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Numerical Relativity



Globally Hyperbolic Spacetime

• A spacelike hypersurface Σ is Cauchy 
surface if its domain of dependence is 
the whole spacetime ℳ.

• ℳ is globally hyperbolic if it admit a 
Cauchy surface.

• A global time function, 𝑡, can be 
chosen on ℳ such that each surface of 
constant 𝑡 is a Cauchy surface.



Geometry of Foliations

• Cauchy surface : Σ𝑡

• Lapse function : 𝑁 = 1/ −∇𝑎𝑡∇
𝑎𝑡

• Normal vector : 𝑛𝑎 = −𝑁∇𝑎𝑡

• Normal evolution vector : 𝑚𝑎 = 𝑁𝑛𝑎 →  𝛻𝑎𝑡,𝑚
𝑎𝛿𝑡 = 𝛿𝑡

• Shift vector : 𝜕/𝜕𝑡 𝑎 = 𝑚𝑎 + 𝛽𝑎

• Induced metric : 𝛾𝑎𝑏 = 𝑔𝑎𝑏 + 𝑛𝑎𝑛𝑏

• Extrinsic curvature : 𝐾𝑎𝑏 = −𝛾𝑐
𝑎∇𝑐𝑛𝑏 = − 2𝑁 −1ℒ𝑚𝛾𝑎𝑏

• Derivative operator : 𝐷𝑐𝑇𝑎𝑏 = 𝛾𝑑
𝑎𝛾

𝑒
𝑏𝛾

𝑓
𝑐∇𝑓𝑇𝑑𝑒



3+1 Decomposition

• Einstein equation : 𝐺𝑎𝑏 = 𝑅𝑎𝑏 −
1

2
𝑔𝑎𝑏𝑅 = 8𝜋𝑇𝑎𝑏

• Hamiltonian constraint (𝑛𝑎𝑛𝑏)

•
(3)

𝑅 + 𝐾2 − 𝐾𝑎𝑏𝐾
𝑎𝑏 = 16𝜋𝐸

• Momentum constraint (𝑛𝑎𝛾𝑏
𝑐)

• 𝐷𝑏𝐾
𝑏
𝑐 − 𝐷𝑐𝐾 = 8𝜋𝑝𝑐

• Evolution equation (𝛾𝑎
𝑐𝛾

𝑏
𝑑) 

• ℒ𝑚𝐾𝑎𝑏 + 𝐷𝑎𝐷𝑏𝑁 − 𝑁
(3)

𝑅𝑎𝑏 + 𝐾𝐾𝑎𝑏 − 2𝐾𝑎𝑐𝐾
𝑐
𝑏 = 4𝜋𝑁 𝑆 − 𝐸 𝛾𝑎𝑏 −

Σ𝑡

𝑛𝑎

𝑣𝑎

𝑛𝑎 −𝑛𝑏𝑣
𝑏

𝛾𝑎
𝑏𝑣

𝑏



Initial Value Formulation

• Initial data : 𝛾𝑎𝑏 , 𝐾𝑎𝑏 , 𝐸, 𝑝𝑎 on Σ which satisfy 
constraint equations.

• If the initial data are given once, we can always 
uniquely develop a spacetime, ℳ, which starts 
from the data and satisfies the Einstein equation. 
[Y. Choquet-Bruhat, R. Geroch (1969)]

• ℳ is globally hyperbolic with Cauchy surface Σ.

• 𝛾𝑎𝑏 and 𝐾𝑎𝑏 are induced metric and extrinsic 
curvature of Σ.



Conformal Transverse-Traceless Method

• Traceless decomposition

• 𝐾𝑎𝑏 = 𝐴𝑎𝑏 +
1

3
𝛾𝑎𝑏𝐾

• Conformal decomposition
• 𝛾𝑎𝑏 = Ψ4  𝛾𝑎𝑏, 𝐴𝑎𝑏 = Ψ−2  𝐴𝑎𝑏

• Transverse/longitudinal decomposition
•  𝐴𝑎𝑏 =  𝐴𝑎𝑏

𝐿 +  𝐴𝑎𝑏
𝑇𝑇 ( 𝐷𝑏  𝐴𝑎𝑏

𝑇𝑇 = 0)

