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Outline
• Relativistic Hydrodynamics

• Kubo Formulas

• Anomalous Transport from Holography

• Renormalization

• Application: CME in QGP

• Application: NMR in WSM
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Relativistic Hydro
• Thermodynamics: maximal entropy = forget everything 

that can be forgotten (conserved charges)

• Energy:   Temperature   

• Charge: Chemical potential 

• Time: Frame

T

µ

uµ

Z = Tre��(uµPµ+µQ)

u2 = �1

Jµ = ⇢uµ

p = p(T, µ) , ✏+ p = sT + ⇢µ

Tµ⌫ = (✏+ p)uµu⌫ + pgµ⌫
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Relativistic Hydro
• Hydrodynamics: hypothesis of local thermal equilibrium

• Universal low energy, long wavelength behaviour 

• Equations of motion: Conservation laws

• Ideal Hydrodyamics: 
T (x), µ(x), uµ(x)

@µT
µ⌫ = 0

@µJ
µ = 0

@µs
µ = 0

sµ = suµ
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Relativistic Hydro
• Viscous Hydrodynamics: add derivatives 

• Effective Field Theory: all terms consistent with 
symmetries and 1 derivative

Tµ⌫ = (✏+ p)uµu⌫ � pgµ⌫ + ⌧µ⌫

Jµ = ⇢u⌫ + ⌫µ

• Ambiguities in local definitions of

• Frame choice: no corrections to         and 
(Landau frame) 

T (x), µ(x), uµ(x)

uµ⌧µ⌫ = 0✏, p

⌧µ⌫ = �⌘Pµ↵P⌫�

✓
@↵u� + @�u↵ � 2

3
@�u

�g↵�

◆
� ⇣Pµ⌫@�u

�

⌫µ = �
h
Pµ↵@↵

⇣ µ

T

⌘
� Eµ

i
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Relativistic Hydro

• Projector 

• Local electric field

• Transport coefficients: shear, bulk viscosities, conductivity

• Entropy production

⌧µ⌫ = �⌘Pµ↵P⌫�

✓
@↵u� + @�u↵ � 2

3
@�u

�g↵�

◆
� ⇣Pµ⌫@�u

�

⌫µ = �
h
Pµ↵@↵

⇣ µ

T

⌘
� Eµ

i

� � 0⌘ � 0 ⇣ � 0

Pµ⌫ = gµ⌫ + uµu⌫

Eµ = Fµ⌫uµ

sµ = suµ � µ

T
⌫µ

@µs
µ � 0 )
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Hydro with anomalies
Conservation laws: effective action with sources �[Aµ, gµ⌫ ]

Gauge Trafo: �Aµ = @µ� Anomaly

Diffeo Trafo: �gµ⌫ = rµ✏⌫ +r⌫✏µ �Aµ = rµ(✏
⌫A⌫) + ✏⌫Fµ⌫

@µT
µ⌫ = F ⌫µJµ �A⌫@µJ

µ

Rewrite with covariant current

Eµ = Fµ⌫uµ , Bµ =
1

2
✏µ⌫⇢�u⌫F⇢�

@µT
µ⌫ = F ⌫µJµ

@µJ
µ = 8C

cov

EµBµ
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Hydro with anomalies

�⌧µ⌫ = �B
✏ (uµB⌫ + u⌫Bµ) + �!

✏ (u
µ!⌫ + u⌫!µ)

�⌫µ = �BB
µ + �!!

µ

�sµ = XBµ + Y !µ

@µs
µ � 0

Anomaly breaks parity: additional terms are allowed

Second law almost fixes them:

!µ =
1

2
✏µ⌫⇢�u⌫@⇢u�Vorticity:

@µT
µ⌫ = F ⌫µJµ

@µJ
µ = 8C

cov

EµBµ

�B = 24C
cov

µ

�! = 24C
cov

µ2 + 2�T 2

�B
✏ = 12C

cov

µ2 + �T 2

�!
✏ = 8C

cov

µ3 + 2�µT 2
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Hydro with anomalies
• Anomaly+Entropy fix dependence on chemical potentials

• Temperature enters with an undetermined integration constant

• Gravitational anomaly contribution is 4th order in derivatives, 
naively: no hydro 

