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TALK BASED ON

- Series of DFT papers written by Imtak Jeon, Kanghoon Lee and

Jeong-Hyuck Park:

10111324, 1102.0419, 1105.6294, 1109.2035, 1112.0069,
1206.3478, 1210.5078, 1304.5946, 1307.8377.

- Supersymmetric gauged Double Field Theory:
Systematic derivation by virtue of Twist

with J.J. Fernandez-Melgarejo, Imtak Jeon and Jeong-Hyuck Park,
JHEP 08 (2015) 084, arXiv:1505.01301
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INTRODUCTION

- In Riemannian geometry, the fundamental object is the metric,
9w
- Diffeomorphism: 8, — V, =9, + T,
1

© Vagu =0, r[>;W] =0 — rﬁv = EgM)(augw2 +0uGup — OpGuv)

- Curvature: [V, V.] — Ry — R
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- In general relativity, the metric is the only geometric object. All

other fields are viewed as matter or radiation.
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- In general relativity, . All

other fields are viewed as matter or radiation.

- On the other hand, string theory puts g,..., B, and ¢ on an equal

footing, as they, the massless NS-NS sector form a
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- This may indicate the existence of an alternative gravitational
theory where the whole massless NS-NS sector becomes

geometric as the gravitational unity .

- Such an idea has been materialize in recent years through the

developments of Double Field Theory .
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DOUBLE FIELD THEORY

- A “generalized metric” and a redefined dilaton,

Unp — 97" —97'B e~ = /—ge—2
AB — 1 . 39713 )

freely raises or lowers the (D + D)-dimensional vector indices, A,
B.
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DOUBLE FIELD THEORY

- DFT action for NS-NS sector is,
Sppr = / dy?Pe~2L e (H, d)

where
Lppr = HAB (4040pd — 40,d0sd + 3OaHPOsHcp — 30aHPOH D)
+40pH"BOgd — OpOpH"B
Hull & Zwiebach later with Hohm
- O(D, D) structure is manifest and background independent.

- All spacetime dimension is ‘formally doubled’, y* = (%,,,x"),

A=12,---,D+D.
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- DFT is a D-dimensional theory written in terms of

(D + D)-dimensional language, i.e. tensors.

- In order to eliminate the doubled spacetime, the condition is

needed. It is called



DOUBLE FIELD THEORY

- A characteristic of DFT is the section condition,

In* ~ 0.



DOUBLE FIELD THEORY

- A characteristic of DFT is the section condition,

I ~ 0.

- Explicitly, the section condition implies

Mpdh® =0  (strong constraint),
O’ ® =0 (weak constraint).



DOUBLE FIELD THEORY

X

Figure: We choose x-coordinate with 2~ ~ 0.
mn

- The section condition ensures that DFT lives not on the doubled
(D + D)-dimensional space but on a D-dimensional null

hyperspace, i.e. section.



DOUBLE FIELD THEORY

Figure: Other section.

- There is isometry, we can choose any section.



DOUBLE FIELD THEORY

- DFT action is (locally) equivalent to the effective action:

1

SPFT = Seff = /de\/—ge_“ (Rg +4(9p) — 12H2> .
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Dilaton and a pair of two-index projectors.

- The geometric objects in DFT consist of a dilaton, d, and a pair

of symmetric projection operators,

Pag = Pga Pag = Pga PaBPgC = P, PaBPgt = P .

- Further, the projectors are orthogonal and complementary,

PABPgC =0, Pag + Pag = Jns -
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DOUBLE FIELD THEORY

Dilaton and a pair of two-index projectors.

- The geometric objects in DFT consist of a dilaton, d, and a pair

of symmetric projection operators,

Pag = Pga Pag = Pga PaBPgC = P, PaBPgt = P .

- In supersymmetric double field theories, it appears that the projec-

tors are more fundamental than the “generalized metric”.



DOUBLE FIELD THEORY

Dilaton and a pair of two-index projectors.

- The six-index projection operators are

Peas™F := PPPREP) ! + 25 PcuPg EPAP  PapcPEF Ppert = PagcH

PeagPtF = pCDI_D[A[EpB]F] + ﬁpc[ApB] [EpFD Pasc”F Poer® = Papc .
They are symmetric and traceless,

_ B _
Pascoer = Pperasc Pascoer = Pascip(er] s PA5 Pagcoer = 0,

Pascoer = Poerasc , Pascoer = 73A[BC]D[EF] ) PABPascper = 0.



DOUBLE FIELD THEORY

Integral measure.

- While the projectors are weightless, the dilaton gives rise to the
O(D, D) invariant integral measure with weight one, after
exponentiation,

e 2.

