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I. Introduction

#3 dimensional gravitg theorg

graviton modes, conserved charges of black holes ...
AdS/CFT corresponclence

bU”( VS. bounclarg ClEﬂSh

# How to get mass and angular momentum of black hole in 3_dimensions
Brown-York
Wald formalism

Abbott-Deser-Tekin (ADT)

Yi=-covariant c]uasi local charge

- e
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*Fierz-Pauli Lagrangian: Lpp = _A{l.gWgW(k) 1 %MQ(kaW - k2)}

LFP:—AM(]C+D]€++MEI{?+ Xk’+)—|—AM(]€_Dk_—Mék'_ Xk'_)

pul?

* : . S (2) = A
Tol:)ologlcang massive gravity : Ly, ~ 22 1) p- Dp+ope-p X p|
2
e (no tachgon condition) A= — 2(M2(2§ ) > (0 (no ghost condition)

: , .
smgle Hladssive state - M — g1 central charges L CL R % (0 o ﬁ)

*New massive gravitg :

2 e 1% 1 1% 1 v
EEV%WG ~ —ok" G (k) + o (pu G (D) + 5/\42(],# Prv = p2))
massive state : M2 = 2 (0‘ i ﬁ) — —om2 >0 (nho tachgon condition)
bt (no ghost condition)
central C arges: EL R ﬁ(O’ = W)

AT v Tt 7
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*Minimal massive gravitg :

. , 1 2
field equatlon :  Cw + G + Moguw = —%JW
U
Jos ! ple 1805
B 2detg€“ Dy

W detgN o — —e”pJSpTCm —- %e”paSpT saaef]

i
Juv =85,/ Spp — 55 — §g/w(sp05p0 -
MMG action : LMMGzLTMG+%e-hx h
i alo/ = a’No/p? o
0_J+a[1+2(1+0a)2} i = 1+0&—4(1+0a)2] - (1 o)
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O R .

: ' OéAQ
massive mode : M = [o(1 + 0a) — aClp = +ou(l + Ua)\/l oonEe
M2 —1
B > fol Do >0

(14 oa)?u?l?

(no tachgon condition)

MMG Lagrangian :

i
2

- Dp + Me - p X p

A M
bat ol — — <0 P Fo(l+oca)<0

(no ghost considtion) H

(1 e aZon)

central charge 2 c & (o e i - aC) e

= 0 21+ 00)2ul?
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2. Review of Wald formalism
variation of Lagrangjan : 0L = E400 + dO(¢, d¢)
sgmplectic form Q(p, 610, 02¢) = / w(p, 010, 020)

Py

w<¢7 5¢17 5¢2) = 51@(¢7 52¢) 5 52@(¢7 51¢)

variation induced bg a cligeomorphism : 050 — 10
ocb =L b —dirl —E; L0 dOG L0
Noether current : Ol 4.0 a0 |

dJe = dO(¢, £¢¢) — digl = —EpLep  —>  Je=dQ¢
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arbitrary variation of the dynamical field: 6.7, = 60(¢, £¢¢) — idL
0L = ig(Epd + dO(¢,09)) = £:0(0,00) — dic©(¢, 69)
0Je = 00(¢, Le¢) — LcO(¢,00) + dic©(9,00)
variation of Hamiltonian : SHe = /2 w(p, 6, L)

sgmplectic ctigrents

w($,00, £e¢) = 00(9, £e¢) — £cO(¢,00) = 0Jc — dicO(,0¢) = ddQ¢ — dic®

5 He :/5dQ5—di§@:j<1{ 5Qe — ic©
by ox

ozjqéz(scgg—ig@ SN /%mgz/ma@g—z‘g@
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ComParison with the first law of black hole thermodgnamics :

| 60— [ 60c-ico < Ty3S = 66 — QudT
H 00

asymptotic symmetries : e 2 + Qy 3a¢

charge variation : dxe—ol): 7 &

black hole entropy : St / Q¢

Mass of black hole : aMV = % {2}
87TG - “ Lot

Angular momentum of black hole - 6T = % / 5X§ ({%}
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9 ToPologica”g Massive Gravitg

incﬂependent variables : S s nabeZeg G 1eabbcwbc

2

Lagrangian of tol:)ologicang massive gravitg :

A : 1
L:—Ue-R+€Oe-e><e+2—(w-dw+§w-w><w)+h-T(w)
i

torsion and curvature 2-form :

1
Tw)=De=de+w X e, R(w):dw—i—§wxw

equations of motion :