• York decomposition

•  𝐴𝑎𝑏
𝐿 =  𝐿𝑋

𝑎𝑏
=  𝐷𝑎𝑋𝑏 +  𝐷𝑏𝑋𝑎 −

2

3
 𝛾𝑎𝑏

 𝐷𝑐𝑋𝑐

𝛾𝑎𝑏 (6)
 𝛾𝑎𝑏 (5)

Ψ (1)

𝐾𝑎𝑏 (6)

𝐾 (1)

 𝐴𝑎𝑏
𝑇𝑇 (2)

𝑋𝑎 (3)



Constraint Equation in CTT Form

•  𝐷𝑎 𝐷𝑎Ψ =
1

8
Ψ  𝑅 −

1

8
 𝐴𝑎𝑏

 𝐴𝑎𝑏Ψ−7 +
1

12
𝐾2Ψ5 + 16𝜋  𝐸Ψ−3

•  𝐷𝑏 𝐷𝑏𝑋𝑎 +
1

3
 𝐷𝑎

 𝐷𝑏𝑋𝑏 = −  𝑅𝑎
𝑏
𝑋𝑏 +

2

3
Ψ6 𝐷𝑎𝐾 + 8𝜋  𝑝𝑎

• With conformal flatness ( 𝛾𝑎𝑏 = 𝑓𝑎𝑏),

• ΔΨ = −
1

8
 𝐴𝑎𝑏

 𝐴𝑎𝑏Ψ−7 +
1

12
𝐾2Ψ5 + 16𝜋  𝐸Ψ−3

• Δ𝑋𝑎 +
1

3
 𝐷𝑎

 𝐷𝑏𝑋𝑏 =
2

3
Ψ6 𝐷𝑎𝐾 + 8𝜋  𝑝𝑎



ADM Quantities

• Asymptotic flatness (when 𝑟 → ∞)

