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• Ground state baryons
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• Most static properties of the ground state baryons are governed by the group 
structure. 

• How can we get information on the dynamics of the constituents of hadrons?
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Figure 15.5: Excitation spectrum of the nucleon. Compared are the positions of the
excited states identified in experiment, to those predicted by a relativized quark model
calculation. Left hand side: isospin I = 1/2 N -states, right hand side: isospin I = 3/2
∆-states. Experimental: (columns labeled ’exp’), three- and four-star states are indicated
by full lines (two-star dashed lines, one-star dotted lines). At the very left and right of the
figure, the spectroscopic notation of these states is given. Quark model [29]: (columns
labeled ’QM’), all states for the N=1,2 bands, low-lying states for the N=3,4,5 bands. Full
lines: at least tentative assignment to observed states, dashed lines: so far no observed
counterparts. Many of the assignments between predicted and observed states are highly
tentative.

evidence (two or three star ratings) and partly without firm spin/parity assignments, so that
further experimental efforts are necessary before final conclusions can be drawn. We have added
their suggestions in Table 15.6.

In the non-strange sector there are two main problems which are illustrated in Fig. 15.5, where
the experimentally observed excitation spectrum of the nucleon (N and ∆ resonances) is compared
to the results of a typical quark model calculation [29]. The lowest states from the N=2 band,
the N(1440)1/2+ , and the ∆(1600)3/2+ , appear lower than the negative parity states from the
N=1 band (see Table 15.5) and much lower than predicted by most models. Also negative parity
∆ states from the N=3 band (∆(1900)1/2− , ∆(1940)3/2− , and ∆(1930)5/2−) are too low in
energy. Part of the problem could be experimental. Among the negative parity ∆ states, only
the ∆(1930)5/2− has three stars and the uncertainty in the position of the ∆(1600)3/2+ is large
(1550 - 1700 MeV).

Furthermore, many more states are predicted than observed. This has been known for a long
time as the ‘missing resonance’ problem [26]. Up to an excitation energy of 2.4 GeV, about 45
N states are predicted, but only 14 are established (four- or three-star; see Note on N and ∆
Resonances for the rating of the status of resonances) and 10 are tentative (two- or one-star).
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Sensitivity of baryon spectrum on dynamics
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Chao, Isgur, Karl Isgur, Karl Glozman, Riska
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Table 1. Low-lying ⌅ and ⌦ baryon spectrum of spin 1/2 and 3/2 predicted by the non-relativistic quark model
of Chao et al. (CIK), relativized quark model of Capstick and Isgur (CI), Glozman-Riska model (GR), large Nc
analysis, algebraic model (BIL), and QCD sum rules (SR). The recent quark model prediction (QM) and the
Skyrme model results (SK) are given as well. The mass is given in the unit of MeV.

State CIK [4] CI [5] GR [6] Large-Nc [7–11] BIL [12] SR [13,14] QM [15] SK [1]
⌅( 1

2
+) 1325 1305 1320 1334 1320 (1320) 1325 1318

1695 1840 1798 1825 1727 1891 1932
1950 2040 1947 1839 1932 2014

⌅( 3
2
+) 1530 1505 1516 1524 1520 1539

1930 2045 1886 1854 1878 1934 2120
1965 2065 1947 1859 1979 2020

⌅( 1
2
�) 1785 1755 1758 1780 1869 1550 (1630) 1725 1614

1890 1810 1849 1922 1932 1811 1660
1925 1835 1889 1927 2076

⌅( 3
2
�) 1800 1785 1758 1815 1828 1840 1759 1820

1910 1880 1849 1973 1869 1826
1970 1895 1889 1980 1932

⌦( 1
2
+) 2190 2220 2068 2408 2085 2175 2140

2210 2255 2166 2219 2191
⌦( 3

2
+) 1675 1635 1651 1670 1656 1694

2065 2165 2020 1922 1998 2170 2282
2215 2280 2068 2120 2219 2182

⌦( 1
2
�) 2020 1950 1991 2061 1989 1923 1837

⌦( 3
2
�) 2020 2000 1991 2100 1989 1953 1978

These observations show that the investigation of multi-strangeness baryons gives another window
to understand the baryon structure. In addition, the studies on the production mechanisms of ⌅ baryons
give a tool to constrain the properties of S = �1 hyperon resonances. The investigation to understand
the production mechanisms of the ⌅ baryons was recently initiated by the CLAS Collboration at JLab
using the reaction of �p ! K+K+⌅� [16]. Theoretical investigation also started only recently [17–
19]. In the analysis on the possible production mechanisms, it was shown that the most important
contribution comes from the intermediate S = �1 hyperon resonances of jP = 1/2�, 3/2+, 5/2�, and
7/2+ [17,20]. Furthermore, through the list of PDG on the S = �1 hyperons, it can be found that many
hyperon resonances in the mass of around 2 GeV have high spins. Therefore, it is necessary to develop
a formalism to include high spin resonances for understanding the production process.

Based on the conventional Rarita-Schwinger formalism, neglecting the ambiguities arising from
the o↵-shell nature of the intermediate hyperon resonances, one can construct a general formalism
for high spin resonances [21]. Based on this formalism, the study on the role of high spin hyperon
resonances in ⌅ photoproduction was performed and the results for the invariant mass distribution
of the K+⌅� pair and the K+K+ pair in the reaction of �p ! K+K+⌅� are shown in Fig. 1. Here,
the dot-dashed lines are the results of Ref. [17] which considers the ⇤(1800) of jP = 1/2� and the
⇤(1890) of jP = 3/2+. The result of this model for the K+⌅� invariant mass distribution evidently
shows that the contribution from a resonance at a mass of around 2 GeV is missing. Among the
hyperon resonances listed in the PDG, the ⌃(2030) of jP = 7/2+ is the most probable state that can
represent such resonances. The contribution from the ⌃(2030) is shown by the dashed lines in Fig. 1,
which shows that this can explain the gap between the results of Ref. [17] and the experimental data as
shown by the solid lines. This investigation shows that the properties of high spin hyperon resonances
can be studied through the analyses of the production processes of the ⌅ baryons.

In summary, we have shown that the investigation of ⌅ baryons and their production processes
can open a way to learn about the baryon structure and the properties of S = �1 hyperon resonances
of high spins. Studies on the ⌅ spectrum can reveal the dynamics of the constituents that cannot be
seen in non-strangeness baryons. Although more sophisticated models for the production mechanisms
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Highly model-dependent and sensitive to dynamics
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At the mass region of > 1.8 GeV, many resonances are high spin states
j � 5/2
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• Missing resonances - couple weakly to 𝜋N ? 

