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All is forgiven ?

Physical cosmology has been formulated in terms of effective
field theories coupled to general relativity.

Everything is allowed in cosmology.

No genetic origin of inflaton(s) and ad hoc inflation potential
for cosmic inflation

Alternative, predictive model for the cosmic inflation?

Advertisement: Recently a background-independent formulation of cosmic
Inflation was formulated in terms of matrix quantum mechanics.

Emergent Spacetime and Cosmic Inflation | & 11, arXiv:1503.00712
Cosmic Inflation from Emergent Spacetime Picture, arXiv:1610.00712



Cosmic Inflation from Yang-Mills Instantons

We consider an eight-dimensional Einstein-Yang-Mills theory to
explore whether Yang-Mills instantons formed in extra dimensions
can trigger a cosmic inflation in our four-dimensional spacetime.
We first observe that the Yang-Mills instantons in extra dimensions
and isometric in four-dimensional spacetime acts as a (quantized)
cosmological constant for the four-dimensional Einstein gravity.
As a result, the cosmic inflation in our four-dimensional spacetime
can be triggered by the Yang-Mills instantons whereas the extra
dimensions are dynamically compactified since the eight-
dimensional spacetime must be Ricci-flat. Furthermore we want to
examine whether the back-reaction from Yang-Mills instantons in
extra dimensions can be used for the graceful exit from the inflation
a.k.a. reheating mechanism.




2 Yang-Mills instantons and quantized cosmological constant

Consider an eight-dimensional spacetime Mg whose metric is given by
ds? = GundXMdXN = E4 @ EA, (2.1)

where XM = (", 4%), M\N =0.1,--- ., T;p.v = 0,1,2,3: . 3 = 4, 5,6, 7, are local coordinates
on Mgand 4 = (E™, E*) A, B=0,1,---,T;m,n =10,1,2,3;a,b = 4,5,6,7, are orthonormal
vielbeins in ['(T* Ms). Let 7 : E — M5 be a g-bundle over Mg whose curvature is defined by

1 :

F = dA+ANA=gFyy (X)dXM mdx™ (2.2)
1/, M N

= 3 (aﬂ_, Ay — Oy Ap + [Aunr, Ahr])dxl AdX (2.3)
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where A = A% (X)7'dXM = (A, (z,y)dz", As(x,y)dy®) is a connection one-form of the g-bundle

E and 7 (z =1,---, rank(g)) are Lie algebra generators obeying the commutation relation
(7, 7] = f7R". (2.4)
We choose a normalization Tr7'7/ = —§%. The action for the eight-dimensional Yang-Mills theory

on a curved manifold My is then defined by

1

Sy ur / BXN-GTeGMPGNC oy Fipg. (2.5)
Ms

In order to appreciate whether Yang-Mills instantons formed in extra dimensions give rise to a
vacuum energy which triggers a cosmic inflation in the four-dimensional spacetime, let us consider a
simple geometry Mg = M3 x X4 with a product metric

ds? = GundXMdXN = g,,(v)dv"dz” + has(y)dy“dy”
= E"QE™+ E°® E° (2.6)

For this product geometry, the action (2.5) takes the form

1
Sy = 173 /M Ao/ =g i dyv/ T (g“”gp”Fw,ch, + 2" RO F L Fyg + hmhﬁ‘;FalgFWg).
YM 3,1 4
2.7)
We are interested in the gauge field configuration given by
AH(I,y) = 07 AOt(x?y) = Aa<y)7 (28)
for which the above action reduces to
1 4 4 \/_ ay 1,36
Sy = a2 d*x\/—g d*yVhTrh* W7 FL g Fls. (2.9)
YM JMs X4

The problem is if there exists any gauge field configuration for which the four-dimensional action
along the internal space X, becomes a nonzero constant, i.e.,

I, = —/ d*yVRTrh® W F, 3 F, 5 = constant. (2.10)
X4

It is well-known that the four-dimensional gauge fields satisfying the condition (2.10) are precisely
Yang-Mills instantons obeying the self-duality equation

1 g&mdé

Fopg=+——=hach
afB 2 Vh ag'tBn

Fls. 2.11)

In this case, I,, = 327?n with n € N and the action (2.9) can be written as

1
/ d*zv/—gl,. (2.12)
M3 1

Sy = ——
YM 4G%/M
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Since [G%-),] = L* in eight dimensions, it may be instructive to rewrite (2.9) as

B 1
87TG4

Sy = / d*z/—gA (2.13)
M3 1

where (G4 is the four-dimensional Newton constant and

. 27TG4
Giu

A I, (2.14)

has the correct dimension of the cosmological constant in four dimensions, i.e., [A] = L=2.' There-
fore we see that the Yang-Mills instantons in Eq. (2.10) generate the coupling with the quantized
cosmological constant A in the four-dimensional spacetime.

In conclusion, if Yang-Mills instantons are formed in X, their instanton number behaves like
a (quantized) cosmological constant in M3 ;. Hence it is reasonable to expect that the Yang-Mills
instantons in the internal space generate a cosmic inflation in our four-dimensional spacetime. In next
section we will examine this idea.

