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Qutline

® Anomalous Triangles

® Weyl vs. Dirac

® Covariant vs. Consistent Anomalies
® |andau Levels and spectral flow

® | andau Levels and Transport
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Anomalous Triangles

Weyl equation:

When the restmass m=0 Weyl realized that the Dirac equations decomposes into two independent
simpler equations

4 4

(iGp)V, = EV

® 0i are 2x2 Pauli matrices

® YR are a 2 component spinors
e symmetries: YL R — €%y R

e n_Rr separately conserved

e Spin and momentum either aligned or anti-aligned: CHIRAL
* E=[p]
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Anomalous Triangles

v, q

[+ q

M, P

dil N#ve
(2m)* (1= p)*P?(1 + q)?

(T8 (k)T () T4 (q)) = ¢ /

naively symmetry implies:

ko(J7 (K) T (p)J7(q)) = pu(JL (k) (p) (@) = qwp(JL (k)] (p) L (q)) = O
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Anomalous Triangles

tr[y Py ys] = die

d4 (la(l—p)ﬁ la(l+q)p

kPApMV(kvpv Q) — anﬁlu‘/ (l _p)212 - (l + q)2l2 > T (,LL A V) — O

(2)?
! v
PaPps da4p
So far so good, but: f T~11-¢q
7

oy % _ _avfBu d4l ZQQB o (l_p)a(p+Q)B
A ) = [ s (2 — ) o

Crux: linearly divergent integral

[“awera= [ rwrare|




Anomalous Triangles

tr[y /Py ys] = diett

d*l (la(l—=p)g  la(l+q)g
(27)2 ((l —p)2l2 (l+q)2l2> tler)=0

! v

PaPps da4p
So far so good, but: f T~ >< q
7

PV _ _avpBu d*l quﬁ (l_p)oé(p_l_
pp A" (ki pr g) = € /(2@2 ((l—p)2l2 (—p)2(+aq)

by AP (k) = e [

Crux: linearly divergent integral

/ df(x / @) +af@|




Anomalous Triangles

*Diagram is sensitive to momentum routing
*Most general routing

= 1" +c(p— " +d(p+ q)*

—1

pMApW — 3 (1 _ c)ep”aﬁqapg
0, A" = (1 = )P gup
g 872 al’f
g, APHY — _—222(: ep“aﬁpaqﬁ
ST
“When radiative corrections are finite but undetermined”  (Fackiw, hep-th/9903044]

*What is the the “right” value for c !
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Anomalous Triangles

* Beyond Math: Physics constraints
* Single Weyl fermion

APHY

* Fixes c=1/3
* Coupling to external fields

JN

oI’

:E

6°T

T 5A0A,64A,

-

\_

OuL R

1

9672

VO

J

“consistent anomaly”
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Bose symmetry is broken:

Anomalous Triangles

v, q

H, P

~, free of anomaly, c=1|

current couples covariantly to

external fields

Tl = -

1

- 3272

7Zo P\

~N

J

“covariant anomaly”

oo
COV 514“
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Dirac Anomaly

Vp=V,®&V¥r (classically)
Just add and subtract currents:

Jh=Jr +Jg J¢=Jr —Jg

1 1
A = S (AL + AR) Ay = 5 (AL — AR)

Trouble ahead:
Vo _
auj’u - 406“ p F/JJVF,O5>\ C1cov —

0, JE = 20 MV PA (F,wFpA T FSVFS)\) R T

Non of the resulting currents is really conserved

(8,J"01 -+~ Op) = 0

Friday 26 August 16



Dirac Anomaly

Cure exists for consistent current: Bardeen counterterms

Al = / d*z P ALAL (1 Fpy + coF)y )

5(I' + AT)
SA,

5(T + AT)
5 A5

= Jb =

starting from L,R symlmetric treatment and
chosingnow a=-5=5 , ©@=0

9,J" =0
1 1

| 5 15
1672 pirkiph 487T2F“”Fp>‘>

S
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WLZ Consistency Condition

Anomaly: 6, = A,
“ \
non-local local

0, 0| = 0\ As — 05 AN =0
BRST formalism: Grassmann valued gauge parameter “ghost”
A—c, 6.—s , s2=0
Cohomology problem
sA=0 , A#sbB

consistent Anomaly = solution to consistency condition

consistent Anomaly = non-trivial element of the BRST
cohomology on the space of local functionals
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Covariant Anomaly