• Dissipationless
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Kubo formulas

gravitomagnetic field = metric component

ds

2 = �dt

2 + 2Ag
i dtdx

i + d~x

2

Bg
i = ✏ijk@jA

g
k

Relation to vorticity uµ = (1, 0, 0, 0) , uµ = (�1, Ag
i )

2~! = ~Bg
i

Chiral vortical effect is chiral gravitomagnetic effect
(frame dragging, Thirring-Lense effect)
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Kubo formulas

Conductivity:

CME:

hJii = �(�i!)Ai

)

� = lim
!!0

i

!
hJiJii)

�
B

= lim
pz!0

�i

p
z

hJ
x

J
y

i

CVE: ) �
!

= 2 lim
pz!0

�i

p
z

hJ
x

T0yi

�B

✏

= lim
pz!0

�i

p
z

hT0xJyiCME in energy current:

2�B
✏ = �!

hJii =
1

2
�!✏ijk(ipj)A

g
j

hJii = �B✏ijk(ipj)Aj
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Holography

• Hydro has undetermined integration constant

• Weak coupling suggests relation to gravitational anomaly

• Answer with help of holographic model
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AdS/CFT
Motto:

“... if the gravitational field didn’t exist, one 
could invent it for the purposes of this 
paper...”

“Theory of Thermal Transport Coefficients”
Luttinger  Phys. Rev. 135, A1505, (1964)
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AdS/CFT

“... if string theory didn’t exist, one could 
invent it for the purposes of computing 
transport coefficients in strongly coupled 
theories...”
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ds2 =
r2

L2
(dt2 + d⌥x2) +

L2dr2

r2

Field TheoryString

[Maldacena] [Witten] [Gubser, Klebanov, Polyakov]

AdS/CFT
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AdS/CFT
Z

�|@=�0

D�eiS[�] = eiZ[�0]

Path integral (string theory) on AdS is hard. In practice resort 
to semi classical limit: 

Sgrav[�0] = Z[�0]

�nZ[�0]

��1
0(x1) · · · ��n

0 (xn)
= �O1(x1) . . . On(xn)⇥
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AdS/CFT
• N=4 SYM best understood example:

�
Aµ, 

a
�,�

I
 

g2YMN =
R4

�02

• semiclassical gravity limit = large N, large coupling

1

N
/ gs

• Interpretation of gravity solutions

� = �0(r
�� + · · · ) + hOi(r�+ + · · · )

• Non-normalizable
• Coupling in dual QFT

• Normalizable
• Vev in dual QFT
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Dictionary

AdS Field Theory
five dimensional four dimensional

r-direction RG flow

strongly coupled weakly coupled

gravity no gravity

metric energy momentum tensor

gauge field current 
scalar field scalar operator

AdS/CFT
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String Theory as spherical cow of sQGP
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AdS/CFT

• Holographic Model S = SMEH + SCS + SGH + SCSK

SMEH =

Z
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AdS/CFT

• Background:

• Anomaly:

f = 1� M

r4
+

Q

r6

allow for general boundary value !

A = (A0 �
µr2H
r2

)dt

ds

2 =
r

2

L

2

�
�f(r)dt2 + d~x

2
�
+

L

2

r

2
dr

2

�S =

Z

@
d

4
x

p
�h✏

mnkl
⇣
↵

3
FmnFkl + �Ra

bmnRb
akl

⌘

• Definition of Currents:

Jµ =
p
�h

1

22
Fµr +

4↵

3
✏mnklAnFkl

covariant currentconsistent current Bardeen-Zumino polynomial
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AdS/CFT
• Chiral Gravitomagnetic Effect via AdS boundary conditions

�h

t

x

��
r=1 = B

g

y , � A

x

|
r=1 = �µuyB

g

⇥
fa0z � µht

z

⇤0
= �↵4µuBg + �4f 0 (2uf 00 + f 0)Bg

• Response parallel to gravitomagnetic field

4 derivatives !• Induced covariant current

~J
cov

= (4↵µ+ 32�T 2) ~Bg

• Normalize to anomaly of 1 chiral fermion

↵ =
1

96⇡2
, � =

1

768⇡2

• Matches precisely the weak coupling result!!
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AdS/CFT
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Remarks
Anomalies to All Orders 11

VV

A

VV

VV

(a)

