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« Mass-deformed ABJM theory and LLM geometry
« KK reduction

« Exact holography for finite N

* Summary



Introduction and Motivation

« Gauge/gravity duality

d-dim. Field Theory (d+1)-dim. Gravity theory

Gauge Theories Quantum Gravity

bounda

« After the conjecture by Maldacena in 1997, there were many
works in this direction, such as string theory, QCD, nulcear physics,
condensed matter physics, cosmology, etc.



Introduction and Motivation

« AdS/CFT Conjecture by Maldacena:

We started with a quantum theory and saw that it includes gravity, so
it 1s natural to think that this correspondence goes beyond the supergravity
approx1mat10n We are led to the conjecture that fype IIB string theory on
(AdSs X S° )y plus some appropriate boundary conditions (and possibly also
some boundary degrees ofﬁeedom) is dual to N = 4, d = 3 + 1, U(N)
super-Yang—Mills. The SYM coupling 1s given by the (complex) IIB string
coupling; more precisely

where ¥ 1s the value of the RR scalar.

=>No restriction on N, gyum
=» to support this conjecture he considered the supergravity limit



Introduction and Motivation

« Three versions of conjectures:

1. N=4 SYM in 4-dim for all N, ¢y,
full quantum IIB string theory on AdsS; x S°

Is dual to

Strong conjecture!
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2. 't Hooft limit of N=4 SYM is dual to
classical type |IB string theory on AdSs x S°

\ = g2, N = fized,

N — o

planar limit

=> 1/N expansion: leading order = planar limit,
1/N correction = non-planar diagram

=>» Perturbation for Us
=>» String loop expansion



Introduction and Motivation

3. Large 't Hooft coupling limit of N=4 SYM is dual to
type IIB supergravity on AdSs x S°

A=@ ,N>1 N

4 9 2 weak conjecture!
L* =4ng.Na'~ = 4n)a

> Expansion o/
=>» Higher derivative terms are neglected

« Other examples:

- N=6 ABAJM theory is dual to M-theory on AdS,xS"/7,
- deformations of N=4 SYM and N=6 ABJM and some other cases



Introduction and Motivation

« Duality properties of field theory and gravity theory

duality
Quantum field theory | ¢====b |(Quantum gravity

Strongly coupled Large N Weakly curved gravity
gauge theory = (classical gravity)

« Very useful but difficult to check the duality!
For some BPS objects which have no quantum corrections,
It was possible to check the duality using supersymmetry
and conformal symmetry in the large N limit.



Introduction and Motivation

Duality properties of field theory and gravity theory

Quantum field theory

Strongly coupled
gauge theory

To test Maldacena’s conjecture, large N is necessary.
Is Gauge/gravity duality conjecture valid for finite N?
Is there some example to see the duality for finite N?

duality
$ammmmmm)

Large N

Quantum gravity

Weakly curved gravity
(classical gravity)



Results: exact duality for finite N

« one example: mass-deformed ABJM theory and 11d
gravity on the LLM geometry

« Exact correspondence for finite N between the vevs
of the chiral primary operator (CPO) with dimension
one in the field theory side and asymptotic coefficients
in the LLM geometry

using holographic renormalization method.

« We checked for all possible supersymmetric vacua
in field theory side and all LLM geometries
In gravity side.
=> infinity examples!!



Discrete Higgs vacua of mABJM

« N=6 Aharony-Bergman-Jafferis-Maldacena(ABJM)
theory : low energy effective action of N coincident
M2-branes on the C€*/Z, orbifold fixed point

dual gravity(\lirge ~) M-theory on AdS:xS"/
N=6ABIM <V

dual gravity(large I\i)

- —> 11A theory on AdS; x CP’
Ns < k< N

Still large N is necessary!!

SUSY preserving
mass deformation

<€

N =6 mABJM ‘ =» Effective action of M2-branes
'Hosomichi et al 08] in the presence of the transverse
[Gomis et al 08] self-dual 4-form flux




Discrete Higgs vacua of mABJM

« N=6 Aharony-Bergman-Jafferis-Maldacena(ABJM)
theory : low energy effective action of N coincident
M2-branes on the C€*/Z, orbifold fixed point

dual gravity(\lirge ~) M-theory on AdS:xS"/
N=6ABIM <V

dual gravity(large I\i)

- —> 11A theory on AdS; x CP’
Ns < k< N

Still large N is necessary!!

