation
Nu=5, klp=2
2.0 ———— ————
1.5-—
S SRS o °
L 9
10} ¢
L @,
Q
L —o— Ks
0.5_— Rs o
Q@
r Q
0.0 % @ @
0.0 0.2 0.4 0.6 0.8 1.0 1.2
T/T,

(c) large momentum relaxation

AMu=5, k/u=0

20— T
1.5 L
1.0 L
0.5 -
0.0F =
0.0 0.2 0.4 0.6 0.8 1.0 1.2
T/T,
(b) no momentum relaxation
Alu=5, kl/u=20

20— — T —— T

[ Weo—o—_,

+ u\ 4
150 \\ 1

i . :
1.0 i

L ]

L —o— Ks

0.5 — ks s
L ]
L ]

r L3

0.0 ® @ ® .
0.0 0.2 0.4 0.6 0.8 1.0 1.2

TIT:

(d) small momentum relaxation



Homes’ law?e [KYK, Niv: 1608.04653]
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Homes’ law: Insulating phase near transition ¢ [KYK, Niv: 1608.04653]

Homes’ law  ps(T' =0) = Cope (1)1,
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Homes’ law: Insulating phase near transition ¢ [KYK, Niv: 1608.04653]
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Uemurq’s |CIW? [KYK, Niu: 1608.04653]
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Uemura’s law does not hold: DC conductivity plays a role



Comparison: Helical lattice and Q-lattice [KYK, Niu: 1608.04653]
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© Motivations

© Holographic superconductor with momentum relaxation

© Massless scalar model

© Q-lattice model

® Summary and outlook




Summary and outlook
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Summary and outlook

(J Homes’ law ps(T'=0) = CUDC(TC)TCJ

U2 =rr=temmmsmpmmmm i)
0.18 80
D20 [+t
0.16 i ]
K 21.5¢ : - . ] 60
s [ )
y 0.14 21.0" Ay
7} A
p : —o— 49, “40
oo T, 20.5° : 49.5
0.12 20,0 ~— 50.
Bl —— 505 20
19.5; 51
940—m™™™ @™ ™ ™ 19_0:‘“‘”“”HHH\HH_‘H\HH“HJ g ) 1
0.005 0006  0.007 0.008 0.009 60 65 70 75 80 85 90 95 ° s 10 15 20
Ooc TJu KL k/u
S — [ d*z2v/—q |R 6—1F2— O — igA)D|? — m2 pd*
HHH — TN —g + 1 ( igA)P| Mg
g _ [ g4 1 )2 _ Homes’ law Uemura’s law
MS = I\ —4g —5 ( ¢I) Vr = (5%5@

I=1,2

(SQ = /d4x\/—g 002 —mZ|U?] — U =eMay(2) ¥(0) = A ) Homes' law Uemura’s law

1

1
Shelix = /d4+1x V=3 [R +12 — —F*F,, — 1

7 WHW,, — m2BMB“]

Homes’ law Uemura’slaw

B = w(r)ws, w(o0) = A,

we = cos(px)dy —sin(px)dz



Summary and outlook

Q-lattice model - Homes’ law ps(T'=0) =Copc(T,)T,
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© Larger parameter space is explored
© “Homes’ law” in Q-lattice (and helical lattice) model ——  Further investigation on metal /insulator
is due to metal/insulator transition transition including charge density wave
~ No clear relation to phenomenology yet —» Other models with linear T resistivity
© Methodology developed:
systematic, robust and cross-checked ps(T'=0) = Copo(Te)Te
© Superfluid density cross-checked by two methods OpC ~ NT ~ n/TC

ps(T = 0) ~ n(T.)
Tanner’s law [Tanner et al. :1998 Physica B]
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