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Abstract

In this talk we consider the partition function of the ABJM theory and its generaliza-
tion, N’ =4 U(N) circular quiver superconformal Chern-Simons theories. Using the Fermi
gas formalism we compute the all order 1/N corrections to the partition function in the
eleven dimensional limit N — oo with k kept finite. We also study the non-perturbative
effects in 1/N by small k expansion. This is two hour talk in the “Mini Workshop on
Gauge theory and Supergravity” at APCTP (7/25-29, 2016).
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1 S° Partition function of ABJM theory

The partition function of the ABJM theory [1] is known to be written as the following 2V

dimensional integration [2]

Z(N) = W / AV NIV NT R EE N 7 (1.1)
with
o — [T, (2sinh w(A = 43))* Ty (2 sinh (A — A;))? 19
[1;;(2coshm(A; — ).
Below we compute the partition function, or the free energy F' = —log Z in the limit N — oo,

through two different ways: (i) saddle point approximation [3] and (ii) Fermi gas formalism [4].



1.1 Saddle point approximation for N — oo with finite &

First rewrite the partition function (1.2) as
Z(N) = / AV AdN he TN (1.3)

with

FONLA) = —mik Z(Af — A7) =Y “log(2sinh (A — A;))? = Y log(2sinhw(X; — A;))?

i<j i<j
+ Z log(2 cosh w(\; — Xj))Q. (1.4)
1,J
In the limit N — oo, we can approximate the partition function as

Z(N) s 6_f()\saddlev/\saddle)’ (1,5)

where the subscript “saddle” means that we choose the saddle point configuration, which is the
solution to the following saddle point equations

o _, O _

0. (1.6)

In the 't Hooft limit k, N — oo with N/k kept finite, all the terms in the free energy f (1.4)
scale as O(N?) for generic values \;, \; of O(1). This implies that we can solve the saddle point
equations for some (\;, \;) which are of O(1).

In the eleven dimensional limit N — oo with k& kept finite, the same choice does not

guarantee the balancing of terms. Instead we have to pose the following ansatz
A = VNz(i/N) +y(i/N), X\ =VNz(i/N)—y(i/N). (1.7)

Substiuting these ansatz to (1.4) we indeed find that the first terms and the terms coming from
Z1100p have the same scaling O(N3/2) [3, 5]:

f=4nN3*H + O(N),

! _ 2,1
H= ds —zkxy+f<—+y)
0 x \16

where s = i/N € (0,1) and we have assumed that Re(z) is monotonically increasing function

, (1.8)

in s in the derivation.

Now we can determine the saddle point solution by solving the extremization problem of H
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oH
8;1:(320,1)70—> ( )
—O—)—zk:x—i——:O

5 (1.9)

instead of expanding and solving the original saddle point equations (1.6). The solution to (1.9)
1s

ika(as +b)
4

with which the free energy (1.4) is evaluated as

F= TV o 4 o). (1.11)

(a=+/2/k, b=—1/V2k) (1.10)

z(s) =as+0b, y(s)=

The saddle point approximation itself is available for various kinds of matrix model ob-
tained by the localization for general theories. However the construction of the solution is not
straightforward but rather heuristic, as it requires us to pose an non-trivial ansatz like (1.7).
This is in contrast to the Fermi gas formalism. Though it is applicable only to some special
theories, once we obtain the Fermi gas formalism for the partition function it is straightforward
to compute the free energy in the large N limit. Using the Fermi gas formalism we can also
compute the 1/N corrections to the free energy easily.

2 Fermi gas formalism

Using the cauchy determinant formula (see appendix A for derivation)

H7,<](xl - x]) Hz<] (y yj) N(N-1) 1
, = (1) det( ——). (2.1)
Hi,j(xz yj) b1 NLG — Yj
we can rewrite the partition function as
1 dz\N rdy\N
BRDE /(%) (%) [(%3t01($i7yj)] [C}%t Oo(yz‘,%‘)}, (2.2)
with
i 2 1 i .2 1
Ol(l‘,y> —eimk? o7 irkY , OO(«I;y) — (23)

2k cosh % 2k cosh :52;ky

Now we remind some quantum statistical mechanics: a state of N fermions of same kind is

written, by taking the anti-symmetric property into account, as

1
|{.’L’1,{L’27..- ,ZL‘N}> \/ﬁ Z @hﬂl —xa(z (24)

geSN
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where the overall factor 1/v/N is determined by the normalization:

<{.I‘1,l’2,--~ JINH{ylay%"' 7yN}> = H<x2|yl> (25)

7

Then each determinant in (2.2) can be regarded as the matrix element of @s ® @s R ® (’35
between [{z1, 2, ,zn}) and [{y1,y2, - ,yn}), while each set of the N integrations multi-
plied with 1/N! can be regarded as the insertion of unity. Hence the partition function is in

the same form as the partition function of N particle ideal Fermi gas

20 = 1 [ (55) dettalplay) (2.6)

with the one-particle Hamiltonian
ﬁ: e_ﬁ = @1@0. (27)

Here we have defined the one-particle operators O, by (x|O0,]y) = O,(z,y) with |z), |y) one-

particle position eigenstates. We can find that O can be written explicitly as
~ 1 ~ 1
Op=———=, O =

= - =< =<. (2.8)
2COSh§ 2 cosh #

where @ and P are the canonical position/momentum operators obeying [@, ﬁ] = 1h with

h = 2mik. (2.9)

For later convenience we shall redefine P + @ as @ so that

1 1

p= —~ =. (2.10)
2 cosh % 2 cosh §
2.1 Free energy in large N limit
Suppose the eigenvalues of the 1-particle Hamiltonian H are 0 < E; < By < ---. Since any

two fermions cannot occupy the same state, the lowest total energy is realized by the occupying

the first NV states counted from the ground state, hence the partition function is
N
Z(N) zexp[—ZEi] (2.11)
i=1

If we introduce n(E), the “number of 1-particle states with H < E” as we often do in the

exercises on the quantum statistical mechanics, then

al Buaxdp
ZEi:/ dE——F, (n(Ena) = N). (2.12)
s 0 dE



We can compute the large F expansion of n(E) by using the small k (semiclassical) expansion
as [4]

2 1 k
— 2 -E = — = —— _—
n(E)=CE*+ny+ O(e™™), 0_71'2/{37 no 3k+24’
Noticing the fact H ~ (|Q|+|P])/2 for |Q|,|P| > 1, it is not difficult to understand the leading

part of n(FE) as the phase space volume inside the polygon

(2.13)

dQdP

n(E) ~ / QdP _ CE?. (2.14)
QP < 2mh

On the other hand, the sub-leading part comes from the deviation of the actual Fermi surface

from the approaching polygon which is significant only around the vertices of the polygon (see

figure 1).

Figure 1: Red: the surface of H = F with H(Q, P) ~ log(2 cosh Q/2) + log(2 cosh P/2); Blue:
the polygon |Q|/E + |P|/2 = E to which H = E approaches in the limit £ — oo.

Hence the free energy in the large N limit is computed by (2.12) as
2 1.3
F:—lomegC 2Nz, (2.15)

which coincide with the result obtained from the saddle point approximation (1.11).



3 Perturbative corrections in 1/N

In this section we explain the determination of the all order perturbative corrections in 1/N to

the large N free energy (2.15). Our goal is to show the following expression
F = —log ZP*"* + (non-perturbative in 1/N), (3.1)
where
7Pt = ACT5 AI[C 5 (N — B))] (3.2)

with A some constant independent of NV,

9 1k
= — B: —_— —_
C= 3k o1

and the Airy fuction given by the following integration

Ai(z) = / A st (3.4)

—100 27

3.1 Grand potential J(u) for large p

First we introduce the auxiliary parameter p called the chemical potential and define the grand

potential J(u) by

T =143 e NZ(N) =T, (3.5)

N>1
The grand potential is written as [4]
J(p) = Trlog(1 + e"p). (3.6)

Then, from the large E expansion of the number of states n(F) we can evaluate the large

expansion of the grand potential J(u) as follows.

J(p) = / dEd—nlog(l + et E)
0

dE
Bog(t+e5)]" " 1 [ dEn(n)——
= [y ogi+ e "4 [ apn(m) o
" dbn(B)



This convert each term in the large E expansion of the number of states n(E) (2.13) in linear

manner, as

n(E) = CE®+ - — J(u) = —2C Liy(—e") 4 - --

n(E)=mnyg+-- — J(u) =nglog(l +e)+---, (3.8)

where the polylogarithm function is defined as

Lijw) =Y = (3.9)
n=1 n

and we have used the following integration formula

o) . e;L—E )
/(; dEE m = —F(S + 1) L15+1<—€M). (310)

If we assume |Im(p)| < 7i the polylogarithm functions can be expanded for large u as