• Search for resonances in the reactions other than the 𝜋N channel 

• 𝛾 N → ω N  
with A.I. Titov and T.-S.H. Lee (2001) * 

• 𝛾 N → ρ N 
with T.-S.H. Lee (2004) 

• 𝛾 N → 𝜙 N 
with A.I. Titov, S.N. Yang, T. Morii, H.-C. Bhang (1997,1999,2001) 

• 𝛾 N → K* 𝛬, K* 𝛴 
with Hungchong Kim (2006), with S.-H. Kim, S.-I. Nam, H.-Ch. Kim (2012) *  
B.-G. You and K.-J. Kong (2017)
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• 𝛾 N → K K 𝛯 
with K. Nakayama, H. Haberzettl (2006,2011) * 

• Kbar N → K 𝛯 
with B. Jackson, K. Nakayama, H. Haberzettl (2012,2015) * 

• 𝛾 N → K 𝛴*(1385)  
with K. Nakayama and C.M. Ko (2008) 

• 𝜋 N → ω N  
YO (2011) * 

• What we need 

• vertices of  
for an arbitrary value of J

J± ! 0� +
1

2

+

, J± ! 1� +
1

2

+

, J± ! 0� +
3

2

+

, J± ! 1� +
3

2

+
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Importance of high-spin resonances

Nakayama, YO, Haberzettl, PRC 74 (2006) 035205
Man, YO, Nakayama, PRC 83 (2011) 055201

without ⌃(2030, 7/2+)

with ⌃(2030, 7/2+)

𝛾 p → K+ K+ 𝛯-
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FIG. 2. (Color online) Total cross sections for γp →
K+"0(1385) without resonance contributions. The pre-1970s data
are from Refs. [11– 13] and the preliminary data of CLAS
Collaboration are from Ref. [5].

the contribution coming from the missing resonances (dash-
dash-dotted line) is small compared to the PDG resonance
contributions (dotted line), it moves the peak coming from
the resonant terms to a somewhat higher energy. This result
shows that most resonance contributions come from the sum
of the PDG resonances. However, it should be kept in mind
that this conclusion follows from the quark model predictions
of Refs. [10,30] for the empirically not-well-known decay
properties of the PDG resonances. Therefore, detailed studies
on this reaction could be used to constrain the properties of
the PDG resonances listed in Table I. The total cross sections
obtained by including only the PDG resonances and all the
resonances considered in the present work, which also include
the missing resonances predicted by quark models, are given,
respectively, by the solid line and the dot-dashed line in Fig. 3.
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FIG. 3. (Color online) Total cross sections for the γp →
K+"0(1385) reaction with the resonances listed in Tables I and II.
See the text for the details.
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FIG. 4. (Color online) Contributions from various resonances to
the total cross section for γp → K+"0(1385).

These results show that the peak observed in the preliminary
CLAS data can be successfully explained by these resonances.

The contributions from different resonances are shown
separately in Fig. 4. The solid line is the sum of all the
resonances considered in this work and, therefore, corresponds
to the dashed line in Fig. 3. The largest contribution comes
from the # resonance #(2000)F35 (the dot-dashed line in
Fig. 4), and the contributions from #(1940)D33 (the short
dashed line in Fig. 4) and N (2080)D13 (the dotted line in
Fig. 4) are also noticeable. One interesting result is that
the contribution from the missing resonance N 3

2
−

(2095) is
not the dominant one, although it is as large as that from
N (2080)D13. As discussed above, this missing resonance is
predicted to have a very large coupling to K"(1385). However,
its effect in the reaction γp → K+"0(1385) is not large as
a result of its rather small couplings to Nγ . Furthermore,
this resonance has a destructive interference with the other
missing resonance, # 3

2
−

(2145), so that the net contribution
from missing resonances becomes small. For N (2090)S11 and
N (2200)D15, their contributions are found to be too small to
be shown in Fig. 4.

B. Differential cross section and photon asymmetry

Similar conclusions on the role of resonances in the reaction
γp → K+"0(1385) can be drawn from its differential cross
sections shown in Fig. 5. The solid and dashed lines, which are
obtained with the PDG resonances and with all resonances,
respectively, are close to each other, but they can be distin-
guished from the dotted lines that are obtained without the
resonant contribution, provided the data are accurate enough,
particularly in the region of Eγ = 1.8 ∼1.9 GeV. At higher
energies, the models with and without resonances give nearly
the same result. The contributions from the sum of all the
resonances considered in the present work are given by the
dash-dotted lines.
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• Testing hadron models (such as quark models) 

• Data analyses: coupled-channels analyses 

extract coupling constants of effective interactions 

meson cloud effects (e.g. E2/M1 transition of Δ→N ) 

• Quark models can give predictions on the decay amplitudes. 

• Decay width cannot determine the sign of the coupling constant (sign ambiguity) 

• need to work with decay amplitudes 

• need the relationship between coupling constants and the decay amplitudes 
predicted by baryon structure models 

• Tabel for 
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Formalism

• Rarita-Schwinger fields

• boson of spin-j: tensor of rank n=j R↵1↵2···↵n

(@µ@
µ +M2)R↵1↵2···↵n

= 0 with R↵1···↵i···↵j ···↵n
= R↵1···↵j ···↵i···↵n

subsidiary conditions

p↵1R↵1↵2···↵n
= 0, g↵1↵2R↵1↵2···↵n

= 0

• fermion of spin-j: tensor of rank n=j-1/2

(i/@ �M)R↵1↵2···↵n
= 0. with R↵1···↵i···↵j ···↵n

= R↵1···↵j ···↵i···↵n

subsidiary conditions

p↵1R↵1↵2···↵n
= 0, g↵1↵2R↵1↵2···↵n

= 0, �↵1R↵1↵2···↵n
= 0



Propagators
S(p) =

1

p2 �M2
�

�1···�n
↵1···↵n

for a boson

S(p) =
1

p2 �M2
(/p+M)�

�1···�n
↵1···↵n

for a fermion

with the projection operator
X

spin

R↵1···↵n
R�1···�n = ⇤±�

�1···�n
↵1···↵n

where ⇤± =

⇢
1 for a boson
(M ± /p)/2M for a fermion



Rushbrooke, PR 143 (66’)
Behrends and Fronsdal, PR 106 (57’)
Chang, PR 161 (67’)

General form
3

of the spin-1/2 Dirac field in the case of a fermion and
⇤± = 1 in the case of a boson.
In Refs. [20–23], the general expressions for the projec-

tion operator for a spin-j field with a momentum p, i.e.,

�
�1···�n
↵1···↵n

(j, p), are dervied. For a boson of spin j = n, we
have

�
�1···�n
↵1···↵n

(j, p) =

✓
1

n!

◆2 X

P (↵),P (�)

"
nY

i=1

ḡ
�i
↵i

+ a(n)1 ḡ↵1↵2
ḡ�1�2

nY

i=3

ḡ
�i
↵i

+ · · ·+ a(n)n/2ḡ↵1↵2
ḡ�1�2 · · · ḡ↵n�1↵n
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ḡ
�i
↵i

+ · · ·

+ a(n)(n�1)/2ḡ↵1↵2
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�n
↵n

i
, (9)

if n = j is an odd integer, where the sum is over all possible permutations of ↵i’s and �i’s. For a fermion of spin
j = n� 1/2, it is written as

�
�1···�n�1
↵1···↵n�1

(j, p) =
n

2n+ 1
�↵���

��1···�n�1
↵↵1···↵n�1

(j + 1
2 , p). (10)

Here, the constant a(n)r is defined as

a(n)r =

✓
�1

2

◆r n!

r!(n� 2r)!

1

(2n� 1)(2n� 3) · · · (2n� 2r + 1)
. (11)

In Eqs. (8) and (9), ḡµ⌫ is defined as
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ḡ
�i
↵i

+ · · ·

+ a(n)(n�1)/2ḡ↵1↵2
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�̄µ = �⌫ ḡµ⌫ = �µ � 1

M2 /pp
µ. (13)

It is then straightforward to obtain the explicit expression
for �

�1···�n
↵1···↵n

(j, p) of a given spin and those for several
cases are given in the Appendix.

III. COUPLINGS OF BARYON RESONANCES
INTO A MESON AND SPIN-1/2 BARYON

In this Section, we construct the general forms of the
RN⇡ andRNV interactions, whereR stands for a baryon
resonance of spin-parity jP and V denotes a vector me-
son. The e↵ective Lagrnagian obtained for these inter-
actions describe the decays of jP ! 0� + 1/2+ and
jP ! 1� + 1/2+. Throughout this paper, we do not
consider the isospin factor. The isospin factor depends
on the flavor structure as shown, for example, in Ref. [24].
Since the final particle has jP = 1/2+, we represent it by
the nucleon.

spin s′ spin s

π

FIG. 1. Vertex of the pion decay of a spin-s0 baryon into a
spin-s baryon.

