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Introduction

Translation Invariant

e AdS/CFT
— Transport Coeflicients
— Translation Invariant (Infinite DC conductivity)

o Break Translation Invariant
— IBC (Inhomogeneous at boundary field)— (PDE)
— HBC (Ex. Massive gravity)— (ODE)

o EMDA Model
— Axion Fields are linear in spatial direction that turn on Anisotropic
background solution and give HBC
— Effect of anisotropic background on conductivities.
— SL(2, R) transformation = momentum dissipation produced by
massive gravity
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Background Solution

Setup
Numerical Results

We would like to consider the following Action

Action

2
_ 4 — i, 271 4¢ ~\2 —2¢ 2
Sf/d zv/—g <R+ 73— 2(Ve)’ — e izzl(wz) e F

Metric
2 _ L’

ds 2 (—g(z)dt2 + g(z)—ld,z2 + eA+B(2) g2 + eA(z)—B(z)dyQ)
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Background Solution Setup

Numerical Results

Einstein and Field Equations

3 1 e - _ 1 _
Ry = *ﬁguu + 2V, oV 0 + 564¢V#avua + 2e 2¢FupFu P = 59uve ?F? )

2
_ L a2y L2 pe _
O¢ — e ;(wz)+2e F?=0,

Oai + 4V ,.¢V¥+:a, =0,
Oas + 4V ,¢pVHas =0,
V(e ??F*) =0,
where we choose ansatz
o=¢(z), a1 =oux, az=oazy, A.dz" = Adt,
and with a solution

F,: = A; = szefwa.
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Background Solution Setup

Numerical Results

rround EOM

0=24" + (4)* + (B)* +4(¢)* ,
0=gzB" + (g (ZA/ — 2) + zg/) B + %ze_A_B+4¢ (a% — agegB) ,

0= (4z—22°4") ¢ + (—z2 (A)? + 824" + 2% (B))? +42° (¢)* - 12) g

2.2 —A—B+4 2.2 —A+B+4 2 4 26—2A
—ajz’e +¢—a2ze '*“"‘15—4pzze“> + 12,

A A oA 2%\ 22 244
0—69¢+69A+eg—7 ¢ —pzze

eB+4<zS .

1 2 4¢9—B 1 2
50116 — — Qg9
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Background Solution Setup

Numerical Results

.
Scaling

2 2
¢ — ¢ — o, a1—>e¢°a1, a2—>e¢°a2, pz—>e¢°pz7

where ¢o is arbitrary value, and the scaling at AdS boundary is

~(AO)+BO)/2,

r e ~(A©@-BO)/2,

Yy —e

—(A(0)+B(0))/2 —(A(0)=B(0))/2

a1 — (e Q2 — Q2€
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Background Solution Setup

Numerical Results

Horizon Regularity

Before scaling, we first set

and the fact that

g(1)=0.

Regularity of Black Brane Solution becomes

19— 4p2 — a2 — a2 —4 2 2
A'(l) _ Pz — Q1 — Q2 :‘i7 B'(l) _ 41— @ 7
2K 2K
92 02— a2
¢/(1) _ P> — 01 — Q2
2K
where we denote k = —g’(1). For a given &, p,, a1, and as, we obtain

A’(0) = 0; then ¢(0) = A(0) = B(0) = 0 after scaling.
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Background Solution

Setup
Numerical Results

Initial Data as a function of x, ( a; = 2,
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Figure: Fix a1 = 2, ag = 0 (Blue), g = 1 (Purple), az = 2 (Black), as = 4 (Red)
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Background Solution Setup

Numerical Results

Initial Data as a function of k, ( a3 = 2, as = 0)
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Figure: Fix a1 = 2, ag = 0 (Blue), ag = 1 (Purple), az = 2 (Black), as = 4 (Red)
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Background Solution

Setup
Numerical Results
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Figure: Fix a1 = 2, k = 0.5 (Red), s = 1 (Blue), and k = 2 (Green)
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Background Solution

Setup
Numerical Results

Evolution of Background Fields
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Figure: Fix a1 = 2 and ag = 2, k = 1.39 x 107° (Red), x = 0.5 (Blue), and x = 1
(Green)

Notice that the dashed line in g(z) is RN-AdS solution without dilaton field.
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Conductivity

Perturbation

Ay = Ad(2)(dt) + [Aa(t, 2)(d) + Ay (2, 2)(dy)]

a; — azj +iQe " x;(2),

where j = (z,y). Metric fluctuation given by

L? . .
Guw = guv + 25 [Gta (t, 2)(dtdz) + Guy (L, 2)(dtdy)] .