VV

A

VV

VV

(b)

Fig. 2. Photon rescattering contribution to the basic AV V triangle, shown in (a), is identical to
the triangle contribution to the axial-vector vertex part from Fig. 1(a) used in place of the lowest
order axial-vector vertex in a basic AV V triangle, as shown in (b).

orem appeared, this time in a paper of Ansel’m and Iogansen (Johansen) [13], again
in the context of massless electrodynamics. These authors showed that when the
AV V triangle is coupled to a light-by-light scattering diagram, one finds that the
matrix element of ∂µj5

µ in a background electromagnetic field is divergent,

⟨∂µj5
µ⟩ = ⟨Fµν F̂

µν⟩ext(1 −
3e4

0

64π4
log

Λ2

k2
) , (6)

with k a typical external momentum. This result is just what one would expect from
using the axial-vector vertex part constructed from the elementary AV V triangle
as the axial vertex in an AV V triangle, as shown in Fig. 2, which corresponds to
the calculation done by Ansel’m and Iogensen. And in fact, as noted by them, the
divergence appearing in Eq. (6) corresponds to the anomaly-induced divergence in
the axial-vector vertex part, which is made finite by the renormalization factor of
Eq. (2) that I gave in my 1969 paper [3], in other words,

[1 +
3

4
(α0/π)2 log(Λ2/m2) + ...]−1 = 1 −

3e4
0

64π4
log Λ2/m2 . (7)

Moreover, Ansel’m and Iogensen stated in their paper [13] that the operator coeffi-
cient of the anomaly term has no renormalizations. However, in asserting that the
Adler-Bardeen theorem is incorrect, and in particular that the π0 → γγ low energy
theorem needs radiative corrections, they made the mistake of confusing matrix
elements of the axial-vector divergence ∂µj5

µ with matrix elements of the naive di-
vergence 2im0j5. In terms of matrix elements, the Adler-Bardeen theorem asserts
only that the vacuum to two-photon matrix element of the naive divergence has a
known value, with no renormalizations to all orders, at a particular kinematic point
at which external momenta are small compared to the fermion mass. (This kinematic
point is needed, we recall, to be able to invoke the Sutherland-Veltman theorem to

• Dynamical Gauge fields:
radiative corrections due to rescattering

• Non-renormalization holds for ‘t Hooft anomalies
(external gauge fields, anomalies with only global 
symmetries)

• Holographic model: Stückelberg axion

• Anomalous dimension of axial current = massterm for gauge field in 
AdS

• Axial charge decay but basic transport phenomena persist

Z
d
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Theory Summary
~J =

µ5 �A5
0

2⇡2
~B

~J5 =
µ

2⇡2
~B

Chiral Magnetic Effect (CME)

Chiral Separation Effect (CSE)

~J =
2µµ5

⇡2
~⌦ Chiral Vortical Effects (CVE)

~J5 =

✓
µ2 + µ2

5

⇡2
+
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12
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Applicaton in  QGP

B 2 steps

~J5 =
µ

2⇡2
~B

~J =
µ5

2⇡2
~B

propagating wave of  axial-
electric charge conversion: 

Chiral Magnetic Wave

Induced Quadrupole moment in HICs
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Applicaton in  QGP

2 steps

~J5 =
µ

2⇡2
~B

~J =
µ5

2⇡2
~B

propagating wave of  axial-
electric charge conversion: 

Chiral Magnetic Wave

Induced Quadrupole moment in HICs 4
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FIG. 2. (Color online) (a) pion v2{2} as a function of ob-
served charge asymmetry and, (b) v2 di↵erence between ⇡�

and ⇡+ as a function of charge asymmetry with the tracking
e�ciency correction, for 30-40% central Au+Au collisions at
200 GeV. The errors are statistical only.

Bose-Einstein interference and the Coulomb final-state
interactions [30]. There are correlations that are unre-
lated to the reaction plane that are not suppressed by
the ⌘ gap, e.g. those due to back-to-back jets. These
are largely canceled in the v2 di↵erence between ⇡� and
⇡+. For 200 GeV, the two-particle cumulant method
v2{2} [30, 31] was employed, which was consistent with
v2{⌘ sub}, and allowed the comparison with the v2{4}
method discussed later in this letter. The same ⌘ gap
was also used in the v2{2} analysis. To focus on the soft
physics regime, only pions with 0.15 < pT < 0.5 GeV/c
were used to calculate the pT -integrated v2, and this pT
range covers 65-70% of all the produced pions. The cal-
culation of the pT -integrated v2 was corrected with the
pT -dependent tracking e�ciency for pions.