A. Pseudoscalar meson couplings

The number of independent form factors (or coupling
constants) of the decay of a spin-s0 particle into pion and
spin-s particle, depicted in Fig. 1 can be obtained by con-
sidering angular momentum conservation and invariance
under P and T transformations [25]. Shown in Table I
are the results for the two cases [25], namely, when the
particles other than the pion are fermions and bosons.

It is then clear that, for the decay of jP ! 0� +1/2+,
there is only one form factor as jmin = min(s, s0) is al-
ways 1/2. We present the explicit form of the interaction
Lagrangian below. For later use, we define

�(±) =

✓
�5
1

◆
, �(±)

µ =

✓
�µ�5
�µ

◆
. (14)

n = j � 1/2

n = j

3

of the spin-1/2 Dirac field in the case of a fermion and
⇤± = 1 in the case of a boson.
In Refs. [20–23], the general expressions for the projec-

tion operator for a spin-j field with a momentum p, i.e.,

�
�1···�n
↵1···↵n

(j, p), are dervied. For a boson of spin j = n, we
have

�
�1···�n
↵1···↵n

(j, p) =

✓
1

n!

◆2 X

P (↵),P (�)

"
nY

i=1

ḡ
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ḡ�1�2

nY

i=3

ḡ
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ḡ
�i
↵i

+ a(n)1 ḡ↵1↵2
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for a fermion field of spin j = n�1/2. The explicit forms

of the projection operator �
�1···�n
↵1···↵n

(j, p) can be derived
from Eqs. (8) ,(9), and (10). Here, we present the explicit
formulas for the projection operators of fields upto spin-5
(for bosons) and spin-7/2 (for fermions).
Here, we define ḡµ⌫ and �̄µ as
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�3
↵3

�
. (A9)

• spin-5/2

�
�1�2
↵1↵2

( 52 , p) =
3

7
�↵���

��1�2
↵↵1↵2

(3, p)

=
1

2

⇣
ḡ
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ḡ↵1↵2
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Explicitly,
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ḡ↵1↵2
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�2
↵2
ḡ
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5. Spin-9/2 resonance

to be filled
6. Summary

Thus the general form of the e↵ective Lagrangian for
the RN⇡ interaction can be written as

LRN⇡ =
gRN⇡

Mn�1
⇡

N̄@µ1
· · · @µn�1

⇡
h
i�(±)

i
Rµ1···µn�1+ H.c.,

(25)
where R stands for a spin-j resonance with j = n � 1/2
and N is the spin-1/2 field. The insertion of the factor
[i�(±)] should be made depending on the spin-parity of
the resonance and the pion mass M⇡ is introduced to
make the coupling constant gRN⇡ dimensionless.
The decay widths of jP ! 0� + 1/2+ obtained above

are summarized below.

�( 12
± ! N⇡) =

g2

4⇡

k⇡
MR

(EN ⌥MN ),

�( 32
± ! N⇡) =

1

3

g2

4⇡

k3⇡
MRM2
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(EN ±MN ),

�( 52
± ! N⇡) =

2

15

g2

4⇡

k5⇡
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(EN ⌥MN ),

�( 72
± ! N⇡) =

2

35

g2
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MRM6
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(EN ±MN ),

�( 92
± ! N⇡) =

8

315

g2

4⇡

k9⇡
MRM8

⇡

(EN ⌥MN ). (26)

Our results are consistent with the formula of Ref. [22]
for the width of the R ! N⇡ decay, which reads

�(R ! N⇡) =
g2

4⇡

2n(n!)2

n(2n)!

k2n�1
⇡

MRM
2(n�1)
⇡

(EN ±MN ),

(27)
for (�1)nPj = ±1, where Pj is the parity of the spin-j
resonance R and n = j + 1/2.

to be modified

B. Vector meson couplings

We now consider the decays of a spin-s0 baryon into
the vector meson and spin-s baryon channel, as shown
in Fig. 2. In this case, the number of independent cou-
plings is estimated in a more sophisticated way and we
quote the results of Ref. [25] in Table II. Here J0 is the

time component of the vector current and J+1 is its space
component, J±1 = ⌥(Jx ± iJy)/

p
2. The total number

of independent couplings is the sum of the numbers for
J0 and J+1.

Table II indicates that in our case of R ! NV decay,
there are 3 independent form factors for j± ! 1�+1/2+

for j � 3/2, while the 1/2± ! 1�+1/2+ decay has 2 in-
dependent terms. The explicit forms of these interactions
are given below.

spin s′ spin s

V

FIG. 2. Vertex of the vector-meson decay of spin-s0 baryon
into a spin-s baryon.

The helicity amplitudes for the decay of R ! NV are
related to the decay width as

�(R ! NV ) =
q2
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2MN

(2j + 1)MR

⇥
n��A1/2

��2 +
��A3/2

��2 +
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o
,(28)

where q is the magnitude of the three-momentum of the
vector meson in the rest frame of the spin-j resonance R,

q =
1

2MR

q
[M2

R � (MN +MV )2][M2
R � (MN �MV )2].

(29)
The helicity amplitudes are then obtained as

A�(j) =
1p
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2j + 1

4⇡

⇥
Z

d cos ✓d�e�i(m��)�dj�m(✓)

⇥ hk� ,�� ,�N | �iM | jmi, (30)

where M is the transition amplitude. The details of this
calculation is given in the Appendix.

1. Spin-1/2 resonance

In this case, we have two independent terms in the
interaction Lagrangian, which reads [27]
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where q is the magnitude of the three-momentum of the
vector meson in the rest frame of the spin-j resonance R,

q =
1
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where M is the transition amplitude. The details of this
calculation is given in the Appendix.

1. Spin-1/2 resonance

In this case, we have two independent terms in the
interaction Lagrangian, which reads [27]

L(1/2±)
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6

(�1)� = +1 (�1)� = �1

J0 J+1 J0 J+1

Nonidentical fermions (s0 = s) jmin + 1
2 2jmin jmin + 1

2 2jmin

(s0 6= s) jmin + 1
2 2jmin + 1 jmin + 1

2 2jmin + 1

Nonidentical bosons (s0 = s) jmin + 1 2jmin jmin 2jmin

(s0 6= s) jmin + 1 2jmin + 1 jmin 2jmin + 1

Identical fermions(s0 = s) jmin + 1
2 jmin + 1

2 — —

Identical bosons (s0 = s) jmin + 1 jmin — —

TABLE II. Number of independent form factors for the vector current of a spin-s0 particle into a spin-s particle transition [25].
Here � = s+ s0 +P , where (�1)P is the relative parity of the initial and final states whose spins are s0 and s, respectively, and
jmin = min(s, s0). See Ref. [25] for the details.

where Vµ is the vector-meson field. Note that the g3 term contains @2V µ term, which is required to satisfy the gauge
invariance condition. This Lagrangian leads to

�( 12
± ! NV ) =

1

16⇡

q(EN ⌥MN )
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g21
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N )

+ g23
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⇥
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V

⇤
)
, (32)

Note that all g3 terms contain the vector meson mass
MV .

to be checked
Then the helicity amplitudes are obtained as
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qMN
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g1 �

MR ±MN

MR ⌥MN
g3

�
.