Fluctuation fields are given in terms of frequency
7 < dQ g _ = dQ g
A= [ Eemae, = [ Ee ),

where j = (z,y).
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Method

Conductivity On-shell Action

Perturbation Equations

_ / QQ 4 2 2¢p—2A 2 B
A+ (B + % - 2¢’> Al (? - %) A — aiLe® p.xi =0,

/ 2 Q2 OéieBii’iA
xi + (AIJrg* - = +4¢l) X§+7Xi ————gu =0,
g z g g
— 4e A2 .
ggi + (Bi/ - Al) gti — TPAZ — Olig€4¢X;' =0,

where i = (z,y), B; = (—B, B).
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Conductivity

Numerical Scheme
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Method
Conductivity 4

First-order Differential Equations

_ 0? -
as + (Bi/ -1 A 2(;3') a; + <— — 42262¢72Ap3) ai — a;p. Le®® Aﬁi =0,
e g

a;f%a,‘fﬁzo,
— 2 g
A 2 . Q2 i7A+B_ii
(A71777+4¢)m+fm7u:0,
- g g
A i
— 2 g
A . 4p,e *2%a;
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Conductivity

Eigenvalue equations at horizon

QQ
0 —vm O L v ai ai
7o 0 " ; <0> 5:(1) o o
o2 aje—A-B (1 5, - o
o v 0 o@D rue) Z Z
0 0 g’ (1) 0 0 Ces Cui
0 0 0 0 0 i i

0 0 iQ

0 0 1

0 , iQ , 0
aje=AM+B;(1) 1 0

Q2

1 0 0
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Method
Action
Results
cting Fields

Conductivity

Expansion of boundary fields

AO ZBO _ 4O g 4O 1 pO M 240 _ M

1 1
AP =a® =0, P =¢P=—2(ata) BY=(al-a),

5a1 +6aiaz +5a1), oW = ——(3a1 + 40203 + 305 — 4p2),

_%( 16

1
g(4) = 2—(24p3 —5a} — 6a2aZ — 5a2)
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Method
Conductivity i Acr'{‘;‘,’\_’l‘]“\_

cting Fields

nding Solutions of fluctuation fields

1 —A©®
X§1) _géll) 0, ng) = (XZ(O)Q2 aan) A(z _ 21 7
9 = i ( a0 — afgly) — azgly )) :
1
AP = 5 (—azAgl) — 240 —alLp.g) + OéiLQszxfo)) ,
(3) 4A( >p + 306 LX(3>
ooy 3L )

AP = = ((-1)'(a} - a})AP0? + 84002 — 64D + AP0

+60ip= LXEB))
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Conductivity

Quadratic On-shell Action

QeEiL2géi _ aigL264¢+giX;
7 D

Sé2) = /d3$ gii —4sz€7A+B7iA7; +

N ) eB]- L2 A . egi LQB{ eé; ng/ egiLQ
i 22 22 2922 23

222 20

*263i72¢gA2‘A; _ gL23A+4¢X'2,X§:|

Counter term

z—0

2
_ 3 4 L I 4 mn
Set = /d N =7y _Z aF 5 (1 aF 5'}’ 6’7151) igl Yy Oma;iOna;

bl

where [, m,n = (t,z,y) and vy = e_mtgtl(z). We make I = —1 when
[ # m or n, otherwise, I = 1.
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Method

Conductivity

Renormalized Action
@ = lim (0 + 58k + 59

T (20 40 L2 pe) (30 (0) 7(0) (0)

