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Please, allow me 

to introduce myself

...
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Outline:

• Weyl semi-metals

• Physics at the Edge 

• A prediction from holography?

• Summary 
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Weyl semi-metals
Bloch wave functions

Physically inequivalent momenta: Brillouin zone

Berry connection on Brillouin zone
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Weyl semi-metals
Berry curvature

Flux of Berry curvature is quantized

Topological Material = non trivial Berry connection

(anti) Chiral fermion = (anti) monopole in Berry connection
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Map to WSMs 5
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FIG. 1. (Color online) A plot of the band dispersion along the
k
x

= k
y

= 0 line for a moderate magnitude of the inversion
symmetry breaking, corresponding to ⇥/�

S

= 0.3. The Weyl
band-touching nodes are visibly shifted in opposite directions
in energy, but are otherwise intact. At charge neutrality the
Fermi energy is pinned at �

F

= 0, and there are equal-volume
electron and hole Fermi surfaces.
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FIG. 2. (Color online) Band dispersion along the k
x

= k
y

= 0
line for ⇥ = ⇥

c1 =
p

m2 � (�
S

��
D

)2. The electron and
hole Fermi surfaces touch and the Weyl nodes disappear.

takes the following form:

H(k) = vF (ẑ ⇤ ⇥) · k+ [m+ �̂(kz)]⌅
z + ⇥⇧y. (24)

We now add a small external magnetic field B along the
z-direction (i.e. the growth direction of the multilayer),
which we will set back to zero at the end. The Hamilto-
nian becomes:

H(kz) = vF (ẑ⇤⇥) ·
⇤
�ir+

e

c
A
⌅
+[m+�̂(kz)]⌅

z+⇥⇧y,

(25)
where A = xBŷ in the Landau gauge. To find the Lan-
dau levels, we introduce LL ladder operators in terms of
the components of the kinetic momentum � = �ir+ e

cA
in the standard way (assuming B > 0 for concreteness):

a =
�B⌦
2
(⇤x � i⇤y) , a† =

�B⌦
2
(⇤x + i⇤y) , (26)

where �B =
⌥

c/eB is the magnetic length. In terms of
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FIG. 3. (Color online) Band dispersion along the k
x

= k
y

= 0
line for ⇥ = ⇥

c2 =
p

(m+�
D

)2 ��2
S

. The Fermi surfaces
disappear entirely and the semimetallic state gives way to a
fully gapped insulator.

the ladder operators, the Hamiltonian takes the form:

H(kz) =
i⌃B⌦
2

�
⌅+a� ⌅�a†

⇥
+[m+�̂(kz)]⌅

z+⇥⇧y, (27)

where ⌃B = vF /�B . It is clear from Eq. (27), that its
eigenstates have the following general form:

|n� = zn+⌅|n� 1,+, ⇧�+ zn+⇧|n,+, ⌃�+ zn�⌅|n� 1,�, ⇧�
+ zn�⇧|n,�, ⌃�, (28)

where |n,±, ⇧⌃� is the nth LL eigenstate on the top (+)
or bottom (-) surface with spin up or down, and z are
complex amplitudes. We have omitted all the additional
eigenstate labels on the left hand side for brevity, leaving
only the LL index n. In the presence of the ⇥⇧y term, the
above Hamiltonian can not be diagonalized analytically
in general. However, we can find the n = 0 LL dispersions
analytically, and this is in fact all that is needed for our
purposes. Indeed, from Eq. (28) it is immediately clear
that the n = 0 pair of LLs are polarized downwards, i.e.
we can replace ⌅z = �1 and then the n = 0 LL dispersion
is given by the eigenvalues of:

Hn=0(kz) = �m� �̂(kz) + ⇥⇧y. (29)

Diagonalizing Eq. (29), we then find the n = 0 LL dis-
persions:

�0±(kz) = �m±
⌥

⇥2 +�2(kz) + 2⇥�D sin(kzd). (30)

The �0�(kz) level is below the Fermi energy �F = 0 for all
values of kz. The �0+(kz) LL, on the other hand, crosses
the Fermi energy twice at the following momenta:

k±z =
⇤

d
± 1

d
arccos

⇧
f⇤

2�D(�2
S + ⇥2)

⌃
, (31)

where

f± = �S(�
2
S +�2

D + ⇥2 �m2)

± ⇥
�

[�2
S + ⇥2 � (m��D)2][(m+�D)2 ��2

S � ⇥2].