(33)

2. Spin-3/2 resonance

The e↵ective Lagrangian for the RNV interaction for
the resonance of spin j � 3/2 can be constructed by
using the field strength tensor of the vector meson, Vµ⌫ =
@µV⌫�@⌫Vµ. As discussed above, there are 3 independent
coupling for this case. For spin-3/2 resonance, we have

L(3/2±)
RNV = � ig1

2MN
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⌫ V µ⌫R⌫ � g2
(2MN )2
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µ⌫Rµ + H.c.. (34)

The obtained decay width is
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N � 3ENMR)± 2ḡ3ḡ1M
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�
, (35)

where

ḡ1 =
g1

(2MN )
, ḡ2 =

g3
(2MN )2

, ḡ3 =
g3

(2MN )2
. (36)

The obtained helicity amplitudes are

Durand III, DeCelles, Marr, PR (1962)
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make the coupling constant gRN⇡ dimensionless.
The decay widths of jP ! 0� + 1/2+ obtained above

are summarized below.
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Our results are consistent with the formula of Ref. [22]
for the width of the R ! N⇡ decay, which reads
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for (�1)nPj = ±1, where Pj is the parity of the spin-j
resonance R and n = j + 1/2.

to be modified

B. Vector meson couplings

We now consider the decays of a spin-s0 baryon into
the vector meson and spin-s baryon channel, as shown
in Fig. 2. In this case, the number of independent cou-
plings is estimated in a more sophisticated way and we
quote the results of Ref. [25] in Table II. Here J0 is the

time component of the vector current and J+1 is its space
component, J±1 = ⌥(Jx ± iJy)/

p
2. The total number

of independent couplings is the sum of the numbers for
J0 and J+1.

Table II indicates that in our case of R ! NV decay,
there are 3 independent form factors for j± ! 1�+1/2+

for j � 3/2, while the 1/2± ! 1�+1/2+ decay has 2 in-
dependent terms. The explicit forms of these interactions
are given below.
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where M is the transition amplitude. The details of this
calculation is given in the Appendix.
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RNV interactions
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(�1)� = +1 (�1)� = �1

J0 J+1 J0 J+1

Nonidentical fermions (s0 = s) jmin + 1
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Identical fermions(s0 = s) jmin + 1
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2 — —

Identical bosons (s0 = s) jmin + 1 jmin — —

TABLE II. Number of independent form factors for the vector current of a spin-s0 particle into a spin-s particle transition [25].
Here � = s+ s0 +P , where (�1)P is the relative parity of the initial and final states whose spins are s0 and s, respectively, and
jmin = min(s, s0). See Ref. [25] for the details.

where Vµ is the vector-meson field. Note that the g3 term contains @2V µ term, which is required to satisfy the gauge
invariance condition. This Lagrangian leads to
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Note that all g3 terms contain the vector meson mass
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2. Spin-3/2 resonance

The e↵ective Lagrangian for the RNV interaction for
the resonance of spin j � 3/2 can be constructed by
using the field strength tensor of the vector meson, Vµ⌫ =
@µV⌫�@⌫Vµ. As discussed above, there are 3 independent
coupling for this case. For spin-3/2 resonance, we have
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, ḡ2 =

g3
(2MN )2

, ḡ3 =
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The obtained helicity amplitudes are
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
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�

+ 2ḡ2ḡ3M
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V (E
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2
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�
, (35)

where

ḡ1 =
g1

(2MN )
, ḡ2 =

g3
(2MN )2

, ḡ3 =
g3

(2MN )2
. (36)

The obtained helicity amplitudes are

6

(�1)� = +1 (�1)� = �1

J0 J+1 J0 J+1

Nonidentical fermions (s0 = s) jmin + 1
2 2jmin jmin + 1

2 2jmin

(s0 6= s) jmin + 1
2 2jmin + 1 jmin + 1

2 2jmin + 1

Nonidentical bosons (s0 = s) jmin + 1 2jmin jmin 2jmin

(s0 6= s) jmin + 1 2jmin + 1 jmin 2jmin + 1

Identical fermions(s0 = s) jmin + 1
2 jmin + 1

2 — —

Identical bosons (s0 = s) jmin + 1 jmin — —

TABLE II. Number of independent form factors for the vector current of a spin-s0 particle into a spin-s particle transition [25].
Here � = s+ s0 +P , where (�1)P is the relative parity of the initial and final states whose spins are s0 and s, respectively, and
jmin = min(s, s0). See Ref. [25] for the details.

where Vµ is the vector-meson field. Note that the g3 term contains @2V µ term, which is required to satisfy the gauge
invariance condition. This Lagrangian leads to

�( 12
± ! NV ) =

1

16⇡

q(EN ⌥MN )

MRM2
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(
g21

⇥
2(MR ±MN )2 +M2
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⇤
� 6g1g3
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(MR ⌥MN )2
(M2

R �M2
N )

+ g23
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V

(MR ⌥MN )2
⇥
(MR ±MN )2 + 2M2

V

⇤
)
, (32)

Note that all g3 terms contain the vector meson mass
MV .

to be checked
Then the helicity amplitudes are obtained as
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
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�
,
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
g1 �

MR ±MN
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g3

�
.

(33)

2. Spin-3/2 resonance

The e↵ective Lagrangian for the RNV interaction for
the resonance of spin j � 3/2 can be constructed by
using the field strength tensor of the vector meson, Vµ⌫ =
@µV⌫�@⌫Vµ. As discussed above, there are 3 independent
coupling for this case. For spin-3/2 resonance, we have
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The obtained decay width is
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
EN

2
(3M2

R +M2
N ± 2MNMR + 3M2

V )�M2
N (2MR ±MN )

�

+ 2ḡ2ḡ3M
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2
V (3MR � 2EN ±MN )

�
, (35)

where

ḡ1 =
g1

(2MN )
, ḡ2 =

g3
(2MN )2

, ḡ3 =
g3

(2MN )2
. (36)

The obtained helicity amplitudes are
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to be checked

3. Spin-5/2 resonance

For spin-5/2 resonance, we have

L(5/2±)
RNV =
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This leads to the decay width as
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+ ḡ22
⇥
E2

N (3M2
R + 2M2

V )� 3M2
N (M2

R �M2
V )

⇤
+ ḡ23M
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where

ḡ1 =
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to be checked
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to be checked

3. Spin-5/2 resonance

For spin-5/2 resonance, we have
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3. Spin-5/2 resonance

For spin-5/2 resonance, we have
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to be checked

3. Spin-5/2 resonance

For spin-5/2 resonance, we have
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+ ḡ22
⇥
E2

N (3M2
R + 2M2

V )� 3M2
N (M2

R �M2
V )

⇤
+ ḡ23M
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TABLE I. Resonances listed in the review of PDG [29] and their decay amplitudes of R → K"(1385) and of R → Nγ predicted in
Refs. [10,30]. The coupling constants are calculated using the resonance masses of PDG.

Resonance PDG [29] Amplitudes of R → K"(1385)a h1 h2 Amplitudes of R → Nγ b f1 f2

G(ℓ1) G(ℓ2) A
p
1/2 A

p
3/2

N 1
2

−
(1945) S∗

11(2090) G(2) = +1.7 – −9.8 – +12 – −0.055 –

N 3
2

−
(1960) D∗∗

13 (2080) G(0) = +1.3 G(2) = +1.4 0.24 −0.54 +36 −43 −1.25 1.21

N 5
2

−
(2095) D∗∗

15 (2200) G(2) = −2.0 G(4) = 0.0 0.29 −0.08 −9 −14 0.37 −0.57

! 3
2

−
(2080) D∗

33(1940) G(0) = −4.1 G(3) = −0.5 −0.68 1.00 −20 −6 0.39 −0.57

! 5
2

+
(1990) F ∗∗

35 (2000) G(1) = +4.0 G(3) = −0.1 −0.87 0.11 −10 −28 −0.68 −0.062

aIn
√

GeV.
bIn 10−3/

√
GeV.