Taking Au+Au 200 GeV collisions in the 30-40% cen-
trality range as an example, the pion v2 is shown as a
function of the observed Ach in Fig. 2(a). The ⇡� v2
increases with increasing observed Ach while the ⇡+ v2
decreases with a similar magnitude of the slope. After
applying the tracking e�ciency to Ach, the v2 di↵erence
between ⇡� and ⇡+ has been fitted with a straight line as
shown in Fig. 2(b). The slope parameter, r, from Eq. 2,
is positive and qualitatively consistent with the expecta-
tions of the CMW picture. The fit function is non-zero
at the average charge asymmetry hAchi, which is a small
positive number in case of Au + Au collisions. This indi-
cates the Ach�integrated v2 for ⇡� and ⇡+ are di↵erent,
which was observed in Ref. [32]. We follow the same pro-
cedure as above to extract the slope parameter, r, for
all centrality bins at 200 GeV. The results are shown
in Fig. 3, together with simulations using the UrQMD
event generator [33] and with the theoretical calculations
with CMW [34] with di↵erent duration times of the mag-
netic field. For most data points, the slopes are positive
and reach a maximum in mid-central/mid-peripheral col-
lisions, a feature also seen in the theoretical calculations
of the CMW. The gray bands in Fig. 3 include three
types of systematic errors: the DCA cut for pion tracks
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FIG. 3. (Color online) The slope parameter, r, as a function of
centrality for Au+Au collisions at 200 GeV. Also shown is the
UrQMD [33] simulation, and the calculations with CMW [34]
with di↵erent duration times. The grey bands include the
systematic errors due to the DCA cut, the tracking e�ciency
and the pT range of particles involved in the event plane deter-
mination. The cross-hatched band indicates the STAR mea-
surement with the v2{4} method and the height of this band
shows only the statistical error.

was tightened to 0.5 cm, to study the contribution from
weak decays, which dominates the systematic errors; the
tracking e�ciency for charged particles was varied by rel-
ative 5%, to determine the uncertainty of Ach; and the
pT range of particles involved in the event plane determi-
nation was shrunk from [0.15, 2] GeV/c to [0.7, 2] GeV/c,
to further suppress short-range correlations. The Ach bin
center may not accurately reflect the true center of each
Ach bin in Fig. 2, as the v2 measurements are e↵ectively
weighted by the number of particles of interest. Such an
uncertainty on r has been estimated to be negligible for
most centrality bins, except for the most peripheral col-
lisions, where this systematic error is still much smaller
than the statistical error.

To further study the charge-dependent contribution
from jets and/or resonance decays, we separated positive
and negative particles in each subevent to form positively
(negatively) charged subevents. Then each ⇡+ (⇡�) is
only correlated with the positive (negative) subevent in
the opposite hemisphere. The slope parameters thus ob-
tained are statistically consistent with the previous re-
sults though with larger uncertainties.

The event plane reconstructed with particles recorded
in the TPC approximates the participant plane, the mea-
sured v2 are not the mean values, but closer to the root-
mean-square values [35]. Another method, v2{4} [36] is
supposed to better represent the measurement with re-
spect to the reaction plane. For 20 � 50% Au+Au col-
lisions at 200 GeV, the slope parameter obtained with
v2{4} is illustrated with the cross-hatched band in Fig. 3,
which is systematically lower than the v2{2} results, but

[Star Collaboration (RHIC)] 
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Summary
• Hydrodynamics with anomalies 

• Local form of 2nd law almost fixes CME, CVE 

• Derivative mismatch for grav. anomaly in CVE avoided in 
Holography (additional direction) 

• (Non)-Renormalization 

• Applications: CMV 

Outlook

• Weyl Semi-metals and CME and NMR

• Edge physics (Fermi arcs) from CVE and CME

• Anomalous Hall Effect (AHE) 

• Holographic model of WSM 

• Applications:CMV and NMR
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