(32)

Fermi level

Band structure of WSM
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Weyl semi-metal
Close up: Linear band touching

ψL ψR

Nielsen-Ninomiya: left-right come in pairs
Stable: Monopole charge can not vanish 

(no mass for chiral fermions)
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Weyl semi-metal
Topological constraint

Berry connection

Figure 7: B� is defined by removing a small open set U� around each bad point p� in the Brillouin
zone.

S⌅n is just
⌅n = ±⌅p. (1.22)

This is the identity map, of winding number 1, in the case of + chirality, and it is minus
the identity map, which winds around in reverse, with winding number �1, in the case of �
chirality.

The Nielsen-Ninomiya theorem is the statement that the sum of the winding numbers at
the bad points is always 0. Generically (in the absence of lattice symmetries that would lead
to a more special behavior) a bad point of winding number bigger than 1 in absolute value will
split into several bad points of winding number ±1. (We give in section 1.5 an explicit example
of how this occurs.) So generically, the bad points all have winding numbers ±1, corresponding
to gapless Weyl fermions of one chirality or the other. In this case, the vanishing of the sum of
the winding numbers means that there are equally many gapless modes of positive or negative
chirality, as a relativistic field theorist would expect for anomaly cancellation.

How does one prove that the sum of the winding numbers is 0? One rather down-to-earth
method is as follows. The winding number for a map from S to S⌅n can be expressed as an
integral formula:

w(S) =
1

4⇥

⇤
d2p �µ⇤⌅n · ⇤µ⌅n⇥ ⇤⇤⌅n. (1.23)

An equivalent way to write the same formula is

w(S) =
1

4⇥

⇤

S

d2p �µ⇤ �abcna
⇤nb

⇤pµ
⇤nc

⇤p⇤
. (1.24)

Now
0 = ⇤⇥

�
�⇥µ⇤⌅n · ⇤µ⌅n⇥ ⇤⇤⌅n

⇥
, (1.25)

since the right hand side is �⇥µ⇤⇤⇥⌅n · ⇤µ⌅n ⇥ ⇤⇤⌅n, which vanishes because it is the triple cross
product of three vectors ⇤⇥⌅n, ⇤µ⌅n, and ⇤⇤⌅n that are all normal to the sphere |⌅n| = 1.

For each bad point p�, let U� be a small open ball around p� whose boundary is a sphere
S�. Let B be the full Brillouin zone, and let B� be what we get by removing from B all of the
U�. Thus the boundary of B� is ⇤B� = ⇤�S� (fig. 7). Then from Stokes’s theorem,

0 =
1

4⇥

⇤

B�
d3p ⇤⇥

�
�⇥µ⇤(n · ⇤µn⇥ ⇤⇤n)

⇥

10

BZ has no boundary !

A = ��(k)| ⇥

⇥ki
|�(k)⇥dki

FB = dA

dFB = 0

Z
dFB

2�
=

X

i

I

Ui

FB

2�
= 0

[Kiritsis] 
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CME in WSMs

⇤

RL

Normal ordered 
vacuum

µL

µR

µ5 =
1

2
(µL � µR)

2 �A5

2A5
0

µ =
1

2
(µR + µL)

CME: ⇥J =
1

2�2

�
µ5 �A5

0

�
⇥B = 0

CME vanishes in equilibrium in WSM “Bloch theorem”
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Negative Magnetoresitivity

CME

Anomaly

Susceptibility

~J =

✓
� +

iB2

!�5

◆
~E

<(�
tot

) = � +
B2

�
5

�(!)

Anomaly induces infinite  DC conductivity !!

~J = � ~E +
�µ5

2⇡2
~B

@t�⇢5 =
1

2⇡2
~E ~B

�⇢5 = �5�µ5
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Negative Magnetoresitivity

CME

Anomaly

Susceptibility

Anomaly induces finite  DC conductivity !!

~J = � ~E +
�µ5

2⇡2
~B

@t�⇢5 =
1

2⇡2
~E ~B

�⇢5 = �5�µ5

�⌧c�⇢5
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Recent Experiments

[D. Kharzeev: Lectures at Schladming Winterschool 2015]

39
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Recent Experiments

42
big potential for
applications!

42
big potential for
applications!

fits to 1/(a+b B^2)
B^2 behaviour!