1 2
Lis(—e") = —op® = T+ O(e™), log(1+¢) = p+ O "), (3.11)
hence we obtain
~ C 2C
T =S + <n0 n %>M+A+ O(e™™). (3.12)

Note that, besides the non-perturbative corrections O(e *) we cannot determine the con-
stant A from the parturbative expansion of n(E) in 1/E (2.13) alone. Indeed, if we have

n(E) = -+ e *F for example, then this term contribute to the large u expansion of J(u) as
Epn— f: s Lo
E)=eF ... — )l = 2 - 1
n(E) =e " + (1) “( ) ivat o HOe) + (3.13)

To obtain the exact value of A we need more complicated analysis. Here we would like to just

quote the final result: [6]

~20¢(3) k3 k? [ x o
A(k) = -y <1_E> —l—F/O dxekx_llog(l—e )
23 ko k3 ks mOkT

- w2k 12 4320 T 907200 50803200 *

O(kY), (3.14)

where the second line is the result we can obtain by the small k& expansion of the grand potential

[4], with which the first line is understood as the resummation.



3.2 All order perturbative corrections in 1/N

Since the inverse transformation J(u) — Z(N) to (3.5) is

Z(N) = / T (3.15)

in 2700

now we have almost reproduced the Airy function (3.2), except the discrepancy in the integra-

tion domains and the discrepancy in the integrand by the multiplication of e©(¢ ™),

First consider the difference in the integration domain. This is resolved by introduce the

modified grand potential J(u)

ol (1) — Z o (nt2min) (3.16)
nez
with which
e dp (1)—pN
é?(]v) = . 5;;;6 . (3'17)

The difference between the original grand potential J and the modified grand potential J(u)

can be evaluated as follows. First rewrite (3.16) as

J(1) = J(1) + Josc(n), (3.18)
with
Jose(1) = log [1 + Z e’ (F2min)=J ()| (3.19)
n#0
Now suppose
C 5 _
J(p) = 3H + Bu+ A+ O(e™), (3.20)
then, since
. . 9 N (271'2)3 . _
J(p+2min) — J(p) = C(Qmp + (2m0)*p + ) + B(2mi) + O(e™)
2
_ _87]:“ +i(27Cy? 4+ 27B) + O(eH), (3.21)

we find that the large p expansion of Jus(p) consist only of the non-perturbative effects:

8n2u

Jose =log(1+Y ™ & 77) = O(e™/), (3.22)
n#0




Hence the assumption (3.20) is indeed consistent, and we obtain

100 d iy
Z(N):/ 2_7’;26Jpert(ﬂ)+0(€ )—uN (3.23)

—100

with Jpert the perturbative part of the large i expansion of the modified grand potential.

C
Jpers (1) = 5'“3 + Bu+ A. (3.24)

Second let us consider the deviation e“¢*) in the integrand (3.23). In the large N limit,
the effect of this term can be evaluated by a “probe approximation” as follows. First let us
neglect this term, then the integration (3.23) can be evaluated for large N by the saddle point

approximation:

/ZOO %e‘h’ert(u)_lﬂv ~ eTpert (k) —pa N (3'25)
oo 4T

with

N-B
Jpert — pUN) =0 — p, = o (3.26)

@(
Now suppose J have an additional non-perturbative term ae™“*. Although this insertion mod-

ifies the saddle point equation (3.26) by (—aw + d,a)e”“*, we can neglect this effect as the

saddle point value i, is large. Hence we can evaluate the effect of ¢©¢™") by using the same

saddle as
/7?00 oo =il gac™ o 7 et (N) - e“ew\/m, (3.27)
where
Zpert = /_ Z %ejpert(”)_“N = eAC73 AI[C3 (N — B)]. (3.28)

Hence the non-perturbative effects O(e*) in large p in J(u) correspond to the non-perturbative

effects in large N in the free energy F
N—B

J = Jpert + ae”H — F — (—10g Zpert) = ae”“V 0 . (3.29)

Therefore we have finally obtained the Airy function expression for the all order perturbative

corrections in 1/N to the free energy (3.1).