γp → K+"0(1385) without the resonance contributions. For
the form factors in the s- and u-channel diagrams, we take
%B = 1.0 GeV with n = 1. For the t-channel K exchange, we
use %M = 0.83 GeV to reproduce the total cross section data
at Eγ ! 2.5 GeV. Following Ref. [31], we avoid the use of FM

for vector meson exchanges, and the t-channel K∗ exchange
is calculated by using the form factor FB with %B = 1.2 GeV
and n = 1. With the K∗N"∗ coupling constants determined
before, namely, g1 = −5.48 and g2 = g3 = 0, we find that
the contribution from the K∗ exchange is negligible in the
considered energy region. Even at higher energies, Eγ = 3 ∼
4 GeV, the K∗ exchange contribution is only at the level of
a few percent of those from other production mechanisms.
We have also tested the role of the K∗ exchange by allowing
nonvanishing values for g2 and g3. We again find that the
K∗ exchange is suppressed compared with other production
mechanisms unless g2 and/or g3 is as large as ∼100. Although
there is no constraint at present on the values of g2 and g3,
we regard such a large value as unrealistic. This leads us
to conclude that the role of K∗ exchange in this reaction is
negligibly small. However, since the K∗ trajectory has a larger
intercept than the K trajectory, the role of the K∗ exchange
would have a chance to be revealed at very high energies.
It is thus of interest to measure the cross sections at much
higher energies, and this would help constrain the values of
the coupling constants g2 and g3.

Our result on the total cross section is shown in Fig. 2
and is compared with the pre-1970s data [11– 13] and the

preliminary CLAS data reported in Ref. [5].3 Comparison
with the preliminary CLAS data for the total cross section
of γp → K"0(1385) shows that this model can explain the
general energy dependence of the total cross section but not
the enhanced cross section at Eγ = 1.7 ∼ 1.9 GeV. Although
varying the cutoff parameters of employed form factors can
change the magnitude of the cross section, the peak arising
from the threshold effect cannot reproduce the observed peak
in the data. This implies that resonances play an important role
in the production mechanism.

Including the s-channel nucleon and ! resonances listed
in Tables I and II in the reaction γp → K+"0(1385), we
have recalculated its cross section. In this calculation, the
parameters of the nonresonant terms are fixed as before, while
the resonance terms are obtained by using the form factor FB in
the form of the Gaussian function obtained by taking n → ∞
and the cutoff %B = 1.0 GeV, as motivated by the Gaussian
radial wave functions in the quark model. The resulting total
cross section for the reaction γp → K+"0(1385) is shown in
Fig. 3. As shown by the dashed line, the contribution from all
resonances to the total cross section of γp → K+"0(1385) is
important in the region around Eγ = 1.8 ∼ 2.0 GeV. Although

3The preliminary CLAS data give very small cross sections for
Eγ " 1.7 GeV, which deviate significantly from our prediction. These
two data points are now corrected in the new analyses of the CLAS
data which are in progress [14].

TABLE II. Missing resonances and their decay amplitudes predicted in Refs. [10,30].

Resonance Amplitudes of R → K"(1385)a h1 h2 Amplitudes of R → Nγ b f1 f2

G(ℓ1) G(ℓ2) A
p
1/2 A

p
3/2

N 3
2

−
(2095) G(0) = +7.7 G(2) = −0.8 0.99 0.27 −9 −14 0.49 −0.83

N 5
2

+
(1980) G(1) = −3.6 G(3) = −0.1 0.59 0.24 −11 −6 0.019 −0.13

! 3
2

−
(2145) G(0) = +5.2 G(2) = −1.9 0.25 0.46 0 +10 0.11 −0.059

aIn
√

GeV.
bIn 10−3/

√
GeV.
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TABLE I. Resonances listed in the review of PDG [29] and their decay amplitudes of R → K"(1385) and of R → Nγ predicted in
Refs. [10,30]. The coupling constants are calculated using the resonance masses of PDG.

Resonance PDG [29] Amplitudes of R → K"(1385)a h1 h2 Amplitudes of R → Nγ b f1 f2

G(ℓ1) G(ℓ2) A
p
1/2 A

p
3/2

N 1
2

−
(1945) S∗

11(2090) G(2) = +1.7 – −9.8 – +12 – −0.055 –

N 3
2

−
(1960) D∗∗

13 (2080) G(0) = +1.3 G(2) = +1.4 0.24 −0.54 +36 −43 −1.25 1.21

N 5
2

−
(2095) D∗∗

15 (2200) G(2) = −2.0 G(4) = 0.0 0.29 −0.08 −9 −14 0.37 −0.57

! 3
2

−
(2080) D∗

33(1940) G(0) = −4.1 G(3) = −0.5 −0.68 1.00 −20 −6 0.39 −0.57

! 5
2

+
(1990) F ∗∗

35 (2000) G(1) = +4.0 G(3) = −0.1 −0.87 0.11 −10 −28 −0.68 −0.062

aIn
√

GeV.
bIn 10−3/

√
GeV.

γp → K+"0(1385) without the resonance contributions. For
the form factors in the s- and u-channel diagrams, we take
%B = 1.0 GeV with n = 1. For the t-channel K exchange, we
use %M = 0.83 GeV to reproduce the total cross section data
at Eγ ! 2.5 GeV. Following Ref. [31], we avoid the use of FM

for vector meson exchanges, and the t-channel K∗ exchange
is calculated by using the form factor FB with %B = 1.2 GeV
and n = 1. With the K∗N"∗ coupling constants determined
before, namely, g1 = −5.48 and g2 = g3 = 0, we find that
the contribution from the K∗ exchange is negligible in the
considered energy region. Even at higher energies, Eγ = 3 ∼
4 GeV, the K∗ exchange contribution is only at the level of
a few percent of those from other production mechanisms.
We have also tested the role of the K∗ exchange by allowing
nonvanishing values for g2 and g3. We again find that the
K∗ exchange is suppressed compared with other production
mechanisms unless g2 and/or g3 is as large as ∼100. Although
there is no constraint at present on the values of g2 and g3,
we regard such a large value as unrealistic. This leads us
to conclude that the role of K∗ exchange in this reaction is
negligibly small. However, since the K∗ trajectory has a larger
intercept than the K trajectory, the role of the K∗ exchange
would have a chance to be revealed at very high energies.
It is thus of interest to measure the cross sections at much
higher energies, and this would help constrain the values of
the coupling constants g2 and g3.

Our result on the total cross section is shown in Fig. 2
and is compared with the pre-1970s data [11– 13] and the

preliminary CLAS data reported in Ref. [5].3 Comparison
with the preliminary CLAS data for the total cross section
of γp → K"0(1385) shows that this model can explain the
general energy dependence of the total cross section but not
the enhanced cross section at Eγ = 1.7 ∼ 1.9 GeV. Although
varying the cutoff parameters of employed form factors can
change the magnitude of the cross section, the peak arising
from the threshold effect cannot reproduce the observed peak
in the data. This implies that resonances play an important role
in the production mechanism.

Including the s-channel nucleon and ! resonances listed
in Tables I and II in the reaction γp → K+"0(1385), we
have recalculated its cross section. In this calculation, the
parameters of the nonresonant terms are fixed as before, while
the resonance terms are obtained by using the form factor FB in
the form of the Gaussian function obtained by taking n → ∞
and the cutoff %B = 1.0 GeV, as motivated by the Gaussian
radial wave functions in the quark model. The resulting total
cross section for the reaction γp → K+"0(1385) is shown in
Fig. 3. As shown by the dashed line, the contribution from all
resonances to the total cross section of γp → K+"0(1385) is
important in the region around Eγ = 1.8 ∼ 2.0 GeV. Although

3The preliminary CLAS data give very small cross sections for
Eγ " 1.7 GeV, which deviate significantly from our prediction. These
two data points are now corrected in the new analyses of the CLAS
data which are in progress [14].