SUSY preserving
mass deformation

<€

N =6 mABJM ‘ = Mass deformation =» breakdown of
conformal symmetry

[Hosomichi et al 08]
[Gomis et al 08]



Discrete Higgs vacua of mABJM

Original ABJM theory = SU(4) global symmetry
Mass-deformation: SU(4) - SU(2)XSU(2)XU(1)

Y= (Z° W), U, = (s’ —€aw™)
Two gauge fields A, and A,

Matter fields are in the bifundamental representation



Discrete Higgs vacua of mABJM
« (lassical supersymmetric vacuum equation
S = [dx3(£0 T LCS + £ferm + Lbos)
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Discrete Higgs vacua of mABJM

« (lassical supersymmetric vacuum equation

2
L. =— I%(zbz}:za — 773 7P + ZeW, W1t — wibw, ze) — pze

S = [dx3(£0 + LCS + Lferm + Lbos)
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Discrete Higgs vacua of mABJM

« (lassical supersymmetric vacuum equation
ZW, =0

S = fdx3(£0 + ‘ECS + Lfcrm + .L/é)

k
ZaZl'l;Z{) _ sz}l;za —_ M_za
2T
WTaWbW‘I'b _ WTbwafa — lzl'_kwfa
aa

¥
Discrete vacuum solutions (GRVV matrix)



Discrete Higgs vacua of mABJM
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Discrete Higgs vacua of mABJM

[ | M
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Block-diagonal N X N matrices



Discrete Higgs vacua of mABJM

([ g n; X (n; + 1) matrices
P M)
2m 0(’71vi+1+1)><n,-+1
\ O(n;+1)xn,; )
/ 0711><(m+1) \\
" (n; +1) X n; matrices
T A o Onx (i)
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\ .. _g"f)
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« Constraint: Z [nN, + (n+1)N.] = N,
n=>0
« Condition for supersymmetric vacua:|{0 < N, <k, 0< N, <k
[Kim-Kim 10]

[(n+1)N, +nN!] =N
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Discrete Higgs vacua of mABJM

Vacua are classified by occupation numbers

{ Ar" ) *'\"Tllz }

Number of vacua for a given N (k=1)= partition of N
P(N)

For large N, P(N) ~ e™V3VN



LLM geometry in 11-dim. SUGRA

« Half-BPS solutions with SO(2,1)XSO(4)XSO(4) isometry
In 11-dimensional supergravity
[04, Lin-Lunin-Maldacena]

ds® = —Gy (—dt® + dwi + dw3) + G (dz® + dy*) + Goodsss/z + Gy5ds?
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LLM geometry in 11-dim. SUGRA

 This solution is completely determined by two

functions:
2m-+1 o
Al o (—1)2'+1(~1'—l‘i)
2z, y) = ; N AT
"y = 0case
1 1
Z=—-0rlz=—=
2 2

white strip  black strip

2m+1 (_1)i+1

Vacuum is identified by
the occupation numbers :

{ *"\'T“ ) *'\T/,z }

[Cheon-Kim-Kim 2011]



LLM geometry in 11-dim. SUGRA

 This solution is completely determined by two
functions:

2m+1

(=)™ (2 — m) (=)™
2z, y) = ) - —. V(ny)= > - —
— 2\ (r—x)* +y —1 2v/(x—x2;)* +y
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| ' Cy—CF =2
X7—Xg
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™ X, — X3
n—xn

droplet Young diagram new parametrization



LLM geometry in 11-dim. SUGRA

« Known results up to now:
— LLM geometry can be dual to the massive M2-brane theory
[Lin-Lunin-Maldacena, 2004]

— one-to-one correspondence between vacua of the mABJM

theory and the LLM geometry
[Cheon-Kim-Kim 2011]

« To show the dual relation of two theories,
correspondence between vacua of QFT
and BPS solutions in gravity is not enough.
— mABJM theory: 3-dim. gauge theory
— LLM geometry: BPS solution in‘ 11-dim. SUGRA

KK-reduction

4-dim. Gravity theory




Kaluza-Klein Reduction

« Equation of motion for g,, and C,y, :

1 1 1
Rpq — 5 9pgft = _< — = Gpg Frstu I + 4Fpse Stu)

2 48 2
rs € rSUL - U4V] -V
8p(qu ) + WECI LA 4Fu1---U4Fv1---v4 =0 e=,/—g

e Fluctuations around AdS,; x S  (k=1)
9pq = ggq + hipg,
Cpqr = Chor + Cpgr <~ qurs = I, + qurs

par pqars

« LLM geometry is asymptotically AdS,; x S + fluctuations
« From the asymptotic expansion of the LLM geometry,
we can read all h,, and f, g