4 M2-branes on more general orbifold

The Fermi gas formalism exist for more general 3d U(N) circular quiver superconformal Chern-
Simons theories. An example is the N'= 4 U(N) circular quiver superconformal Chern-Simons
theory with the levels U(N) x U(N)&™ x U(N)_g x U(N)2~" [7] called the (g, p)r model. This
theory corresponds to the AdS, x S7/ Iy p.k spacetime where

Raas = (32m%qpkN)5s, (4.1)

and S7/T,, 1 is the radial section of (C*/Z, x C*/Z,)/Z},, where the orbifolds act as

4
Z |Zz|2 = Rids}v
i=1

27 2mi

Zq :(21,2272372’4) — <67217€TZ2723724)a

S7 - {(’217227 23, 24)

2ms 2mi
Zp :(21,22,23,24) — (2172276 p zZ3,€P Z4)7
27 27 27 271

Ly, (21, 22, 23, 24) — (€ 0% 21, €0k z9, €k 23, € PF 24). (4.2)

From the localization technique the partition function of the (g, p); model is given as

o T L [T (@ i S, (P02
Z(N) = (-1) 2 H(ﬁ HCD‘i )e =1 (A
a=1 ’ i=1

T2 1], 2sinh (ALY = A [T, 2sinh r (A — ALty

J 1<j

1<J
X
}_[1 [1;,2cosh W()\Ea) — )\(.a“))

J

, (4.3)

which can be rewritten into the Fermi gas partition function (2.6) with one-particle Hamiltonian
~ i 1 q 1 P
p:e_H:< A> < A> . (4.4)
2 cosh % 2 cosh §

The large E expansion of the number of state n(E) for this theory is [4, §]

n(k) = Cq,pEz + Nogp + O(e™") (4.5)
with
2 L p  q\ ke
G = 2 =L (2 0) B 16
q,p 772(]]7]{5 an,P 61{? q P + 24 ( )
and the large ;1 expansion of the grand potential is
C 2C
J(u) B %Mg + quplu + Aqap + O(e_“)7 Bq,p = Nogp + = 3‘1’7’ (4'7)
with A,, observed to be written in terms of the A in the ABJM case (3.14) as
2 2
p"A(gk) + ¢~ A(pk)
Agp = . (4.8)

2
10



5 Membrane instantons in £ — 0 limit

Finally let us evaluate the non-perturbative effects. For this purpose we need to evaluate the
grand potential J (1) more exactly. Such a computation is extremely difficult, except in the
limit & — 0. Here we would like to consider the (g, p); model, not the simpest ABJM case, to
keep some orbifold-dependence of the non-perturbative effect, which will help us to argue the

gravitational interpretation of these effects.

First we rewrite the grand potential (3.6) in an integration of an auxiliary parameter ¢ [9]

e+i00 dt T
/= i Z(t)e™ 5.1
/eioo 2w tsin it (t)e (5.1)
where

If we assume Re(u) < 0, we can pinch the contour to surround the right half of the complex
plane (Re(t) > ¢€) as e — 0 for Re(t) — oo. Hence we can evaluate the integration by

collecting the residues therein:

Re(p) <0 — J = f:Res[ Z(t)e™ t — n] (5.3)

tsin 7t
where we have assumed that Z(¢) have no poles in Re(t) > 0. Hence the integration indeed
reproduce the infinite sum coming from the expansion of log(1 + e#p) (3.6).

Now assume g > 0. Then the integration can be evaluated by pinching the contour opposite

way, hence we obtain

Re(p) >0 — J:iRes[—

la

Z(t)e" t — ta], 5.4
tsinmt ®) (54)
where the overall minus sign comes from the orientation of the integration contour and ¢, are
the poles of the integrand in Re(t) < 0. Therefore we can obtain all the non-perturbative
effects by computing Z(n), continuing its expression n € N — n € R and identifying its pole

structures.

In the classical limit k& — 0, the computation of Z(n) is straightforward and we obtain

Z(n) = 3 Zo(n) + O(h),

Z(]:/deP< 1 )q( 1 )p:%w' (5.5)

2w \2cosh % 2 cosh g

11



This function indeed have no poles in Re(t) > 0, hence our strategy (5.3) works.

The poles of the integrand in (5.3) in Re(t) < 0 are

t =0,
2
t=-= (t=1,2,
. ( )
2
t=—=, (t=1,2,
5 ( )
t=—0 ((=1,2,--) (5.6)

The last three lines says that there are three kinds of the non-perturbative effects e=2/4, ¢=2t/p

and e,

From the gravity side, the non-perturbative effect can be interpreted as a closed membrane

winding on S7/T', ,x (see figure 2). For example, according to the inverse transformation (3.29)

S ‘
s, NG

Figure 2: Left: closed M2-brane without winding (red line); Right: closed M2-brane wind-

ing on some 3-cycle in S7/T,, 1, which looks like zero dimensional object in AdS, spacetime