TABLE II. Missing resonances and their decay amplitudes predicted in Refs. [10,30].

Resonance Amplitudes of R → K"(1385)a h1 h2 Amplitudes of R → Nγ b f1 f2

G(ℓ1) G(ℓ2) A
p
1/2 A

p
3/2

N 3
2

−
(2095) G(0) = +7.7 G(2) = −0.8 0.99 0.27 −9 −14 0.49 −0.83

N 5
2

+
(1980) G(1) = −3.6 G(3) = −0.1 0.59 0.24 −11 −6 0.019 −0.13

! 3
2

−
(2145) G(0) = +5.2 G(2) = −1.9 0.25 0.46 0 +10 0.11 −0.059

aIn
√

GeV.
bIn 10−3/

√
GeV.
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FIG. 2. (Color online) Total cross sections for γp →
K+"0(1385) without resonance contributions. The pre-1970s data
are from Refs. [11– 13] and the preliminary data of CLAS
Collaboration are from Ref. [5].

the contribution coming from the missing resonances (dash-
dash-dotted line) is small compared to the PDG resonance
contributions (dotted line), it moves the peak coming from
the resonant terms to a somewhat higher energy. This result
shows that most resonance contributions come from the sum
of the PDG resonances. However, it should be kept in mind
that this conclusion follows from the quark model predictions
of Refs. [10,30] for the empirically not-well-known decay
properties of the PDG resonances. Therefore, detailed studies
on this reaction could be used to constrain the properties of
the PDG resonances listed in Table I. The total cross sections
obtained by including only the PDG resonances and all the
resonances considered in the present work, which also include
the missing resonances predicted by quark models, are given,
respectively, by the solid line and the dot-dashed line in Fig. 3.
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K+"0(1385) reaction with the resonances listed in Tables I and II.
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FIG. 4. (Color online) Contributions from various resonances to
the total cross section for γp → K+"0(1385).

These results show that the peak observed in the preliminary
CLAS data can be successfully explained by these resonances.

The contributions from different resonances are shown
separately in Fig. 4. The solid line is the sum of all the
resonances considered in this work and, therefore, corresponds
to the dashed line in Fig. 3. The largest contribution comes
from the # resonance #(2000)F35 (the dot-dashed line in
Fig. 4), and the contributions from #(1940)D33 (the short
dashed line in Fig. 4) and N (2080)D13 (the dotted line in
Fig. 4) are also noticeable. One interesting result is that
the contribution from the missing resonance N 3

2
−

(2095) is
not the dominant one, although it is as large as that from
N (2080)D13. As discussed above, this missing resonance is
predicted to have a very large coupling to K"(1385). However,
its effect in the reaction γp → K+"0(1385) is not large as
a result of its rather small couplings to Nγ . Furthermore,
this resonance has a destructive interference with the other
missing resonance, # 3

2
−

(2145), so that the net contribution
from missing resonances becomes small. For N (2090)S11 and
N (2200)D15, their contributions are found to be too small to
be shown in Fig. 4.

B. Differential cross section and photon asymmetry

Similar conclusions on the role of resonances in the reaction
γp → K+"0(1385) can be drawn from its differential cross
sections shown in Fig. 5. The solid and dashed lines, which are
obtained with the PDG resonances and with all resonances,
respectively, are close to each other, but they can be distin-
guished from the dotted lines that are obtained without the
resonant contribution, provided the data are accurate enough,
particularly in the region of Eγ = 1.8 ∼1.9 GeV. At higher
energies, the models with and without resonances give nearly
the same result. The contributions from the sum of all the
resonances considered in the present work are given by the
dash-dotted lines.
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the contribution from the missing resonance N 3
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not the dominant one, although it is as large as that from
N (2080)D13. As discussed above, this missing resonance is
predicted to have a very large coupling to K"(1385). However,
its effect in the reaction γp → K+"0(1385) is not large as
a result of its rather small couplings to Nγ . Furthermore,
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missing resonance, # 3

2
−

(2145), so that the net contribution
from missing resonances becomes small. For N (2090)S11 and
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sections shown in Fig. 5. The solid and dashed lines, which are
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Summary and Outlook

• Needs for High-spin baryon resonances 

• to understand the production mechanisms of various reactions in the resonance 
region ~ 2 GeV 

• To search for the missing resonances 

• To test various models of baryon structure 

• Further works 

• Extraction of coupling constants from various baryon models: A complete list for the 
coupling constants for various models 

• Issues on gauge invariance, off-shell parameters, etc  
(GWU group, V. Pascalutsa, T. Mart etc) 

• More results to come.
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Nuclear isospin asymmetry in α decay of heavy nuclei

Eunkyoung Shin,1,* Yeunhwan Lim,2,† Chang Ho Hyun,3,‡ and Yongseok Oh1,4,§

1Department of Physics, Kyungpook National University, Daegu 41566, Korea
2Rare Isotope Science Project, Institute for Basic Science, Daejeon 34047, Korea

3Department of Physics Education, Daegu University, Gyeongsan, Gyeongbuk 38453, Korea
4Asia Pacific Center for Theoretical Physics, Pohang, Gyeongbuk 37673, Korea

(Received 11 November 2015; revised manuscript received 20 June 2016; published 12 August 2016)

The effects of nuclear isospin asymmetry on α-decay lifetimes of heavy nuclei are investigated within various
phenomenological models of the nuclear potential for the α particle. We consider the widely used simple
square-well potential and Woods-Saxon potential and modify them by including an isospin asymmetry term. We
then suggest a model for the potential of the α particle motivated by a microscopic phenomenological approach
of the Skyrme force model, which naturally introduces the isospin-dependent form of the nuclear potential for the
α particle. The empirical α-decay lifetime formula of Viola and Seaborg [J. Inorg. Nucl. Chem. 28, 741 (1966)] is
also modified to include isospin asymmetry effects. The obtained α-decay half-lives are in good agreement with
the experimental data, and we find that including the nuclear isospin effects somehow improves the theoretical
results for α-decay half-lives. The implications of these results are discussed, and the predictions on the α-decay
lifetimes of superheavy elements are also presented.
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I. INTRODUCTION

The nuclear α decay has been one of the most important
tools to study nuclear forces and nuclear structure [1]. Even
today, its role cannot be overemphasized in the investigation
of nuclear properties and, in particular, in identifying
syntheses of new elements. (See, for example, Refs. [2,3].)
Although many facets of the nuclear force were uncovered
and understood, there still remain a lot of questions to be
explored. One very naive but quite nontrivial question would
be how many nucleons can aggregate in the heaviest nucleus?
Since every nucleus is dynamical and the α decay is one of
the major decay processes of heavy nuclei, the investigation
of α decays of superheavy elements is required to find a clue
to answer this question.

The structures of superheavy elements and their syntheses
have been exciting research topics in both experimental and
theoretical nuclear physics [4]. These topics attract recent
research interests thanks to the construction of new facilities
of rare isotope beams, which will allow the investigation
of very neutron-rich nuclei as well as superheavy elements.
The stability of nuclei can be achieved through the balance
between the attractive nuclear force and the repulsive Coulomb
force. As the number of protons increases, the Coulomb
repulsion increases, thus more neutrons are required to form
a bound state. However, the energy of neutron-rich nuclear
matter is higher than that of symmetric nuclear matter because
of the nuclear symmetry energy contribution to the total
energy. Therefore, the nuclear symmetry energy is important to
understand the structure of heavy, in particular, very neutron-
rich nuclei [5]. Furthermore, unstable heavy nuclei eventually
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decay through spontaneous fission, β decay, nucleon, and
α emissions, so the role of nuclear symmetry energy or the
change in nuclear potential due to nuclear isospin asymmetry
in these decay processes deserves to be studied.