Kaluza-Klein Reduction

- Expansion inS” spherical harmonics:

h,uu(xa ) hh( )YI( )

hya(2,y) =V, (2)Y,"(y) + S, (2) VoY (y),

haw) (7, y) = T (2 )Y{%;( ) + VI (2)VWYy (y) + S (2) Ve Vi Y ()
haa(xvy) ¢ (LU) ( ) T(ab) = %(Tab+Tba) — %gabTCc
fuvpo (2, Yy :4V[MS£})0—]( )Yh(y)a

pvp

= 2V, T2 (2) Y2 (y) + 2[ V.V (@) + Vi ()] VY, ()
Fuave(,y) = VTP ()Y 00 (y) + [VLT™ (2) = 3T, (2)] VieYyf ()
fabea(w,y) = 4T (2) V1Y, 5 (1),

)
Fuvpa(,y) = 3V V0 (2) Y, (y) + [BVS)Y (2) — Sib ()| VaY " (y)
Y)

[HJ. Kim et al 1985, S.Lee et al 1998
Skenderis-Taylor 2006,...]



Kaluza-Klein Reduction
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= Equations of motion
with gauge invariant fluctuations!!




Scalar field equations

We concentrate on the scalar field equations.

19 14
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=>» diagonalized scalar field equations
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Scalar field equations

=» diagonalized scalar field equations

oh_ D[S+ h
:— 14(n + 3) '

o (= D[=18(m D+ Tl
| 14(n + 3)

11-dim gravity fields 4-dim gravity fields



Field equations and action in 4-dim

(D I+ 6}51 + 12}) &' (z) = 0,

1(I - 6)
(D - 12 ) o (z) =0,
Sep = fdii?\/—g‘] [ S0, 810" — Zmd, (812
1 1

— SO — S (812,

EOM in 4-dim gravity

Infinity number of KK-scalar fields
= We have to choose one of them.



Vevs of CPO with A = 1

« The mass m”2 of a scalar field on the gravity side is related to
a gauge invariant operator with the conformal dimension A :

m*Rigs,,, = A(A —d)

2 L2 : .
Rigs, = 1 L is the radius of SA7

m? 2
4

= A(A = 3) = m’L* = 2A(2A - 6)



Vevs of CPO with A = 1

I +6)(I 12
(D_ { l—l_ £21+ J)(bII{I}ZGJ
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« Scalar field 't A=07.3,..

L+ 12
=1

(I + 12)(I1 + 6) = 2A(2A —6) = A

(I,=0.2,46---}

e Scalar field vt A=1.2.3. ...

Il —6) =2A2A —6) = A =
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Vevs of CPO with A = 1

L}:
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e Scalar field Pt A =6,7.8. ..
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Vevs of CPO with A = 1

(D B (I +6)(1; +12)

LZF_' ) (Ijh (I} — {]:

ILi(I; —6 |
(D_ I(EE J)‘IFII[IJZI:}:

« Holographic renormalization:
|la=1] = ‘ b= §h=

dual gravity field

Sse = fd‘ifmf —q° { — %3“@6“"@ — %m%(i’)ﬂ

i':'f_f“{ljf‘F“‘

(OB=D) = #¢)

Asymptotic expansion
near the boundary

Gauge/gravity mapping
(GKP-W relation)



Vevs of CPO with A = 1

I +6)(I +12
(D— (I1 + E{;—F J)tiifl(:c}zﬂ:

« Asymptotic expansion of the general LLM geometry:

(1) (18( = ) + 70

- 14(I; +3)

(I = 1)( = 18(I + 7)6" + ")
1411 + 3)

& Read from general LLM

oh

l:[IIl —=

U = O(up)
Uh=2 = 24(6C, + C — Cs)poz + O(ud)




Exact holography for finite N

(O(A:1)> = #100) = #2(6C + C; — C'3) o

GKP-W gauge/gravity mapping




Exact holography for finite N

« Read the normalization factor
from the field theory calculations (k=1):

X

(][

(OB=D)yaya = —5=N2(6C, + CF — Ca)po, (N >2)

chiral primary operator

Op = CHo B Te(Y MY, - YAy )

A=1) a a reflect the broken symmetry of mABJM
OB= =Tr(Z°Z] — WW,) sy@y = su@)xsUR)XU(1)

YA = (Ze,Wie)



Exact holography for finite N

« Read the normalization factor
from the field theory calculation:

X

(OB=D)ya_ya = —ZN2(6C1 + Cf — Cy)po, (N > 2)

Field theory side Gravity side

= Exact relation without 1/N correction for finite N!




Conclusion

 Origin of this exact duality for finite N? supersymmetry?
Other reason?

case for general vacua?
case for symmetric vacua?

« Correlation functions? And other issue for gauge/gravity

duality

« Entanglement entropy?

* Physical phenomena of Chern-Simons theory
with massive matter fields in strong coupling limit?