• 𝛾𝑖𝑗 = 𝑓𝑖𝑗 + 𝑂 𝑟−1 𝜕𝛾𝑖𝑗

𝜕𝑥𝑘 = 𝑂 𝑟−2

• 𝐾𝑖𝑗 = 𝑂 𝑟−2 𝜕𝐾𝑖𝑗

𝜕𝑥𝑘 = 𝑂 𝑟−3

• 𝐻𝐴𝐷𝑀 = −2 
𝑆

𝑁 𝜅 − 𝜅0 + 𝛽𝑖 𝐾𝑖𝑗 − 𝐾𝛾𝑖𝑗 𝑠𝑗 𝑞𝑑2𝑦

• 𝑀𝐴𝐷𝑀 = −
1

8𝜋
lim𝑆→∞  𝑆 𝜅 − 𝜅0 𝑞𝑑2𝑦

• 𝑃𝑘
𝐴𝐷𝑀 =

1

8𝜋
lim
𝑆→∞

 
𝑆

𝜕/𝜕𝑥𝑘 𝑖
𝐾𝑖𝑗 − 𝐾𝛾𝑖𝑗 𝑠𝑗 𝑞𝑑2𝑦

• 𝐽𝑘
𝐴𝐷𝑀 =

1

8𝜋
lim
𝑆→∞

 𝑆 𝜙𝑘
𝑖 𝐾𝑖𝑗 − 𝐾𝛾𝑖𝑗 𝑠𝑗 𝑞𝑑2𝑦,     𝜙𝑖 = 𝜖𝑖𝑗𝑘𝑥

𝑗 𝜕/𝜕𝑥𝑘



Elementary Black Hole Solution

• Vacuum :  𝐸 = 0 =  𝑝𝑖

• Conformal Flatness :  𝛾𝑖𝑗 = 𝑓𝑖𝑗

• Time-symmetric : 𝐾𝑖𝑗 = 0

• ΔΨ = 0

• → Ψ = 1 +
𝑀

2𝑟

• → 𝑑𝑙2 = 1 +
𝑀

2𝑟

4
𝑑𝑟2 + 𝑟2𝑑Ω2



Bowen-York Solution

• Vacuum :  𝐸 = 0 =  𝑝𝑖

• Conformal Flatness :  𝛾𝑖𝑗 = 𝑓𝑖𝑗

• Maximal slicing : 𝐾 = 0

• No TT part :  𝐴𝑖𝑗
𝑇𝑇 = 0

• ΔΨ = −
1

8
 𝐿𝑋

𝑖𝑗
 𝐿𝑋

𝑖𝑗
Ψ−7

• Δ𝑋𝑖 +
1

3
 𝐷𝑖

 𝐷𝑗𝑋𝑗 = 0

• → 𝑋𝑖 = −
1

4𝑟
7𝑃𝑖 + 𝑙𝑖𝑙𝑗𝑃

𝑗 −
1

𝑟2 𝜖𝑖𝑗𝑘𝑆
𝑗𝑙𝑘 −

1

𝑟4 −𝑄𝑖 + 3𝑙𝑖𝑙𝑗𝑄
𝑗



Finite Difference Method

• 𝑥𝑖 = 𝑥0 + 𝑖ℎ, 𝑦𝑖 = 𝑦0 + 𝑖ℎ, 𝑧𝑖 = 𝑧0 + 𝑖ℎ

• 𝑢 𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖 → 𝑢𝑖𝑗𝑘

• 𝜕𝑥𝑢 𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖 →
𝑢𝑖+1,𝑗𝑘−𝑢𝑖−1,𝑗𝑘

2ℎ

• 𝜕𝑥
2𝑢 𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖 →

𝑢𝑖+1,𝑗𝑘+𝑢𝑖−1,𝑗𝑘−2𝑢𝑖𝑗𝑘

ℎ2

• Δ𝑢 𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖 →
𝑢𝑖+1,𝑗𝑘+𝑢𝑖−1,𝑗𝑘+𝑢𝑖,𝑗+1,𝑘+𝑢𝑖,𝑗−1,𝑘+𝑢𝑖𝑗,𝑘+1+𝑢𝑖𝑗,𝑘−1−6𝑢𝑖𝑗𝑘

ℎ2



Linear System

• Δ𝑢 = 𝑓 → A𝐮 = 𝐟

•
1

ℎ2

−2 1
1 −2

0 ⋯ 0
1 0

0 0
0 0

⋮ ⋱ ⋮
0 0
0 0

0 1
0 ⋯ 0

−2 1
1 −2

𝑢1

𝑢2

⋮
𝑢𝑁−2

𝑢𝑁−1

=

𝑓1 − 𝑢0/ℎ
2

𝑓2
⋮

𝑓𝑁−2

𝑓𝑁−1 − 𝑢𝑁/ℎ2

• 𝐮 = 𝐴−1𝐟



Gauss-Seidel Method

index 0 1 ⋯ 𝑖 − 1 𝑖 𝑖 + 1 ⋯ 𝑁

field 𝑢0
(𝑘+1)

𝑢1
(𝑘+1) ⋯ 𝑢𝑖−1

(𝑘+1)
𝑢𝑖

(𝑘)
𝑢𝑖+1

(𝑘) ⋯ 𝑢𝑁
(𝑘)

𝑢𝑖
(𝑘+1)

← 𝑢𝑖−1
(𝑘+1)

+ 𝑢𝑖+1
𝑘

− 𝑓𝑖ℎ
2 /2



Lattice Universe with 
Rotating Black Holes



Lattice Universe

• The toy model for inhomogeneous cosmology.

• The list of all possible methods that tile 3-spaces with 
identical regular polyhedral cells.
Cell shape

The number of 
adjacent cells at edge

Background 
curvature

Total number of 
cells

Tetrahedron 3 + 5

Cube 3 + 8

Tetrahedron 4 + 16

Octahedron 3 + 24

Dodecahedron 3 + 120

Tetrahedron 5 + 600

Cube 4 0 ∞

Cube 5 - ∞

Dodecahedron 4 - ∞

Dodecahedron 5 - ∞

Icoshedron 3 - ∞ Tiling 8 cubic cells [E. Bentivegna, M. Korzynski (2012)]

periodic boundary condition



Black hole universe

• Black hole universe is lattice of black holes.

• The solutions of black hole universe up to now.

Method Type of universe Initial data Evolution

Approximate
Closed R. W. Lindquist, J. A. Wheeler (1959)

Flat / Open T. Clifton, P. G. Ferreira (2011)

Analytic
Closed (5 cells) J. A. Wheeler (1983) -

Closed (all possible cases) T. Clifton et al. (2012) -

Numerical

Closed (8 cells) E. Bentivegna, M. Korzynski (2012)

Flat C. M. Yoo et al. (2012) C. M. Yoo et al. (2013)

Flat with 𝛬 C. M. Yoo, H. Okawa (2014)

Flat with rotating black holes C. Park, G. W. Kang (2015) -



Our Model

• Assumption : vacuum (𝑇𝑎𝑏 = 0), conformal flatness ( 𝛾𝑎𝑏 = 𝑓𝑎𝑏), 
minimum GW (  𝐴𝑎𝑏

𝑇𝑇 = 0)

• Our choice : maximal slice near puncture (𝐾 = 0), asymptotic 
flatness at the puncture.