=2V2 o A7 A; +§L (€;B™" +97)34; 9y’ — 2Lp=A; " gy
0
3720200 (3) 372 _(0) (3)
JFZL XX — ZL Qi X .

where €,y = —€yz =1

) _ . (0)

Electric and heat currents (g,;,” = x; = = 0)

Ji=AY,  Qi=Tui—pJi=—-Lp. A9 —pua®.
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Method
On-shell Action
Its

Conductivity Nurnoricalls

Multi-Intere

Electric and thermal transport

Thermal conductivity

o__ViT - _ —2iL%(e;; B® + ¢g®)

. 1 5 (3) (3)y,(0)
Q; = gL (€iB™ + 9795, 9 QT o 7
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Method

On-shell Action
Numerical Results
Multi-Interacting Fields

Conductivity
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Figure: Fix a1 = 2 with k = 0.5 (Line), x = 1 (Dotted) and az = 0 (Blue), az =2
(Black), ag =4 (Red), and az = 6 (Green)
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Method

On-shell Action
Numerical Results
Multi-Interacting Fields

Conductivity
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Figure: Fix a1 = 2 with k = 0.5 (Line), x = 1 (Dotted) and az = 0 (Blue), az =2
(Black), ag =4 (Red), and az = 6 (Green)
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Conductivity
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Method
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Figure: Fix a1 =2 with k =1
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Method

On-shell Action
Numerical Results
Multi-Interacting Fields

Conductivity
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Figure: Fix a1 =2 with k =1
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Method
On-she

Conductivity N s

Source and operator

B (k,2) —> S+ -+ 0% 4 ...

where a is a field index and i is solution index corresponding to in-going
boundary conditions. Also,

Superposition

B (k,z) = ¢ic =T+ + %% + -
J* =S%",
I° = 0¢c' = 0 (S~ 1) J°
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Method
1

Conductivity e

Multi-Interacting Fields

On-shell Action

532 = av / d2 J Aap(Q )Jb+J“IB%ab(Q)Hb] ,

where

A© AW
A(O) A;l)
o 3
(0) ) (3) ’
gt% gt%
X xé;
0
Xy x5
0 —Lp. 0

A=| —Lp. iL%(¢® +€;B®) 0 | ®Iaxa,
0 0 0
10 0

B=| 0 0 —3a |q,,
0 0 BLZQQ
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Method
Conductivity

Multi- Interactlng Fields

Retarded Green Function

GE, = Aas(k) + BacO5(S™), (K)

Response function and the sources

Ji \_ ( G, Gir AL
T )\ 6hy ohr )\ o

Conductivities is defined as

Ji N\ _{( 0%, avT
Qi )\ a’T &T _(

. 0 0 0 V;
where Q; = Ty; — pJj,  E; =iQ(al” + ph) gt(J) = —Hr -
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Conductivity o

Multi: x;teracting Fields

Transport Coefficients

Electric, thermoelectric, and thermo conductivity can be written as

. . G i(nGY G4
7] A _ s regg JT
( oy, a’l ) . v

a”T grYT WG, =GR UGRp =GR (Q=0)—m(GIr+GH;—nGY )
Q Q

[d D.T.Son and A. O. Starinets, JHEP 0209, 042 (2002)
doi:10.1088/1126-6708/2002/09,/042 [hep-th/0205051].

[@ S. A. Hartnoll, Class. Quant. Grav. 26, 224002 (2009)
doi:10.1088,/0264-9381/26/22/224002 [arXiv:0903.3246 [hep-th]].