A 1
—O'R—|—706><6—|—Dh:0, —oDe+ —R+exh=0, T(w)=De=0
o
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sgmplectlc Potentlal : O~ 500 0 2—(5w -w+de-h

14
. : . L :
je = dQe = O(¢p, £e¢) — i L = d( — cigw - e+ ﬂz,gw-w%—?fe-h)
: L :
Noether charge : e = oli0 &1 Sl el
i

charge variation form :

d
O%Nr = Oliiw-ée tow'gre)l & 1pW - 0w -0l hde-t
i

general metric form for BTZ black hole -

ds? = — f(r)2dt? + f‘f:; 4 r2(dé + N(r)dt)?
e il o % , e® =r(dp+ N(r)dt)

T T S T T e A et 7
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connection I-forms -

i o

W = —rN’eO —{—

curvature Z~'Orlll 2
it 2 & 3 1
I {(—27“2\/") + i }el Ace” o {—zfl\/' + §rfN”}el A €’

{hy o
{ ( ’)2 }e Ael —{ng’+%rfN"}el/\e2

auxiliarg fields -

0 200 2
CLfsaml N )
hl—;{—§<—’l"N) = 2 }61
Db %{g(%rl\ﬂ>2+ fif’ i (fgl)/}€2+%{ng'Jr%rfN”}eo

1 1
w! = §TN/€1, w? = —§TN/€2 e flo

e 7T T e oy AT I T T i T s TN
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functions for BTZ black hole - flr) = \/(T2 —re o) N(r) = T

Ir : Or?
auxiliarg fields for BTZ black hole - Bo — 1 e%
21102
charge variation form :
1 1
ONE— —TlEW: 06 — 00w tre- | ;igw 0w + W?ﬁge - de

charge variation for mass of BTZ inTMG -

a e 1 3 / 1 1 / 1 2 / 1 2 / /
5X5[§} —a<f6f-|—§r N5N)d¢— ;{f(N+§rN>5f+§r (ff -~ NN)(SN }d¢
] 2
of— —€2r2f{(r2 e ors Bl ri)r_éfr_} oN — M—3(r—5r+ +rior_)

1 0 B D 1
5M = —% /Oo 5X§ [a} = E{E—Q(T+5T+ e 7“_57“_) -5 W(T.}.&f’_ ‘|—7’_5T+)}

e roT
M=g-t —— T -
TR
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charge variation for angular momentum of BTZ in TMG :

Sy [%} = {a%r?’cSN’ + %( _ fof + ir‘LN’(SN’) }d¢

i

0T = ——
- Saly

0 ko 1
5)(5 |:8—gb} = E{z(r+57a_ S T‘_(S’f’_|_) —+ W(’Iﬂ.é?ﬁ. oE 7“_57°_)}

pire s e b

= e

xe[-2] = {alrw - LAN@)}M

e

B 2 24 4

metric for sPace~|i|<e warPecJ AdS black hole :

- 0*dr? 0
de sl v ey
Rir)* — 2(3(1/2 Nt (243 r) Al (2 3))

Cr+3)(r—ry)(r—r)
4R(r)?

_ ur— \fryr_(V2 4 3)
Woleer: v

N(r)?
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= dr
2R N(r)

dreibein : o N(pdto e e? = (R(r)(df + N°(r)dt)

connection I-forms

5 - R2N¢9/60 - 2N2R/€2 wl = RQé\f@/ i . _R2N9/ : = 2RN/ .
14 ¢/ :

w

curvature Z~FOFIT]S FOF Wal"PCCl AC]S black l’lOlC 3

2

B (2—2 + F(r))el Ae? 4+ G(r)e! Ael
2
i —2—2 e? Ael
2 2 3 1) b i 5%
R —<—€—2 7 +F(r))e ANe —G(r)e Ae
32 -1)1%2+3) 1
Fey= = 0 e e )




Ly ity AN LT

B S S i i b S I e .

B e i e

auxiliarg fields for warPecl AdS black hole :

Pt 3 1) 1
G il o B
h 2/J<€2 7 2F>e ILLGe
T V_2_3(V2_1) 1
L 2M(z2 IZ )6
e e Sle

20 500 2 i

charge variation FOF mass O‘F Wal"PCCl ACIS black hOlC :

e {(v? + 3) 1/rer_(v2+3)
oA — ey /Oo 5 {5r+ +dr.. — - T (r=dry + r+6r_)}d9

(1/;4—23) (fr+ +r_ — %\/T+T_(V2 -+ 3))

M:

e T o
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charge variation FOF angular momentum Olc warped AClS black I"lOlC :