Consistent current is not gauge invariant

0 0.Ax

O, 5] =0 NI = a0

Define “covariant’ current via

SxJ" =0 OxnJH® = fo\b JH-¢ (non-abelian)

Solution: Bardeen-Zumino polynomial
JE& = JkS 4 YA A

cov cons
1

chiral fermion:  Ji g cov = JR L.cons T Y S W N

BZ polynomial is not variation of local functional
0X

YM,CL[AH] # 5140’
[
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General Chiral Anomaly

d
(V)4 = S4BC quor 8

dapc = str (TATBTC)L — str (TATBTC)R

e Covariant Anomaly or totally symmetric consistent
anomaly

* Consistent anomalies can be shifted between
symmetries via Bardeen counterterms but not totally
cancelled

* Covariant and Consistent currents are related by
Bardeen-Zumino polynomials (Chern-Sions currents)
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Gravitational chiral Anomaly

9po

(" b )
T

S VR &
A, “<2 - 76877 o i Y
ba =tr(Ta)L —tr(Ta)r =% ¢4— » d4
r [

gu

* No purely gravitational anomaly in 4D
* Mixed between (chiral) U(1) and diffeomorphisms
e Physical application: decay of nt¥ into 2 gravitons

* Unmeasurable in HEP
e Contribution to transport (QGP, ? WSMs ?)




Anomalies and Landau levels

Chiral fermions in magnetic field:

Landau Levels: n>0

s
E, = +v/p?+2eB(n+1/2) + seB £
s
Lowest Landau Level : n=0 E,

EO— Pz

Sign is determined by chirality

eB

Degeneracy of LL: o
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Anomalies:

In additional electric field
fermions feel Lorentz
force

d
— Mz — Ez
at’* = ¢

The density of states
changes as

_dpeB
27 27

[Nielsen, Ninomiya], [GribovV]

dn e2BE

dt — Ax2

dn

Anomaly »
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Anomalies:
‘Spectral Flow Chiral Anomaly\ In additional electric field

W fermions feel Lorentz
A —~  force
\ ///////
S e d B
— - —n, = e,
D i
~ ~ ) The density of states
ST changes as
dp eB
dn = P
2T 27
) [Nielsen, Ninomiya], [Gribov]
4 — —
I dn e’BE
Anomaly T
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n=ngr-+ Ny,

Anomalies: . _, .

Friday 26 August 16



Anomalies:

n=mnp-—+mnjy

Ny — Nr — Ny,

Spectral Flow Axial Anomaly

w
A

Vacuum
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AnOma||65: sum of left and right ?

dnL,R 1

1
dt Y - 3272

VoA
eHvp F,uVFp)\

Assume independent gauge fields for left and right handed
fermions

dny, +n 1l - - 5o
Ldt & = £ 5 (EsB + EBs)
dny; — n 1 -5 - o
Ldt K — —_ﬁ(EB —|— E5B5)

covariant anomaly

oud, P = 9,74 =0 1

Friday 26 August 16



An O mal @S Covariant vs. Consistent:

| A7 |
E5 _ES

-
1 A5B Chern-Simons current via
D2 boundary conditions at cutoff

Jo.g =
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AnOmaI 1@S: Covariant vs. Consistent:
———————————————> |3

Ej

Spectral Flow Consistent Anomaly, x=L

Vacuum

|
_E-

Spectral Flow Consistent Anomaly, x=—L

w

~ 1~ > k

Vacuum
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Chern-Simons current via

boundary conditions at cutoff




AnOmaI 1@S: Covariant vs. Consistent:
———————————————> |3

Ej

Spectral Flow Consistent Anomaly, x=L

Vacuum

|
_E-

Spectral Flow Consistent Anomaly, x=—L

w

~ 1~ > k

Vacuum
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Chern-Simons current via

boundary conditions at cutoff




An O mal @S Covariant vs. Consistent:

1

__ A AD
JéLons - ‘]élz)v A2 e"P Apr)\
j B 148;3/1]_) ]. g E—» 0 1 o
CS — _27T2 CS — ﬁ 5 X JCS — ﬁAESB

* Covariant current is covariant under all “gauge’ trafos (even anomalous ones)

e Consistent current is solution to VWess-Zumino consistency condition

e Consistent vector-current can be made exactly conserved: electric current

* Both are related by gauge invariant Chern-Simons current

e Consistent current automatic in gauge invariant regularization (DimReg, lattice)
e 1 local counterterms to define consistent current (Bardeen)

* CS current = vacuum current (akin to quantum hall effect)

* Although this looks like the CME it is not (at least not all)
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Landau Levels and Transport

Landau levels of chiral fermion in magnetic field

HLLs: E, = +\/p?+nB
LLL: Eo = *p-

Current = charge.velocity

oodpzé}’En< 1 1 )
: Ep—up o E ) :O
HLLs: /m% o (o~ mm

* dp., 1 1 [
* +1 — = —
LLL: /0 27T( )(GEOT“ -1 €E0T+“ | 1) 2m

Taking degeneracy of LLL into account :
Chiral Magnetic Effect (CME)

4 )

o IL[, s
J — ::—B
L. A2
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Landau Levels and Transport

Energy transport = E .v = p = Momentum density

- - >~ dp, p p
Prr=JeLr= j:/ 5 ( - - 12 )
0 T e T +1 e T +1

T2
— [Lig(—e“/T) + Lig(—e_“/T)]
7T

Jonquiere inversion relations: Bernoulli polynomials

Chiral Magnetic Effect (CME) in energy current

4 )

2 2
— lu'L,R | T —
Jol.R =% ( 312 24) o

- J
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Chiral Magnetic Effect :

S

YR WL :

Axial chemical potential: counts occupied states above
vacuum ! [Vilenkin], [Shaposhnikov, Giovannini],

[Alekseev, Chaianov, Frohlich] [Newman ]
[Kharzeev, Fukushima, Warringa],[Son,Surowka]
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Rotation

Heuristics: similarity Coriolis force and Lorentz force

—_— -

F=2mi x 0 F:(J’UXE

Charge is replaced by energy (E=m) ¢ B — E 2Q)

Chiral Vortical Effect (CVE)

-
- * dp. p p O (Kir T\ 4
JevaR — - 9 p—p | p+u P 2 | (2

0 mT\eT +1 eT +1/) 7 47 12
—)LR:__/OO dpz ( ; 5 : ) Q — 'LL%’RJ ’uL’RT2
& o 0 27T 6p;,u _|_ 1 I ep—i_T'u _|_ 1 70 67T2 I 6
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Relation to anomalies

Assume Na different U(1) symmetries and Nt chiral
fermion species with charges q'a

B—qyBa . p—qhpa , J— Tl =4
g 2
T UB = UBUC T —
_ B B A ) O

Ja =dapc 2 bct (dAB(J = A 12>

- B T\ 5 HALBIC pwaT?\ =
L= | Fba— | B d - b Q
J (ABC 92 A24> A+(ABC 62 " )

J

dapo =) qdadpac — Y dadpac
r [

ba= Y qh— Y di
r [

Strong hint that currents are determined by anomalies
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Examples

A-V theory: deyy =dysy = dyys = 2

5
Chiral Magnetic Effect (CME): J= (15 Ao
2w2 22
Chiral Separation Effect (CME): J5 = 2L7T2§
Axial Magnetic Effect (AME): J = 2L7T2§5

We will discuss applications of all three !
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Summary:

* Triangle finite but regularization dependent (*‘finite but undetermined”)

* Physical condition fixes consistent anomaly

* Covariant vs. Consistent current, Chern-Simons current

e Anomalies (covariant) and Landau Levels (spectral flow)

e Chiral Magnetic and Chiral Vortical effects from Lowest Landau Level

e Relation to Anomalies indicated by anomaly coefficients

Outlook:

* Relativistic Hydrodynamics
* CME and CVE from from 2nd law

* Application: Quark Gluon Plasma

* Application: Negative Magneto Resistivity (NMR)
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