(instanton).

the non-perturbative effect of e=2#/9 corresponds in the free energy to
[ N—Bg,
Fnon—pert — ( . ) X 6_% quzp ) (57)

Using the explicit expression of Cy,, (4.6), the exponent can be expressed in terms of Raqg (4.1)

as (we temporary neglect the shift B)

2 IN—-B 2
2 N = Dgp T /2qpkN = Tyis - R34 - m (5.8)
q Cop q q

where Ty is the tension of the M2-brane Ty, = 1/(27)%.  As the coefficient of Ty in the
exponent indeed completely coincides with the volume of RP?/Z, (RP* = {(z1, 20, 23, 24) €
ST/Z1|z1 = 25,29 = 2}}). We call such effect as the “instantons”. On the other hand, the

gravitational interpretation for the coefficient in front of the exponent is still obscure.

12



From the residues of these poles we obtain

T = £ o) + O(h),

Jo = JX + I, (5.9)
with J§ " the perturbative part coming from the residue at ¢ = 0

4 4 — g —p? 2(q% + p*)C(3
3mqp 3qp Tqp

and Jy® the contributions from the other poles

00 00 00
Jélp = Z age_%% + Z bge_%% + Z Cgeie‘u, (511)
/=1 (=1 =1

where

(5.12)

Interestingly, the coefficients of the instanton sometimes diverges. We can see that a diver-
gence occurs at the instanton number ¢ such that its instanton exponent is included in either
of the other two series of the instantons. For example, a, diverges at ¢ = ¢ where the instanton
exponent is e~2#, which is included in the second series {e=2#/P}2° (¢ = p) as well as the third
series {e %}, (¢ = 2). The divergence simultaneously occurs in these instantons with the
same exponent and completely cancel together to give a finite coefficient in total. Nevertheless

the remaining coefficient after the pole cancellation have non-trivial y depenence:
instnaton coefficient ~ O(u*), (5.13)

with # the number of species contribute to the pole cancellation. As this is reflected to the

coefficient of the corresponding non-perturbative effect in the free energy as well
row-pert + O(N#/Z) . e—TMQ.vol(MQ)’ (514)

hopefully the structure of divergence and cancellation will help us to understand the instnaton

coefficient in gravity side in future.
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A Proof of Cauchy determinant formula

Proof goes as induction. First consider the case of N = 1. Then [[,_;(z;—x;) = [[,.;(yi—y;) =
Land [[; ;(z; —y;) = (z1 —y1) and the formula (2.1) trivially follows. To proof the formula for
N > 2, let us rewrite (2.1) as

[T — o) [T —v) = (D75 [ - wy) det .

o o o Li Ty — Ty
1<) 1<) 1,]

(A1)

If we regard both sides as functions of z, then both of them are polynomials of degree N — 1.
Moreover, since the left-hand side vanishes at z; = x; (i = 2,3,--- ,N) and so does the right-
hand side (because i-th degenerate with the 1st row when x; = z;), these two polynomials are

written as

N
left-hand side = a, [ [(z1 — 1)
i=2
N
right-hand side = ag H(xl — ;). (A.2)
=2
Hence what we have to do to prove (2.1) for rank N is to show a; = ag. From (A.1) ay, and

agr are written as

ap = [ (@i =) [T —wy).

2<i<j i<j
_ 1
ar = H l_I(xZ —y;) lim z; det : (A.3)
? : Tr1—00 1,) I',L — y]
i>2 g
The limit in ar can be computed as
R W ¥ T
T1—Y1 T1—Y2 T1—YN
21 det = det IQiyl xziyz o xz—lyN
bl Ty — Yy
1 1 e 1
1 1
— det - — -
T1—$00 2—Y1 r2—Y2 T2—YN

| subtract (1st row) x (x; — y;) ! from i-th row
Y

1 1 1
:deto(l—l)'--(l—l)

r2—Y2 T2—Y1 T2—YN T2—Y1

14



1 1
- o), 4o A4
H i —Wh H(y] y ) 2§ie§N T — Yj ( )
=2 i22 2SN
Hence the condition ay, = ap is identical to
[ocic; (@i = 25) Tacic; (4 — 95) W-n(W-2) 1

o = ()7 det LAY

Hz‘,jzz(% - yj) 2<i,j<1 T; — Y

which follows if (2.1) for rank N — 1 is true. Since (2.1) is true for rank N = 1, we conclude
that (2.1) is true for general N > 2.
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