Puncture
𝑂 = (0,0,0)

2𝐿

periodic boundary condition

𝜙 𝑥 + 2𝐿, 𝑦, 𝑧 = 𝜙 𝑥, 𝑦, 𝑧
𝜙 𝑥, 𝑦 + 2𝐿, 𝑧 = 𝜙(𝑥, 𝑦, 𝑧)
𝜙 𝑥, 𝑦, 𝑧 + 2𝐿 = 𝜙(𝑥, 𝑦, 𝑧)

<numerical domain>
𝒟 = 𝑥, 𝑦, 𝑧 | − 𝐿 ≤ 𝑥, 𝑦, 𝑧 ≤ 𝐿 −  𝑂}

leading order solutions
of Bowen-York spinning black hole

Ψ →
𝑀

2𝑟
+ 1

𝑋𝑖 → −
1

𝑟2
𝜖𝑖𝑗𝑘𝑆

𝑗𝑥𝑘

𝐾 = −3𝐻𝑒𝑓𝑓𝑊(𝑟)

𝑊(𝑟)

𝑙 𝑙 + 𝜎



ADM Quantities

• Kelvin transformation

• 𝑟  𝑟 = 𝑎2, 
𝑥𝑖

𝑟
=

 𝑥𝑖

𝑟

• 𝑓𝑎𝑏 =
𝑎

 𝑟

4
 𝑓𝑎𝑏

• 𝛾𝑎𝑏 =  Ψ4  𝑓𝑎𝑏, 𝐴𝑎𝑏 =  Ψ−2  𝐴𝑎𝑏

• 𝑀𝐴𝐷𝑀 = −
1

2𝜋
lim  𝑟→∞  

𝜕  Ψ

𝜕  𝑟
 𝑟2 sin 𝜃 𝑑𝜃𝑑𝜙 = 𝑀

• 𝑃𝐴𝐷𝑀
𝑖 =

1

8𝜋
lim
 𝑟→∞

  Ψ−2𝛿𝑖𝑗  𝐴𝑗𝑘
 𝑙𝑘  𝑟2 sin 𝜃 𝑑𝜃𝑑𝜙 = 0

• 𝐽𝐴𝐷𝑀
𝑖 =

1

8𝜋
lim
 𝑟→∞

  Ψ−2  𝑟 −𝜖𝑗𝑖𝑙  𝑙𝑙  𝐴𝑗𝑘
 𝑙𝑘  𝑟2 sin 𝜃 𝑑𝜃𝑑𝜙 = 𝑆𝑖



Numerical Solutions



Integrable compatibility conditions

• Momentum constraints

•  𝒟 𝜕𝑗  𝐿𝑋
𝑖𝑗
𝑑𝑥3 =

2

3
 𝒟 Ψ6𝜕𝑖𝐾𝑑𝑥3

• Both sides vanish automatically.

• Hamiltonian constraint

•  𝒟 ∆Ψ𝑑𝑥3 = −2𝜋  𝒟
1

16𝜋
 𝐿𝑋

𝑖𝑗  𝐿𝑋
𝑖𝑗
Ψ−7𝑑𝑥3 +

3

4
𝐻𝑒𝑓𝑓

2  𝒟 𝑊2Ψ5𝑑𝑥3

• 𝐻𝑒𝑓𝑓
2 =

8𝜋

3

𝑀

𝑉
+

𝑀𝐾

𝑉

• 𝑀𝐾 =  𝒟
1

16𝜋
 𝐿𝑋

𝑖𝑗  𝐿𝑋
𝑖𝑗
Ψ−7𝑑𝑥3

• 𝑉 =  𝒟 𝑊2Ψ5𝑑𝑥3
effective Friedmann equation



Parameters of the solutions

• 𝐿 : coordinate length of the cube

• 𝑆𝑖 : spin parameter of black hole

• 𝐻𝑒𝑓𝑓 : effect Hubble expansion rate near surfaces of box.