FIG. 3: Electronic structure of ZrTe5. in-plane: (a) Valence band dispersion along the �̄ � Ȳ

momentum line (perpendicular to the chain direction). The second BZ �̄ point is visible at kc =

�0.454 Å�1. (b) Constant energy contour of the ARPES intensity at E = 0 (FS) as a function of

the in-plane momentum. (c) Valence band dispersion along the �̄ � X̄ (chain direction). Spectra

in (a-c) were recorded at h⌫ = 60 eV photon energy and T = 20 K. (d) Schematic view of the

SBZ. (e) Schematic view of the in-plane low-energy electronic structure. out-of plane: (f) Fermi

surface contour as a function of in-plane momentum along the chain and momentum perpendicular

to the surface. The solid circles represent zone centers of the 10th and 11th BBZ. Thick green and

orange lines correspond to the two perpendicular momenta where the in-plane electronic structure

was probed in panels (g) to (k). (g) Fermi surface as a function of in-plane momenta, taken at

h⌫ = 60 eV photon energy, corresponding to kb ' 4.33 Å�1 (green line in (f)) and (h) at h⌫ = 21

eV, (kb ' 2.92 Å�1), equivalent to the kb in the 11th BZ marked by the orange line in (f). (i)

Dispersion along the chain direction at kc = 0, kb = 4.33 Å�1. (j) - (k) Dispersion along the

chain direction at kc = 0, kb = 2.92 Å�1 at T ' 25 and 200 K. The spectra were divided by the

corresponding Fermi distribution. The black arrows indicate the position of the Dirac point of the

lower Dirac cone. 7

[Li, Kharzeev at al.  NaturePhysics 3648 (2016)] 

Friday 26 August 16



Recent Experiments

42
big potential for
applications!

42
big potential for
applications!

fits to 1/(a+b B^2)
B^2 behaviour!

FIG. 3: Electronic structure of ZrTe5. in-plane: (a) Valence band dispersion along the �̄ � Ȳ
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“Schmutzphysik”
(dirt physics) 

[Li, Kharzeev at al.  NaturePhysics 3648 (2016)] 
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AHE in WSMs

Separation of Weyl nodes in Brillouin zone

No contribution from covariant current
(no analog of chemical potential in momentum)
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Edge Physics 

Block of WSM

Vacuum

Vacuum

Vacuum

Vacuum

•Vacuum: (infinitely) massive Dirac fermions
•Need gradient in axial vector = axial magnetic field

• Edge current
• States:  “Fermi arcs” (degeneracy =       )

~A5 6= 0
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Edge Physics 

Block of WSM

Vacuum

Vacuum

Vacuum

Vacuum
~A5 6= 0

• Thermal Hall Effect

• Net energy current at edge
• Effect of gravitational anomaly!!

~J✏ =

✓
· · ·+ T 2

12

◆
~B5

Jthermal =
T

6
|A5|�T
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WSM
5
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FIG. 1. (Color online) A plot of the band dispersion along the
k
x

= k
y

= 0 line for a moderate magnitude of the inversion
symmetry breaking, corresponding to ⇥/�

S

= 0.3. The Weyl
band-touching nodes are visibly shifted in opposite directions
in energy, but are otherwise intact. At charge neutrality the
Fermi energy is pinned at �

F

= 0, and there are equal-volume
electron and hole Fermi surfaces.
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FIG. 2. (Color online) Band dispersion along the k
x

= k
y

= 0
line for ⇥ = ⇥

c1 =
p

m2 � (�
S

��
D

)2. The electron and
hole Fermi surfaces touch and the Weyl nodes disappear.

takes the following form:

H(k) = vF (ẑ ⇤ ⇥) · k+ [m+ �̂(kz)]⌅
z + ⇥⇧y. (24)

We now add a small external magnetic field B along the
z-direction (i.e. the growth direction of the multilayer),
which we will set back to zero at the end. The Hamilto-
nian becomes:

H(kz) = vF (ẑ⇤⇥) ·
⇤
�ir+

e

c
A
⌅
+[m+�̂(kz)]⌅

z+⇥⇧y,

(25)
where A = xBŷ in the Landau gauge. To find the Lan-
dau levels, we introduce LL ladder operators in terms of
the components of the kinetic momentum � = �ir+ e

cA
in the standard way (assuming B > 0 for concreteness):

a =
�B⌦
2
(⇤x � i⇤y) , a† =

�B⌦
2
(⇤x + i⇤y) , (26)

where �B =
⌥

c/eB is the magnetic length. In terms of
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FIG. 3. (Color online) Band dispersion along the k
x

= k
y

= 0
line for ⇥ = ⇥

c2 =
p

(m+�
D

)2 ��2
S

. The Fermi surfaces
disappear entirely and the semimetallic state gives way to a
fully gapped insulator.

the ladder operators, the Hamiltonian takes the form:

H(kz) =
i⌃B⌦
2

�
⌅+a� ⌅�a†

⇥
+[m+�̂(kz)]⌅

z+⇥⇧y, (27)

where ⌃B = vF /�B . It is clear from Eq. (27), that its
eigenstates have the following general form:

|n� = zn+⌅|n� 1,+, ⇧�+ zn+⇧|n,+, ⌃�+ zn�⌅|n� 1,�, ⇧�
+ zn�⇧|n,�, ⌃�, (28)

where |n,±, ⇧⌃� is the nth LL eigenstate on the top (+)
or bottom (-) surface with spin up or down, and z are
complex amplitudes. We have omitted all the additional
eigenstate labels on the left hand side for brevity, leaving
only the LL index n. In the presence of the ⇥⇧y term, the
above Hamiltonian can not be diagonalized analytically
in general. However, we can find the n = 0 LL dispersions
analytically, and this is in fact all that is needed for our
purposes. Indeed, from Eq. (28) it is immediately clear
that the n = 0 pair of LLs are polarized downwards, i.e.
we can replace ⌅z = �1 and then the n = 0 LL dispersion
is given by the eigenvalues of:

Hn=0(kz) = �m� �̂(kz) + ⇥⇧y. (29)

Diagonalizing Eq. (29), we then find the n = 0 LL dis-
persions:

�0±(kz) = �m±
⌥

⇥2 +�2(kz) + 2⇥�D sin(kzd). (30)

The �0�(kz) level is below the Fermi energy �F = 0 for all
values of kz. The �0+(kz) LL, on the other hand, crosses
the Fermi energy twice at the following momenta:

k±z =
⇤

d
± 1

d
arccos

⇧
f⇤

2�D(�2
S + ⇥2)

⌃
, (31)

where

f± = �S(�
2
S +�2

D + ⇥2 �m2)

± ⇥
�

[�2
S + ⇥2 � (m��D)2][(m+�D)2 ��2

S � ⇥2].

(32)

In crystal left- and right-handed  chiralities are connected 
along the band dispersions

Can we find a QFT and a holographic model with this 
property?

YES!!
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QFT model
L = ⇥̄(i�µ⇤µ +M + �5�zb)⇥

spectrum:

2beff �F 2Meff

M < b : be� =
p

b2 �M2 M > b : Me� =
p

M2 � b2

[Kostolecky et al. ] [Jackiw] 
[Burkov, Balents] [Grushin]
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Action of HoloWSM

• Cosmological constant = AdS
•  Very specific CS term = form of Anomaly
•  Scalar potential determines dimension of dual scalar                  
operator (we chose dim=3) i.e. mass deformation

L =
1

22
(R+ 12)� 1

4
F2 � 1

4
F 2
5+

|(@µ + iqA5
µ)�|2 � V (|�|)+

+A5 ^
⇣↵
3
F5 ^ F5 + ↵F ^ F + ⇣R ^R

⌘
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Holographic WSM
Smoking gun of topological state of matter :  AHE

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0.0
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0.4

0.6

0.8

1.0

M

b
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8Αb

⇥
xy

= 8�A5
z

(0)
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Odd viscosity
• Hall viscosity in 2D Quantum Hall states
• Time reversal breaking necessary
• 2D : invariant e tensor
• 3D:  need some additional vector 
• Hydrodynamics of magnetized plasmas 

[Avron, Seiler, Zograf]

[Landau, Lifshytz Vol. 10]

odd viscosities

Vij =
1

2
(@ivj + @jvi)

• In total: 3 shear, 2 “bulk” and 2 odd viscosities
• ⌘

odd

(�B) = �⌘
odd

(B)

⌧xy = ⌘?Vxy � ⌘H? (Vxx � Vyy)

⌧xz = ⌘kVxz + ⌘Hk Vyz

⌧yz = ⌘kVyz � ⌘Hk Vxz
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Odd viscosity

⌘3 = ⌘?

~b

x

y

z

⌘4 = ⌘k

~b

pressure

stress
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Odd viscosity
• Odd viscosities
• Probe IR region of geometry: Low T

T/b=0.05
T/b=0.04
T/b=0.03

��� ��� ��� ��� ��� ��� ���
�

�

��

��

��

��

�
�

η�∥

�ζ��

transverse

T/b=0.05
T/b=0.04
T/b=0.03

��� ��� ��� ��� ��� ��� ���
�

��

��

��

��

���

�
�

η�⊥
�ζ��

parallel

• Prediction from Holography !!!
• Again: gravitational Anomaly at first order !
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Summary 
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