- Naturally the cosmological constant term in DFT is given by
eiszDFT

which deviates from the conventional one in Riemannian GR, and
hence reformulates the cosmological constant problem in a
novel manner.

Jeon-Lee-JHP 2011

c.f. Meissner-Veneziano 1991



DOUBLE FIELD THEORY

Integral measure.

- Naturally the cosmological constant term in DFT is given by
e 2Ny

- Scherk-Schwarz-type dimensional reductions from D = 10
half-maximal SDFT can produce A,.. > 0 (as well as Apzr < 0),
Cho-Fernandez-Melgarejo-Jeon-Park 2015
once the section condition is ‘relaxed’ for the twisting ansatz.

Geissbuhler, Grana-Marques, Berman-Lee



DOUBLE FIELD THEORY

Diffeomorphism.

- Diffeomorphism symmetry in O(D, D) DFT is generated by a

generalized Lie derivative Siegel, Courant, Grana

EAXTA1-~-A,, = XBagTA1...An + wTGBXBTA,...An
+ 3 (OaXe — OXa)Tara Barsan »

where w; denotes the weight.



DOUBLE FIELD THEORY

Diffeomorphism.

- In particular, the generalized Lie derivative of the O(D, D)

invariant metric is trivial,
LxTas =0.
- The commutator is closed by C-bracket Hull-Zwiebach

(LxLy] = Lyne, YIS = XB0pY — YB0RXA + JYB0AXs — JXCOAYs.



DOUBLE FIELD THEORY

Semi-covariant derivative.

- We define a semi-covariant derivative,

n
s B B
VeTpaya, = 0cTapyn, —wr 1 cTany. A, + E Cca Ty A 1BAj-An -
i=1

- It is compatible with the O(D, D) quatities,

Ved =0, VcPag =0, VePas =0,
Vedag =0 (& Tagc+ Tace = 0),
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- With the torsionless condition,
Maeg =0 (¢ Lx(9) = Lx(V)),
we may uniquely determine the (torsionelss) connection,
Fcag = 2 (POcPP)

g T2 (PaPPgf — PuPPgiE) OpPec

— 5= (PciaPg;” + PcjaPg)®) (9pd + (POFPP)ep))
satisfying
Pasc Mo =0, Pasc”F Tpgr = 0.

Jeon-Lee-Park 2011



DOUBLE FIELD THEORY

- With the torsionless condition,
Maeg =0 (¢ Lx(9) = Lx(V)),
we may uniquely determine the (torsionelss) connection,
Fcag = 2 (POcPP)

g T2 (PaPPgf — PuPPgiE) OpPec

— 5= (PciaPg;” + PcjaPg)®) (9pd + (POFPP)ep))
satisfying
Pasc Mo =0, Pasc”F Tpgr = 0.

Jeon-Lee-Park 2011

- It is the DFT generalization of the Christoffel connection.
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- We generalize the semi-covariant with the spin connections, ®,
and ®,, for the two local Lorentz groups, Spin(1,D — 1), and

Spin(1,D — 1)g, called a master ‘semi-covariant’ derivative,

DA:VA+¢A+(T>AIZ7A+FA+¢A+&>A.



DOUBLE FIELD THEORY

- We generalize the semi-covariant with the spin connections, ®,
and ®,, for the two local Lorentz groups, Spin(1,D — 1), and

Spin(1,D — 1)g, called a master ‘semi-covariant’ derivative,

Da=Va+®a+Pp=0n+ s+ da+ds.
- It is also compatible with these quantities,
DAVBp = (9AVBp + FABCVCP + CDquVBq =0,
DA\_/Bp = 8A\73p + rABC\_/cp + équ\_/Bq =0,
Dpd =0, DpJsc = 0, Danpq = 0, Daijpg = 0,
Da(y?)*s =0,  Da(37)%5=0.



DOUBLE FIELD THEORY

Semi-covariant curvature.

- A semi-covariant Riemann curvature is defined by,

Sagco == 3 (Rasco + Reoas — TasTeco) -

- Here Rypcp denotes the ordinary “field strength” of a connection,

Reoas = Ol e — 98T aco + TacETaep — TactMaep -



DOUBLE FIELD THEORY

Semi-covariant curvature.

- A semi-covariant Riemann curvature is defined by,

Sagco == 3 (Rasco + Reoas — TasTeco) -

- It satisfies, just like the Riemann curvature,

1
Sascp = 3 (Spsiico) + Sicojpeg))

Saeep] = 0 : Bianchi identity.