1

0 4 701 2 N2 3 ATO\2 e 3(’/2_1) 2 G 2
e N Sy N Sk e B
Xg[ae] {am A (NRR)? + = (RN +2u(€2 . )R + R
(@ +3) 1 > 2 (502 +3) :
. s [<T++T‘_Z\/”T‘(” +3)) s

bao

i R
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' Mmlmal Massive Gravntg
Lagrangian:
e ot T()+i< e >+3 Bl
MMG — TMG 26 = oe 6 (& R (4 w 21U, w W 3(4) w w 26
equations of motion :
A
Tw)+aexh=0, R(w)+pexh—ouT(w)=0, —aR(w)+706><e+D(w)h+%h><h:0

sgmplectic Potential and Noether charge :

1 1
@z—a&u-e%-ﬂ&u-w%—c?e-h, ng—aigw-e%—ﬂigw-w%—i{fe-h

shi{:ting new connection : )
EOMs for shhcting connection :

A A
) — 0, R(Q)—l—%exe—i—u(l—l—aa)Qexh:O, D(Q)h—%hxh—i—a,u(l—i—aoz)exh—l—?Oexe:O
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sgmplectic Potential and Noether charge for shhcting connection :

1
@:—aéQ-e+Z5Q-Q+(1+aa)5e-h—%(5Q-h+5h-§2—a(5h-h)

1
ng—az’SQ-eJr2—i§9-9+(1+0a)ige-h—;(igﬁ-thigh-Q—aigh-h)
I "

auxilialy fields for BTZ in MMG -

2 1 CKAO 1] 0 o
= - [ - }e —
p(l+oa)?l 2 h
Parameter condition : aX? + 20u(1 + o)A — Ag =0

sgmplectic Potential and Noether charge :

1
@:—am-e+2—59-Q—A(1+aa)5e-e+A23(5Q-e+5e.9+ame-e)
p p

1
Bl oy e 2—ng-9 — A(1 —|—aoz)i£e-e—|—)\2g(igﬂ et ire - O Falue e}
7 p

e I




charge variation form :

2
oxe == (o - )\%) (e - 6e + ige - 6Q) + %igﬂ 50— (201 + 0a) - )\2%>i56 . de
charge variation for mass of BTZ in MMG :
Sxe [%} = (o- A%) (for+ %r?’NdN’)dqb - %{f(]\f + %rN’)df - %ﬁ (rf - %r?’NN’)éN’}dgb

1 0 1 1 Q 1
=g [ o[z = gl @ (o5 ) eutrs )+ et i)

i ri + 712 = a(l — algl?) P
- 8G#2 2u202(1 + oar)? AG b3

c]narge variation for angular momentum of BTZ in MMG :

Xs[(%] = {%(a b )\%)r?’N’ e i( e tin iT4N/2>}
A % /oo e {a%} = i{%’ 5 A%)“—M U ﬁmam + r_ér_)}

oot a(l — algl?) ri 4+ 12
J = o
A4GY 2u202(1 4+ oar)? 8G ul?

i T R -,
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metric form for new tHPC black hole in MMG :

do — G o + r2dg?
CJi‘"(r)2
0 1 r 2
e = f(r)dt, e =——, e =rdo
) 70
connection I-forms : 00 — ieQ, Ql=0 02— F¢Y
x
curvature 2-forms -
R %61 e R —%62 Ner = R (floe o

auxiliaxy fields for new type black hole in MMG :

e . il ool ¢ i 1 (ff’)’_oon 1
h“M1+a®2{ = o }6’ h“M1+am2{ e }6’
e 1 {ff’_(ff/)’_OéAO}ez
- w(l+oa)2 | r 2 2
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charge variation form :

«

(162 - Oh + igh - 6 — aiigh - 6h) |
H :

!

1
Oxe = —0 (i) - de +ice- Q) + —igQ - 0Q + (1 + oa)(ige - 0h +igh - de)
0

function for new type black hole in MMG : Flr) = i ”—Z<T —r-) ,

/

charge form for new tgl:)e black hole in MMG :

w[2] = {3(o-22)1 - sorasan 47 s

1 2012(1 + oar)?

Parameterconditions: A=

0~ a2 a?
o) ( e ozA())? - o 0 SR 0
(1 + oa)* \ 202 2 2(14+00) 1+toa
o a(l — algl?) Q ,
4 L z 222 (1 4+ oa)? o p2l2(1 4+ oa)? ri
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ot Summany

# lnvestigation of the charge variation form through the Wald formalism
# Masses and angular momenta of asgmptotica”g AdS black holes

# Mass of new tgpe black hole in MMG as a new result
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