In the standard approach, the α-decay lifetimes are gov-
erned by the effective potential for the nuclear force which
combines the core nucleus and the α cluster. There are
several phenomenological potential models for explaining the
measured data of α-decay lifetimes, which include the simple
α-cluster model with a square-well (SW) potential model [6,7],
cosh-type potential model [8], generalized liquid droplet
model (GLDM) [9,10], and density-dependent M3Y effective
interaction [11– 13]. In the simple cluster model, the α particle
is trapped by the core nucleus in a nuclear plus Coulomb
potential, and the α decay happens as the bound α particle
escapes from the potential barrier by quantum tunneling. The
shape of the effective nuclear potential felt by the α particle
is determined by fitting the parameters of the potential to
the measured α-decay lifetimes. Despite its simplicity, these
models are quite successful to describe α-decay lifetimes even
quantitatively [6,7]. For a more complete description of the
data, one, of course, needs to develop more realistic potential
models for the α particle.

Improvement of simple potential models has been pursued
in several ways. For example, in the simple potential models
illustrated above, the shape of a nucleus is robust and
does not change during the decay process. Therefore, more
realistic treatment on the shape evolution was anticipated and
investigated, e.g., in the GLDM in Refs. [9,10]. On the other
hand, it is also desirable to understand the α potential in nuclear
matter from a microscopic approach. Along this direction, the
authors of Refs. [11– 13] parametrized the α-particle potential
using three Yukawa-type finite-range forces that are modified
by nuclear density. In this approach, it is assumed that the core
nucleus follows the Fermi density profile and the α particle
has the Gaussian density profile.
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The nuclear α decay of heavy nuclei is investigated based on the nuclear energy density functional, which
leads to the α potential inside the parent nucleus in terms of the proton and neutron density profiles of the
daughter nucleus. We use the Skyrme force model, Gogny force model, and relativistic mean-field model to get
the nucleon density profiles inside heavy nuclei. Once the nucleon density profiles are determined, the parameters
of the nuclear α potential are fitted to the observed α decay half-lives of heavy nuclei. This approach is then
applied to predict unknown α decay half-lives of heavy nuclei. To estimate the Q values of unobserved α decays,
we make use of the liquid droplet model.

DOI: 10.1103/PhysRevC.95.034311

I. INTRODUCTION

The synthesis of unknown heavy nuclei has been spot-
lighted in recent decades with the development of new
facilities for rare isotope accelerators [1– 3]. In particular, the
structure of neutron-rich heavy nuclei is expected to shed
light on our understanding of nuclear structure in isospin
asymmetric nuclear matter and it will give insight on the
structure of neutron stars and the process of nuclear synthesis
during the evolution of stars [4]. Therefore, it can be a test
ground for various issues of nuclear physics such as the
nuclear density functional, strong nuclear interactions, various
decay processes, r-p process, etc., which makes it one of the
most exciting topics in low-energy nuclear physics [5]. The
formation of such heavy nuclei is identified through their
decay processes such as the α decay, β decay, and spontaneous
fission [6]. The competition between these decay processes is
reflected in branching ratios, and, in fact, the heavy nuclei with
the atomic number Z > 105 were found to rarely survive for
a few minutes [7,8].

The study on the nuclear α decay process has a very long
history, as it is one of the major decay processes of nuclei [6,9].
In particular, the formation of a new heavy nuclide would
be mostly identified through its α decay chains [10– 12].
Modern approaches for theoretical understanding of the
nuclear α decay are based on effective nuclear interactions
such as the square-well potential model [13,14], cosh poten-
tial model [15], unified fission model [16], double folding
model [17– 19], and so on.

The most important factor in the α decay process of heavy
nuclei is the accurate information on the Q value for the decay
process, which reflects the structure of heavy nuclei through
binding energy. The importance of the Q value in the α decay
lifetime can easily be found in the Geiger-Nuttall law [20] and
its improved version of Viola, Jr. and Seaborg [6].1
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1For example, in the case of the alpha decay of 212Po → 208Pb +α,

a difference of 0.1 MeV in the Q value of the reaction, where

The next most sensitive factor in the determination of the
α decay width is the nucleon distribution inside the daughter
nucleus, which determines the α potential. Since the α decay
is basically a quantum tunneling effect, the exact positions
of the classical turning points and the profile of the barrier,
i.e., its height and width, are essential parts for the estimation
of the α decay lifetime. Therefore, the information on the
nuclear potential felt by the α cluster inside the parent nucleus
is important to estimate the α decay width. Furthermore, the
Coulomb potential is responsible for the repulsive potential
barrier together with the angular momentum barrier, so the
potential shape due to the proton distribution in the daughter
nucleus has a nontrivial role in the α decay process. The
purpose of the present paper is to go beyond a simple model
approach for the α potential by developing a more realistic α
potential based on nucleon density profiles for estimating α
decay half-lives.

In the present paper, we calculate the α decay half-
lives of heavy nuclei within the Wentzel-Kramers-Brillouin
(WKB) approximation by calculating the nuclear potential felt
by the α cluster using phenomenological nuclear force models.
The nuclear potential form for the α cluster is obtained from
the Skyrme-type interaction as prescribed in Ref. [21], which
requires the proton and neutron distribution as inputs. We then
use the Skyrme SLy4 model [22] and Gogny D1S model [23] as
nonrelativistic models and the relativistic mean-field DD-ME2
model [24] as well. For the Q values of the α decay processes,
we use the experimental data whenever available, and, if not,
we make use of the liquid droplet model (LDM) elucidated in
Ref. [25].

This paper is organized as follows. In Sec. II, we review
the LDM to calculate the binding energy to be used when the
experimental Q value is not known. The Coulomb diffusion
and exchange terms are included as well as the pairing and
shell corrections, which gives a better fitting to existing data.
In the shell corrections, we use the last magic number as a

Qexpt. ≈8.95 MeV, results in about a factor of 1.7 difference in the
calculated half-life of 212Po.

2469-9985/2017/95(3)/034311(9) 034311-1 ©2017 American Physical Society
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▸ Nuclear ! decay:  
the first observed nuclear reaction (1899, Rutherford) 

▸ Why still ! decay? 

▸ A tool to study structure of heavy nuclei 

▸ Identification of most heavy nucleus formation is made through decays such as  ! 
decay chain 

▸ E.g.: ! decay of (unobserved nucleus) 
296

Og is planned at JINR @ Dubna.  
(If confirmed, it would be the heaviest element observed so far.) 

▸ Theoretical understanding of the decay mechanism is needed 

▸ phenomenological vs fundamental approaches 

▸ towards more satisfactory theories on the nuclear ! decay

MODERN PROBLEMS IN NUCLEAR AND ELEMENTARY PARTICLE PHYSICS 4

INTRODUCTION

Z=118: Oganesson (A=294)



THEORIES ON ALPHA DECAYS

▸ Quantum Tunneling Effects (1928) 

▸ G. Gamow 

▸ R.W. Gurney  and E.U. Condon  

▸ one of the first applications of quantum mechanics

MODERN PROBLEMS IN NUCLEAR AND ELEMENTARY PARTICLE PHYSICS

© 1928 Nature Publishing Group

© 1928 Nature Publishing Group

204 

Zur Quantentheor i e  des  A t o m k e r n e s .  
Von G. G a m o w ~  z. Zt. in GSttingen. 