DOUBLE FIELD THEORY

- A semi-covariant Riemann curvature is defined by,
Sagco == 3 (Rasco + Reoas — TasTeco) -

- A semi-covariant curvature of the spin connections is,

Gasco = Sasep + 3(T — © — )eap(M — & — P)Ep
= Spacp + 2(VaPOeVep + VaPOpVigp) (V90E Vg + V90EVpg)



DOUBLE FIELD THEORY

- A semi-covariant Riemann curvature is defined by,

Sagco == 3 (Rasco + Reoas — TasTeco) -

- These are Not covariant tensors, but contracting with projection op-

erators, we can obtain covariant quatities.



DOUBLE FIELD THEORY

- A semi-covariant Riemann curvature is defined by,

Sagco == 3 (Rasco + Reoas — TasTeco) -

- These are Not covariant tensors, but contracting with projection op-

erators, we can obtain covariant quatities.

- The ordinary derivative of a covariant tensor is no longer covariant

under diffeomorphisms.



DOUBLE FIELD THEORY

Semi-covariant curvature.

- A semi-covariant Riemann curvature is defined by,

Sagco == 3 (Rasco + Reoas — TasTeco) -

- With projectors,
(PP 1 PABPCD) S, 0~ 0,
PAPBPPPSppcp ~ 0,

P,Ap]BPKCISLDSABCD ~0 ,etc



DOUBLE FIELD THEORY

Semi-covariant curvature.

- A semi-covariant Riemann curvature is defined by,

Sagco == 3 (Rasco + Reoas — TasTeco) -

- Rank two-tensor:
PP Sas.  where  Spg:=Scs,

- Scalar curvature:
(PABPCD _ IE;AB";CD) SACBD .



DOUBLE FIELD THEORY

- Upon the section condition,

(5X_['AX)|_CAB [(7) + P)eas™* — F5AD555] FOpXe ,

(5)( ,CX VCTA1 Ap ZZ P+P BDEFapag)(F TA1 Ai_1BAj 1Ay -



DOUBLE FIELD THEORY

- Upon the section condition,
(ox—Lx)Mca ~ 2 [(P + P)cas™E — 656,20 | 0r01pXg

n
(5x—ﬁx)chA1i..An Z 2('P+'ﬁ)cAiBDEF({995'EXF TA1--<A1_1BA;+1~--A,, .
e

- For the four-index curvatures,

(8x — Lx)Gasco (6x — L£x)Sasco
2V ((P+73)B][CD]EFG(9E8FXG> + [(A, B) <+ (C,D)| .
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appropriate contractions with the two-index projectors.
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- The anomalous terms can be easily projected out through

appropriate contractions with the two-index projectors.

- This also explains or motivates the naming, ‘semi-covariant’: we
say a tensor is semi-covariant if its diffeomorphic anomaly, if any,

is governed by the six-index projectors.
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CHECK POINT

- Understanding the section condition in DFT is subtle and difficult.

- The section condition is sufficient but not the necessary
condition for the algebra closure and action invariance.
- “Relaxing” the section condition to some extent has been

un d e rStOOd « [Aldazabal,Baron,Nunez,Grana,Marqus,Geissbhler]

- The relaxation of the section condition is allowed when doing

Sherk-Schwarz reduction in DFT and it gets gauged DFT.
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PURPOSE

- To have the low dimensional gauged
SDFT in the semi-covariant formulation
- We twist the semi-covariant formulation of the ungaged SDFT without
an ambiguity.
- By the formulation, all the symmetries in DFT are fully covariant.

- Torsionful deformation of the gauged DFT is derived from twisting.

- To realize the maximal as well as half maximal supersymmetric

gauged DFT in full order of fermions.
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DOUBLE FIELD THEORY

The fundamental fields of D = 10 Maximal SDFT are precisely,

d ) VAD ) VAE) 3 Ca& ) pa ) pla ) 1/}3 ) ’l/);)& .

- The DFT-dilaton is a scalar,

e 2,

- The vielbeins satisfy the following four defining properties :

VapV% =g, VapVg =1lpg, VapVg =10, VapVeP + VasVsP = Je.



DOUBLE FIELD THEORY

The fundamental fields of D = 10 Maximal SDFT are precisely,

da VAD ) VAE) 3 Ca& ) pa ) pla ) 1/}3 ) ’l/);)& .

- Thevielbeins generate a pair of symmetric, orthogonaland complete

two-index projectors,
Pag = Pga = VaPVep, Pap = Pga = VPV, ,
satisfying

PaBPgC = PaC, PaBPgC =Py¢, PABPgC =0,
tr(P) = PA* =D, tr(P)=Py* =D,



DOUBLE FIELD THEORY

The fundamental fields of D = 10 Maximal SDFT are precisely,

da VAD ) VAE) 3 Ca& ) pa ) pla ) 1/}3 ) ’l/);)& .