@ K. Y. Kim, K. K. Kim, Y. Seo and S. J. Sin, JHEP 1507, 027 (2015)
doi:10.1007/JHEP07(2015)027 [arXiv:1502.05386 [hep-th]].
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Conductivity

cal Results
Multi-Interacting Fields
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Figure: Fix a = 2 with k = 1, and 8 = 0 (Blue), 8 = 2 (Black), 8 =4 (Red), and

B = 6 (Green). Note: Dotted line (gi?) = 0), while solid line (Thermal Gradient is
on)
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Conductivity

al Results
teracting Fields
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Figure: Fix a = 2 with k = 1, and 8 = 0 (Blue), 8 = 2 (Black), 8 = 4 (Red), and
B =6 (Green)

S. Khimphun, B.H. Lee, C.Y. Park Conductivity in an anisotropic medium



Conductivity

Drude-like Behavior

Method

1 Action
al Results
Multi-Interacting Fields

Drude Formula

kT
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Method

Action

al Results
Multi-Interacting Fields

Conductivity

Power Laws and Scaling Behavior

Oz ol b c k T
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S Action
Numerical Results
Multi-Interacting Fields

Conductivity

Compare Re[o,,(a2)] and Re
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Figure: Fix o = 2 with kK = 1 (Red), o, (Dotted) and o, (Line)

S. Khimphun, B.H. Lee, C.Y. Park Conductivity in an anisotropic medium



Summary and Results

Summary

o We study anisotropic black brane solution turned on by Axion fields.

e We compute fluctuation equations using eigenvalue problem at horizon
to obtain in-going boundary conditions.

o The eigenvalue solutions at horizon allow one to compute the Retarded
Green Function without mismatch in degree of freedoms between
horizon and boundary in case of multi-interacting fields in order to
obtain transport coefficients.

o We study AC conductivity and finite DC conductivity in asymmetric

system when source from gravity is turned on. we compute electric,
Thermoelectric and thermal conductivity.
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Summary and Results

Results

o When a momentum relaxation is turned on, we numerically showed
that conductivities in x- as well as in y-directions become finite as
expected.

o We found that the y-direction momentum relaxation can affect both -
and y- direction linear responses, and same to x-direction due to
background geometry.

o There exists a critical momentum relaxation at which the DC
conductivity has maximum value.
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Summary and Results

Results

@ There seems to be an upper bound of the anisotropy above which the
dual geometry does not exist. This upper bound does not allow the
sign change of the DC conductivity.

o In the low frequency regime, the electric conductivity shows a Drude
peak. When the z-direction momentum relaxation is fixed to be
a1 = 2, the Drude peak becomes broader as the y-direction momentum
relaxation increases.

o In the intermediate frequency regime, magnitude of the electric
conductivity shows a specific scaling behavior. Comparing with the
power law behavior, our results show that the critical exponent
becomes smaller as the anisotropy increases.
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Summary and Results

Thank You
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Extra

EMDA model and Massive gravity

Action with massive term

S = /d“x\ﬁ (R + 8 _ove- %e4¢(va)2 _ e p? _GRF 4 Lm> :

where L = p1(9)[K] + p2(¢) ([K]* — [K?]), and K K7 = g" fo
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1 3
R — §R9;w + ﬁglw =Ty,

Energy-momentum tensor
1 _
Tuw = 2V,upV,¢ + 5e‘“)(vuavﬂz) +2¢7%*F,,F,"
1 1 - _
= g (20 4§ (VA 4 HF < p(IKT - (7))

- éplzcw — 2 (KK — (K*)w) -
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Full and reference metric

ds® = = (—g(z)dt2 + g(2) 12 + 21 P dz? 4 eQUZ(Z)dyQ)

fHV = dzag (07 07 H(Z)k%, H(Z)kg) )
with above metric, the last two terms in stress-energy tensor become

U1 —-Uz

= (lekgeUl 1 3py Hkre + 4p2H2k1kgz)

Us—Usq

P1Kae + p2 (KlKaw — (K?)eo) = €

P1Cyy + p2 ([’C]’ny - (Kz)yy) =

(lekleU2 1 3py Hkoe"t + 4p2H2k1kgz)
Anisotropic Property

Tow 7# Tyy
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EOM

3 1 e - _
Ruy = =759 +2V,0Vu6 + 5€(V,aV,a) + 2e P Fup B f

1 _ 1
- igﬁwe ?F? + ipllcuv — P2 ([’C]Kiw - (KZ);W) ,

V(e 2*F* + aF*) =0,
O¢ — %e““’(%f + %e”"’F2 + i [PL(9)[K] + pa(¢) (K] - [K?])] =0,