• It is determined by effective Hubble equation: 𝐻𝑒𝑓𝑓
2 =

8𝜋

3

𝑀

𝑉
+

𝑀𝐾

𝑉

• 𝑀 : ADM mass of black hole with respect to puncture.
• It can be eliminated by

• 𝑥𝑖 → 𝑥𝑖/𝑀, 𝐿 → 𝐿/𝑀, 𝑙 → 𝑙/𝑀, 𝜎 → 𝜎/𝑀

• 𝐻𝑒𝑓𝑓 → 𝑀𝐻𝑒𝑓𝑓, 𝑀𝐾 → 𝑀𝐾/𝑀, 𝑉 → 𝑉/𝑀3

• 𝑆𝑖 → 𝑆𝑖/𝑀2



Ψ − M/2r on 𝑧 = 0



𝑋𝑖 + 𝜖𝑖𝑗𝑘𝑆𝑗𝑥𝑘/𝑟^3(1 − 𝑊) on 𝑧 = 0



Analysis I
The cosmology from the Eulerian observers located at box sides.



Cosmology at the box surfaces

• We regard the Eulerian observers 
(𝑛𝑎) at the box surfaces as 
cosmological comoving observers.

• 𝐻𝑒𝑓𝑓 : Hubble expansion of 𝑛𝑎

• By effective Friedmann equation.

• 𝐻𝑒𝑓𝑓
2 =

8𝜋

3

𝑀

𝑉
1 +

𝑀𝐾

𝑀
→

8𝜋

3

𝑀

𝑉
(Einstein de Sitter with 𝑀/𝑉)

𝑁𝐵𝐻 =
4𝜋

3
𝐻𝑒𝑓𝑓

−3 /𝑉

effective number of black holes 
in cosmological horizons



Analysis II
The cosmology from the Eulerian observers located at vertex.



Anisotropy of Physical Length of Edges

𝑎𝐿
(𝑥)

𝑎𝐿
(𝑧)

𝑎𝐿
(𝑖)

=  
−𝐿

𝐿

Ψ2 𝑥𝑗 = 𝐿, 𝑥𝑘 = 𝐿 𝑑𝑥𝑖



Kasner Universe

• Bianchi Universe : Homogeneous, but anisotropic.

• Kasner Universe : Bianchi Type I
• Spatially flat.

• Admit global coordinate.

• No vorticity of commoving observer.

• 𝑑𝑠2 = −𝑑𝑡2 + 𝑡2𝑝1𝑑𝑥2 + 𝑡2𝑝2𝑑𝑦2 + 𝑡2𝑝3𝑑𝑧2

• 𝐾 = −
𝑝1+𝑝2+𝑝3

𝑡



Averaged metric over the box surfaces

• For 𝑥𝑖 , 𝑥𝑗 , 𝑥𝑘 such that 𝜖𝑖𝑗𝑘 ≠ 0,

• ℓ𝑖 =  −𝐿

𝐿
Ψ2 𝑥𝑗 = 𝐿, 𝑥𝑘 = 𝐿 𝑑𝑥𝑖 : physical length of −𝐿 < 𝑥𝑖 < 𝐿

• 𝒜𝑖𝑗 =  −𝐿

𝐿
 −𝐿

−𝐿
Ψ4 𝑥𝑘 = 𝐿 𝑑𝑥𝑖𝑑𝑥𝑗 : physical area of −𝐿 <

𝑥𝑖 , 𝑥𝑗 < 𝐿

• We define averaged metric  𝛾𝑖𝑗 as

• ℓ𝑖 =  𝛾𝑖𝑖(2𝐿)

• 𝒜𝑖𝑗 =  𝛾𝑖𝑖  𝛾𝑗𝑗 −  𝛾𝑖𝑗
2 2𝐿 2

• Eigenvalues of  𝛾𝑖𝑗 : 𝜆1, 𝜆2, 𝜆3



 𝛾𝑖𝑗 mimics Kasner universe

• Let us we set
• 𝑡2𝑝𝑖 = 𝜆𝑖

• 𝐾 = −3𝐻𝑒𝑓𝑓

• Then, we can get 𝑝𝑖 , 𝑡.

• Numerical results : not yet.



Thank you for your listening