- Thevielbeins generate a pair of symmetric, orthogonaland complete

two-index projectors,
Pag = Pga = VaPVep, Pap = Pga = VPV, ,
and related to # and 7,

Pag — Pag = Has Pag + Pag = Jns -



DOUBLE FIELD THEORY

The fundamental fields of D = 10 Maximal SDFT are precisely,

da VAD ) VAE) 3 Ca& ) pa ) pla ) 1/}3 ) ’l/);)&
- We further define a pair of six-index projection,

Pasc”F = PAPPElEPGM + 525 PagPqEPAP,  PascPHF Poer! = Pagc,
Pasc”F = PaPPglf Pl + 525PagPqEPIP,  PagcPHF Poer®! = Panc®!,

which are symmetric and traceless,

Pascoer = Poerasc = Pacipier)s  P*®Pascoer = 0,

Pascoer = Poerasc = 75A[BC]D[EF]a PABPascper = 0.



DOUBLE FIELD THEORY

The fundamental fields of D = 10 Maximal SDFT are precisely,

da VAP ) vAﬁ ) C”'(f» ) pa ) pla ) 1/}3 ) ’l/);)a .

- R-R potential is bi-fundamental spinor representation of Spin(1,9) x
Spin(9,1).
- Especially for the torsionless case, the corresponding operators are

nilpotent up to the

(D1)*C ~0.
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The fundamental fields of D = 10 Maximal SDFT are precisely,

da VAP ) vAﬁ ) Ca& ) /)(" ) /)/“ ) 1/}3 ) ’l/);)a .

- Dilatinos and Gravitinos.



DOUBLE FIELD THEORY

The fundamental fields of D = 10 Maximal SDFT are precisely,
da VAP ) VAﬁ 3 Ca& ) pa ) pla ) (s (I “ .

- Dilatinos and Gravitinos.
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TWISTED DOUBLE FIELD THEORY

- To relax the section condition, we twist the original theory.

Namely, Sherk-Schwarz reduction.



TWISTED DOUBLE FIELD THEORY

- For the twisting, we use the two twisting datas:
ascalar \(x) and U, € O(D, D),

- . 0 1
uJgu =J, Tag = ,
1 0

using which we set the ansatz for U-twist,

20N A An7
TAWWA,‘ =e UA1 T "UA” TAyv-AH'



TWISTED DOUBLE FIELD THEORY

- The derivatives of the untwisted fields then assume a generic
form,

8,;TA1...AH = e_z‘“AUc.CUAf.“ cee UAnAnDCTA1...A,, .
- The U-derivative , D, is defined to act on a twisted field by

n
. B .. 5
DeTayay = OcTaydy = 200N Taa + D Qe Ta5a, -

i=1



TWISTED DOUBLE FIELD THEORY

- Those replacement leads to twisted SDFT Lagrangian,

L3753(Tne, On, d: Vap, Vap, p, )
= e PLm e (Fis D500, Vi, Vig. 0.05)
LY Tny Ony dy Vap, Vap, C, py 105, 0, Vp)
= Ly (Faer D Vags Vi, €. p, 0, 0, 05)



TWISTED DOUBLE FIELD THEORY

- Those replacement leads to twisted SDFT Lagrangian,

Eﬁ?g(jAB, ’dvap; VAf)apv 7/)[7)
= ﬁ?j‘}f;elga;s(g?"}(*zt\m ) d, vApv VApa P '(/)f)) )
,Cgi?oz(ﬂg, 7d7 VAp7‘7Al_)>C7pa ¢57P/7¢,/))

El\laximal

Twisted SDFT(‘ZAB? ada vApa\_/Aﬁvc7p7 7/’;‘:’0/7@%)

- The twist translates the original section condition as

DDA ~0.



TWISTED DOUBLE FIELD THEORY

- Those replacement leads to twisted SDFT Lagrangian,

Eﬁ?g(jAB, ’dvap; VAf)apv 7/)[7)
= C?j‘}f;elga;s(g?"}(*zt\m ) d, vAp7 VApa 12 '(/)f)) )
,Cgi?oz(ﬂg, 7d7 VAp7‘7Al_)767pa ¢57P/7¢,/))

El\laximal

- Twisted SDFT(‘jAB7 9 da vApa VAﬁv C7 P; 7/’;‘)’ p/7 1/’;;) .
- The twist translates the original section condition as

N, PA

D;D* ~ 0.

- If we impose this, it is nothing but the field redefinition of the
untwisted SDFT. We shall look for alternative inequivalent

conditions, or the twistability conditions.