0+ 4V,¢VH*a — Fu, F* =0.
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We check SL(2, R) transformation by defining
A= M+ide=a+ie ?®, Fy=F=+iF,

so that above equations of motion can be rewritten as

3 o 1 v
Ryy = =75 0u + W (OuADA + 0 ADA) + 222 Fruo By 7 = S Xagu Fiun ™

1
+ §p1’CW — D2 ([’C]’C/w - (’CQ)W) )
V‘L(/\ij” — ;\Fi“’) =0,

Vi iR P L [ @)K + () (K~ [K7)] =0,
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Transformation Rules

a\+b
cA+d’
Fuw = (e + d)Fu — chaF,

A= ad —bc=1

Shift symmetry

1 b
TbE(O 1):>)\1—>)\1+b

(43)

A= —1/A, A= —1/X,
F+ — 7)\F+, F_ — *S\F_,

and Rotation symmetry
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After transformation, Einstein equation has additional term

)\1)\% = o - o a2
- |)\|2 (QF/JO'FU +2F6F," — guFuF )

but this term vanishes identically in 4 dimensions starting from purely
charged solution. The rest would be invariant if we choose p1 and p2 to be
constant.

S. Khimphun, B.H. Lee, C.Y. Park Conductivity in an anisotropic medium



Gauge field for purely charged solution

Apdzt = A(2)dt,
so that field strength
F=e"""200,)7'Qdt Adz=.
for both electrically and magnetically charged solution after transformation

F=e"""20)7"Qc — MQm) dt Adz 4+ Qudx A dy.
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Extra

Conductivity with broken rotational symmetry

Generalizing broken rotational symmetry of (x,y) — (G'y, -G 'z);
defining o1 = 0y /4, 02 = 045 /4; and using AdS/CFT dictionary, we obtain

JI =4 (UQth — UlFty) =4 ()\QFZI — >\1Fty)

z—0

=4(01Fie + G %02Fy) =4 (MaFoy + M Fra)

z—0

Iy

Let’s define
oy =01 % iG7202
and with this definition, we assume that o4 transforms as

act+ +0b
Co’i+d.
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A
AQFZZ — )\1Fty = 7§(F+)ty -
— —Fty

1 .
— 50'_ (Fty — ZFtI)

1 .

UQth - UlFty = _§O—+(Fty —+ ZFt‘I)
1 _

[01(M\2Few — MFy) — G 202(AaFay + M Fi)] = —Fyy

%
g4+0_—
Transformation shows that 4 (62Fis — 61Fty) = 4 (A2Fle — A1 Fyy). Same

to terms associated with J,.
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Starting from purely electric solution where o,y = oy = 0 we obtain
conductivity in new configuration after transformation

T8 T 2 G 00 /A2 2+ 2(0yy/A)2
— 4acG_4(orm/4)2 +bd _  ac(oyy/4)® +bd
yr =

B+ G 0n /D2 @+ 20y, /D)2

where we use G™2 = 0y, /0. Then, it also follows that

[ G 2040 _ Oyy
W2 4 2G4 (0pn /42 A2 4 2(0yy/4)2
S _4acG74(Um/4)2 +bd _ ac (oyy/4)* +bd
ve d? + 2G4(04:/4)% d? + 2(oyy/4)?
Then we also have gy, = G 2%5,, and Toy = —Oya- Also :SVL(Q7 R) elements

are determined by conserved quantities such as Q., Qm, Al2505 A2]250
using the the fact that effective potential is invariant under transformation.