3 Cosmic inflation from Yang-Mills instantons

In order to investigate whether Yang-Mills instantons in the internal space X, can trigger the cosmic
inflation in the four-dimensional spacetime M3 1, let us consider the eight-dimensional Yang-Mills
theory (2.5) coupled to Einstein gravity. It is described by the Einstein-Yang-Mills theory with the
total action

1
S = / E*XV—-GR+ Syy (3.1)
167TG8 Ms
where (g is the eight-dimensional gravitational constant. The gravitational field equations read as
1
RMN — QGMNR = 87TG8TMN (32)
with the energy-momentum tensor given by
1 1
Tary = = Tr(GPQFMpFNQ — —GMNFPQFPQ>. (3.3)
Gyum 4

The action (2.5) leads to the equations of motion for Yang-Mills gauge fields
GMNDyFyp =0, (3.4)

where the covariant derivative is defined with respect to both the Yang-Mills and gravitational con-
nections, 1.e.,
Dy Fnp = 0mFnp — TunFop — Tup@Fng + [Au, Fpl (3.5)

"f [G% /] = Mg where Mgyr ~ 106 GeV is the energy scale of grand unified theory (GUT), v/A > 10 GeV.

Hence the Yang-Mills instantons in the GUT scale are eligible for a source of the cosmic inflation.
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and T'y;nT is the Levi-Civita connection. Therefore we need to show that the cosmic inflation trig-
gered by the Yang-Mills instantons satisfies both (3.2) and (3.4).
In order to find a solution, consider an ansatz for an eight-dimensional metric

ds* = GundXMdXN = g, (x)dz"dz” + 2@ hyg(y)dy®dy®
= gu(v)datdx” + Ea5($, y)dy®dy”. (3.6)

We also denote the corresponding vielbeins by
ds? = GundXMdXN =E™ @ E™ + E*® E°, (3.7)

where

E™=FE™  E*=¢@Ee (3.8)
Although we are considering a warped product metric (4.1), the separation such as Eq. (2.7) is still
valid and the action for the configuration (2.8) reduces to

1

Syar = ——
YM 4G%/M

/ d'z/—=g | dyVhTrh® WP F5F.s, (3.9)
M3 1 X4

where we used the fact that the action (2.10) is invariant under the Weyl transformation h,g —
e2/(®)h,5. Then one can see that the equations of motion (3.4) take the simple form

h**’ D, Fs, = 0. (3.10)

It is easy to show that Eq. (4.5) is automatically satisfied as far as the gauge fields obey the self-duality
equation (2.11). In consequence, the Yang-Mills instantons satisfy the equations of motion (3.4) even
in a warped spacetime with the metric (4.1).

The energy-momentum tensor (3.3) is determined by the Yang-Mills instantons and one finds that

1

T = ———5—Gu Tt E g FP
: 4G,
_ Y6 Y6\ —
v = Tr(h FoyFas = JhasFisF ) ~0, 3.11)
Y M
T =0,

where g, (z) = e"#@g, () and all indices are raised and lowered with the original metric (2.6).
We used the fact that the energy momentum tensor identically vanishes for an instanton solution
satisfying Eq. (2.11). Note that the energy-momentum tensor 7,,, can be written as the form

T = (@) pn(y), (3.12)



where p,,(y) is the instanton density in X4 which is uniform along the four-dimensional spacetime
Ms 1. Hence T}, effectively acts as a cosmological constant in M3 ; as we observed in the previous
section. In the end, the gravitational field equations (3.2) read as

1
ij — §guyR = 87TG8TM,/, (313)
Rua=0,  Ras=0. (3.14)

For the warped product geometry (3.6), the Ricci tensor is given by
Ry = RY) — 4NV, f +0,f0.f),
Rag = RY) — (V2 f + 49" 0, f0, f)e* @hg, (3.15)
R, =0,

where RELOV) and Rgg are the Ricci tensors when f = 0 and V,(f ) is a covariant derivative with respect
to the metric g, (z). And the Ricci scalar is

R = Ry + e '@ Ry — 8V, f — 209", f0,f, (3.16)

where I, and R, are the Ricci scalars of the metrics g, and h,3 when f = 0, respectively.
For the ansatz (3.6), the Einstein equations can thus be written as the form

R~ S0 B ~ A(V00,1 +0,f0.)
+2(V2, f + g7 0,f0, f — 4mGse ™ @ p,(y)) g = 0, (3.17)
RY) = (V2 f + 49" 0, f0, )X Dhyg. (3.18)
If the four-dimensional metric is given by
g = diag( — 1, 2t e20), (3.19)

the Einstein tensor for the metric (3.19) is given by

1
R/{L(I)) - égul/R(g) = _3H2g,uw (320)

Instead, if we consider a different ansatz for an eight-dimensional metric

ds? = GyundXMdXY = 2 Wg  (x)datdz” + hos(y)dy®dy”, (3.21)

the energy-momentum tensor (3.3) is given by

TV:_—NVTFO( FaIB7
2 4G§,Mg” I'lap
1 1
Tup = T (W Fuy Fas — JhasFrsF?*) = 0, (3.22)
Y M
Tyo =0,



where g, (z) = ¢2®g,,(r). For the warped geometry with the metric (3.21), the corresponding
Ricci tensor is given by