TWISTED DOUBLE FIELD THEORY

- From the closure of the U-twisted generalized Lie derivative,
(£ £3] = Ligye»

we found the twistability conditions.



TWISTED DOUBLE FIELD THEORY

1. The section condition for all the dotted twisted fields,
3,(,,3”' =0.
2. The orthogonality between the connection and the derivatives,
QMFGaM =0.
3. The Jacobi identity for fyz- = flazq,
funs Fepe = 0.
4. The constancy of the structure constant, f;;:,
Oefapc =0
5. The triviality of f;,

fi = Q% — 204\ = 0cUS, — 20,0 = 0.
A CA A A A



TWISTED DOUBLE FIELD THEORY

- The U-twisted master semi-covariant derivative is
DA:VA+¢A+J>A:DA+FA+¢A+<I—>A,
- The twisted torsionless connection reads

Mg = 2(PD; PP)[AB] +2(P[A B] P[A B] E)Dy Py
— o1 (PeaPey® + PPy )(Dbd+(PDEPP)[ED]) .

- These are in a completely parallel manner to the untwisted cases.



TWISTED DOUBLE FIELD THEORY

- Upon all the twistability conditions, we obtain

n

i
i=1



TWISTED DOUBLE FIELD THEORY

- Upon all the twistability conditions, we obtain

n
O = L) (VeTa i) = D (PP Ta i i ro -

i=1
- Once again the anomalies are all controlled by the index-six

projection operators. Namely, they are still semi-covariant.




U-TWISTED DOUBLE FIELD THEORY

- But, in contrast to the nilpotency of the untwisted differential

operators, we get after the twist,

(D+)C = — 3ifaef A56C.



U-TWISTED DOUBLE FIELD THEORY

- But, in contrast to the nilpotency of the untwisted differential

operators, we get after the twist,
(D2)C = —zfasef "2C.
- For the consistency, we should impose

fasdf = 0.



TWISTED SUPERSYMMETRIC DOUBLE FIELD THEORY

- Half-maximal supersymmetric gauged double field theory

Lagrangian,

Ltz = €7 1659 + i1p7PDpp — i0PDpp — i10P 9Dyt

Twisted SDFT

- The supersymmetry works, as the induced leading order
, up to total derivatives and the

twistability conditions,

oL = —ie M5 (1P D) + DyDP + 1GpqP | =
+ie= 2P | Gorq™ + [Dp, 19D] | =

0.



TWISTED SUPERSYMMETRIC DOUBLE FIELD THEORY

- Maximal supersymmetric gauged double field theory Lagrangian,
£¥3?52315DFT = e_Zd[ %(gpqpq - g.f)l_qﬁq) + %Tr(]:]:) - iﬁ}.—pl
+igpyg FAPY' 9 + ’%ﬁWprP — ipPDyp — i%@ﬁvqbqiﬁﬁ
~i373PDel + 177Dy’ + i10P7 By |



TWISTED SUPERSYMMETRIC DOUBLE FIELD THEORY

- Ignoring total derivatives and up to the twistability conditions,

the supersymmetric infinitesimal variation of the Lagrangian is

5 £'Maxima1
€

Twisted SDFT
= ite 2 (pe — ple! +ECp +EVPC) + pCe + PpCAPE') X fipef B
+ize2(Epug — F3qup)Tr (P F-FIF- ) .
- Requiring the extra condition which we recall here,
fascf =0,

the action is supersymmetric invariant modulo the self-duality,

up to surface integrals.



TWISTED SUPERSYMMETRIC DOUBLE FIELD THEORY

- To compare with the untwisted DFT and to identify the newly
added terms after the U-twist up to the twistability conditions,

1GogPT = AT, s D 1+ VHBIH DO — 10,0578
—2HAB Y, ddd + 2HMB0;05d + 20, HABD,d
+ 336 B L — Sifaseorr HOHEEHT — Lf3pc HEOHE O T
-

Pz LB F 0D + THABOH, 00Ty — 10,0708
—2HAB Y, ddd + 2HAB0;05d + 20, HABDd
+ 336 EHL — Sifaseori HOHEEHT — Lf3pc HEOHEO T

1 ABC
afaeel -
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SUMMARY

- The semi-covariant formulation also works for the twisted

semi-covariant derivative.
- We successfully twisted the semi-covariant formulations of the
N = 2and the V =1, D =10 SDFT.

- Imposing the twistablility conditions, it derives the
gauged maximal and half-maximal supersymmetric double field

theories.

- In half-maximal SDFT, we freely have positive or negative

term.



THANK YOU!
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