S. Khimphun, B.H. Lee, C.Y. Park Conductivity in an anisotropic medium



Extra

Conductivity in external Magnetic Field in General Class

Conserved Current

Jo = —4ge Y720 A 4 42°Qe V15 gyy — 4gz2Bert72¢5gTy

Jy = f4geU“72¢A; +42°Qe *2 8 gy + 492> Be " 5 g,,
where U, = Uy 4+ Uz and U, = Uy — Uz, assuming H =1 and p; = 0 and

p2=p

~ _ Apkikee” 7Y (2Q% + 2B%e ™ — phikoe”t %)

7|1 T 4B2(Q2 — phikaeUt—2%) + AB%e 49 + p2kZkZe2Ur

_ B Apky kqelVt Ve (QQz +2B2%e % — pklkzeUﬁw)

W] 1 T T 4B2(Q2 — phikoeUi—29) + 4Be—49  p22k2e2Ue
_ _ 16BQ. (Q2 + B?e™*? — pkikoeVt %)
|1 T AB2(Q2 — phikaeUt—29) + ABle—19 + p2k2kZe2Ur

5 o 16BQ. (Qi + BZe 4 — pk1k2€Ut_2¢)
Yl.s1 T 4B2(Q2 — pkikeeUt—2¢) + 4Bte—4% + p2kTk3e2Ut
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Extra

assuming H = 1 and p1, p2 are non-zero
b

e UaN _

a.
) vy
z—1 D

B eVs N
z—1 D

a—zz

Oyx 5 5':1:1/ = -
z—1

ol =

ol =

z—1

where
N =4eYt (kl (4k2p2 +p16U2) + 3k2p1eU1) (eUt (e%7 (k1 (4kap2
+3p16U2) + kzpleUl) 8elt '2) — 8B2> ,
D =¢2(Utt29) (k (16k‘gp2ple 2 4 16k3ps + 3pie QUQ)
+2kakipret (Skapa + 5pre ) + 3k3pie™ )
— 3282V (62¢ (k1 (2k2p2 —|—pleU2) + kgpleUl) — 2¢V a'z) +64B* ,

N =128Ba’eVt~2¢ ( Ut (€2¢ (k:l (2k2p2 +pleU2) + kgpleUl) — 26U"a'2) — 282) .
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AAdS Case

Equation of motion

0=¢"+ ie‘ld’&'QUf +UE +UJ,
0= imHe’UA’UB (kanUB - kl) + (29 (2U4 — 1) + 2¢") Up + g2Up ,
0=—42'Q%* "4 4 (—4z2Uf42 + 162U + 422U + 42°¢"% + 22 — 12) g
+ 12 + 2p1zH67UA (klerB + kzeUB) + 4k1k2H222p2672UA + 4z (1 — zU,'L;) g,
0=pi(¢)He YA (kie™ VP + koeB) + 2k1 kophy (¢) H? e VA
+ Q%A - %gzewé& + (292U% + 29" — 29) ¢' + 929",
0= (29 (2U4 +22¢' — 1) + 2g") @ + gzd",

where we define Uy = Uy + Upg and Us = Uy — U
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Isotropic Background Solutions when H, p1, p2 is constant

9(2) Ua(2)
10 2
02 04 0. 1.0
08
-0.01
06
-0.02
04
02 -0.03
02 04 06 08 10 “-0.04
(2
05,
04
03
02
0.1
: 2
02 04 06 08 10

Figure: Fix k1 = k2 = 0.1 with x = 0.001 (Black), and x = 0.15 (Blue), k = 0.75
(Red), k = 1.35 (Orange), and « = 1.81 (Purple)
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Anisotropic Background Solutions H = 2™ with n = 1, and p1, p2 is constant

92
()
10
08 08
06 06
04 04
0.2 02
0.2 0.4 0.6 0.8 10° T 0.2 04 06 08 10
Ua(2)
Us(2)
z
0.2 1.0 0,025
-0.02
0.020
-0.04
0.015
-0.06
0.010
-0.08
010 0.005
-0.12 ¥ 0.2 0.4 0.6 0.8 107

Figure: Fix k1 = 0.1, k2 = 0.4 with x = 0.0003 (Black), and ~ = 0.008 (Blue),
k = 0.165 (Red), k = 1.5 (Orange), and k = 2.9 (Purple)
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