RMV = RELOV) - (v?h)f + 4haﬁaafaﬁf)62f(y)glw’
Rag = RY) — A(VP0sf + 0afsf). (3.23)
R,o =0,

where R,(PV) and R,(;YOB) are the Ricci tensors when f = 0 and v is a covariant derivative with respect

to the metric h,s3(y). And the Ricci scalar is

R=e*WRy + Ryy — 8V [ — 200°7 0, fOsf, (3.24)

where R4 and R are the Ricci scalars of the metrics g, and h,s when f = 0, respectively.
For the latter ansatz, the Einstein equations can be written as the form

1
Rl(fy) — §R(g)g,w + (V%h)f + 4h0"88af85f — SWGgpn(y))GQf(y)gW =0, (3.25)
RY) = 4(V D05 f + 00 f51). (3.26)

If the four-dimensional metric is given by
G = diag( — 1,2t 2t eQHt), (3.27)
the first equation (3.25) is reduced to the following differential equation

Vi S +4h 005 f — 8nGspa(y) — 3H e W) = 0. (3.28)

4 Different Ansatz

In order to find a solution, let us examine a different ansatz for an eight-dimensional metric
ds* = GundXYdX"N = k(z,y)? (gm,(:lr)d:v“dx” + 62f(x)ha,3(y)dyadyﬁ>
= gu(z,y)dz"dz” + Eaﬁ(x, y)dyo‘dyﬁ. 4.1)
We also denote the corresponding vielbeins by
ds? = GundXMdXV =FE" @ E™ + E* @ E*, 4.2)

where

E™ =k(z,y)E™,  E%=k(z,y)e’@E". (4.3)



Although we are considering a general ansatz (4.1), the separation such as Eq. (2.7) is still valid and
the action for the configuration (2.8) reduces to

1
Sym = —5— / d'z / d*y/—gVhTh* hP F s F. s, (4.4)
4GYM M3 1 X4

where we used the fact that the action (2.10) is invariant under the Weyl transformation h,z —
k(x,y)%e*@h,s. Then one can see that the equations of motion (3.4) take the simple form

1
h*? Do Fg, + 51:;58%*2 =0. (4.5)
It is easy to show that Eq. (4.5) is automatically satisfied as far as the gauge fields obey the self-duality
equation (2.11). In consequence, the Yang-Mills instantons satisfy the equations of motion (3.4) even
in a general spacetime with the metric (4.1).
The energy-momentum tensor (3.3) is determined by the Yang-Mills instantons and one finds that

1

T = =773 k(x, y)_4€_4f(x)§/w($a y)TrFaﬂFaﬁ,
k(w,y) 22/ 5 1 5
Tup = =2 Tt (W9 Far Fis = hasFraF™) =0, (4.6)
Y M
Tho =0,

where all indices of gauge fields are raised and lowered with the original metric (2.6). We used the
fact that the energy momentum tensor identically vanishes for an instanton solution satisfying Eq.
(2.11). Note that the energy-momentum tensor 7,,, can be written as the form

Tuu = k(l’, 9)72674“90)1071(3/)9#1/(55)7 (47)

where p,,(y) is the instanton density in X, which is uniform along the four-dimensional spacetime
M3 1. In the end, the gravitational field equations (3.2) read as

1_
R, — ggw,R = 871G T, (4.8)
Ru=0,  Rus=0. 4.9)

Let us denote the metric (4.1) by Gyn = k(x, y)Q@M ~- Then we have the relation for the Weyl
transformation:

_ 1 -
Tan’ =Ty’ + E(5ﬂ3Nk + 00wk — Gun0"k),

— 1 — 1, — _
Byny = Ryun + ﬁ(128Mk;8Nkz — 5GMN8P]€8P/€) — E(6VM8N]€ + GMND]{Z), (4.10)
1—- 14 M _



where the barred quantities are evaluated with the metric Gun,e. g., Ok = ﬁ@M (\/ —@MN(?N k:) .

Since the metric G,y takes the form of a warped product geometry, the corresponding Ricci tensor

is given by
Ry = RY) —4(VD0,f + 0,f0,f),
Rap = RY) — (V3 f + 49" 0,10, f)e @ hog, .11
Fpa = 07

where RLOZ,) and REYOB) are the Ricci tensors when f = 0 and Vﬁg )is a covariant derivative with respect
to the metric g, (z). And the Ricci scalar is

R =Ry +e ¥ PRy) — 8V} f —20g"0,f0,f, (4.12)

where R, and R are the Ricci scalars of the metrics g, and h,3 when f = 0, respectively. With
this notation, the Laplacian in Eq. (4.10) is expressed as

Ok = Vi k + e OV k + 49" 0, f0, k. (4.13)

5 Discussion
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