Mit 5 Abbildungen. (Eingegangen am 2. August 1928.) 

Es wird der Versuch gemacht, die Prozesse der a-Ausstrahlung auf Grund der 
Wellenmeehanik n~her zu untersuchen und den experimentell festgestel]ten Zu- 
sammenhang zwisehen Zerfallskonstante und Energie der a-Partikel theoretisch zu 

erhalCen. 

w 1. Es ist schon ~tters* die Vermutung ausgesproehen worden, 
dal] im Atomkern die nichtcoulombschen Anzlehungskr~fte eine sehr 
wiehtige Rolle spielen, lJber die Natur dieser KrKfte kSnnen wir viele 
ttypothesen macken. 

Es kSnnen die Anziehungen zwisehen den magnetischen Momenten 
der einzelnen Kernbauelemente oder die yon elektriseher und magne- 

U 

E! 

\ 

Fig. 1. 

fischer Polarisation herriihren- 
den Krafte sein. 

Jedenfalls nehmen diese 
Krgfte mit waehsender Ent- 
fernung yore Kern sehr schnell 
ab, und nur in unmittelbarer 
Nahe des Kernes fiberwiegen 
sie den Einflul] der Cou lomb-  
schen Kraft. 

Aus Experimenten fiber 
Zerstreuung der ~-Strahlen 
k~nnen wir schliel]en, dal], far 
sehwere Elemente, die An- 

ziehungskr~fte bis zu einer Entfernung ~ 10 -12 em noch nicht merklich 
sin& So kSnnen wir das auf Fig. 1 gezeichnete Bild far den Verlauf 
der potentiellen Energie annehmen. 

Hier bedeutet ~'" die Entfernung, bis zu weleher experimentell nach- 
gewiesen ist, daft Coulombsche Anziehung allein existiert. Von ~" be- 
ginnen die Abweiehungen ( r '  ist unbekannt und viel]eicht viel klelner 
als r " )  und b e i r  o hat die U-Kurve ein Maximum. Far ~, ~ r o herrschen 
schon die Anziehungskrafte ,:or, in diesem Geblet w~irde das Teilchen 
den Kernrest wie ein Satellit umkreisen. 

* J. Frenkel,  ZS. f. Phys. 87, 243, 1926; E. Rutherford, Phil. Mag. 
4, 580, 1927; D. Enskog, ZS. f. Phys. 45, 852, 1927. 
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MODERN PROBLEMS IN NUCLEAR AND ELEMENTARY PARTICLE PHYSICS

THEORIES ON ALPHA DECAYS

log10(T1/2) =
aZ + bp

Q↵
+ cZ + d

▸ Geiger-Nuttall law (1911) 
▸ Viola-Seaborg formula (1961) 
▸ phenomenological semi-empirical formula

186 I Chapter 7 

n 8 238pu 

-5.69 

3H d P 
236Np 237Np 238Np 

-9.79 -9.42 -6.16 

6He sHe 4He 3He 
233U 234U 23SU 236U 

-5.93 -0.95 5.24 -8.79 

7Li 6Li sLi 

232Pa 233Pa 234Pa 

- 2.26 - 2.99 -3.45 

Figure 7.1 Available energy for the emission of particles by 239pu. The figure shows the emitted 
particle, the residual nucleus and the energy (in MeV) released in the process. Notice that only 
the a-emission (4He) has a positive energy. 

it can leave it crossing the barrier formed by the Coulomb and nuclear potential. In fact, 
many nuclei present a peculiar structure, as if they were formed by clusters of a-particles. 
For example, many of the properties of l2C and 16 0 can be explained supposing that they 
are clusters of 3 and 4 a-particles, respectively. 

20 

16 

12 

8 

4 

o 

-4 

0.30 

<> 84PO 

• 88
Pa 

* 92U 

o 96Cm 

218 
214 

0.35 0.40 

244 

200 

218 

246 

23 

234 

226 

208 
206 

0.45 

238 

236 

[E(MeVlr1/2 

0.50 

Figure 7.2 Relationship between the logarithm of the a-decay half-life and the inverse of the 
square root of the energy of disintegration for even-even nuclei. The Geiger-Nuttall Rule estab-
lishes that the isotopes of a given element are placed along a straight line. Odd-even and odd-odd 
nuclei also obey the rule but the linear relationship is less clear. The isotopes of polonium are 
located along two straight lines, as a result of the shell effect in passage through the magic 
number of neutrons N = 126. 

C.A. Bertulani, “Nuclear Physics in a Nutshell” (Princeton Univ. Press, 2007)

Q
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log10(T1/2) =
aZp
Q↵

+ b

C. Qi, A.N. Andreyev, M. Huyse, R.J. Liotta, 
P. Van Duppen, R. Wyss, PLB 734 (2014)



MODERN PROBLEMS IN NUCLEAR AND ELEMENTARY PARTICLE PHYSICS

BASIS OF ALPHA DECAY THEORIES

▸ ! cluster model  

▸ the ! particle is preformed inside a nucleus. 

▸ Models for effective !  potential on nuclear interactions 

▸ square-well potential, cosh potential, double folding model, etc 

▸ Calculation tool: WKB approximation 

▸ preformation factor (P) 

▸ assaulting frequency (F) of the !  to the potential well - normalization 

▸ k: wave number of the !  particle

T1/2 =
~ ln 2
�

� = PF ~2
4m

exp


�2

Z
drk(r)

�

7

k(r) =

r
2m

~2 |Q↵ � V (r)|



MODERN PROBLEMS IN NUCLEAR AND ELEMENTARY PARTICLE PHYSICS

▸ Important factors which govern the !  decay 

▸ Q values for the decay process (as can be seen in the GN 
formula) 

▸ For example, in 212Po → 208Pb + ! 

▸ " Q = 0.1 MeV (where Qexp ≈ 8.95 MeV) causes a factor 
of 1.7 difference in lifetime 

▸ ! potential: determined by the nucleon distributions 
- motivation of the present work 

▸ the interaction potential between the !  particle and the 
rest of the nucleus (core or daughter nucleus) 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MODERN PROBLEMS IN NUCLEAR AND ELEMENTARY PARTICLE PHYSICS

! POTENTIALS
VN : nuclear ↵ potential

VC : Coulomb potential

VL : centrifugal potential

V = VN + VC + VL

The Coulomb potential

VC = 8⇡e2

1

r

Z r

0
⇢p(r

0)r02dr0 +

Z 1

r
⇢p(r

0)r0dr0
�

The centrifugal potential with the Langer modification

VL =
~2

2mr2

✓
`+

1

2

◆2
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MODERN PROBLEMS IN NUCLEAR AND ELEMENTARY PARTICLE PHYSICS

ISOSPIN EFFECTS IN NUCLEAR ! POTENTIALS

▸ Effects of isospin asymmetry terms in nuclear ! potentials 

▸ Define: I = (N-Z)/(N+Z),  
where N = neutron number and Z = proton number 

▸ Square-well potential 

▸ Woods-Saxon potential  

▸ Viola-Seaborg formula  
 

10

E. Shin, Y. Lim, C.H. Hyun, YO, PRC 94 (2016)

VN =

⇢
V0 + V1I + V2I2, r < R
0, r > R

VN =
V0 + V1I + V2I2

1 + exp[(r �R)/a]

log10(T1/2) =
aZ + bp

Q↵
+ cZ + d+ e1I + e2I

2
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EFFECTS OF THE ISOSPIN TERMS 1

11

NUCLEAR ISOSPIN ASYMMETRY IN α DECAY OF . . . PHYSICAL REVIEW C 94, 024320 (2016)

TABLE I. Parameters of the SW potential fitted to the experimental data of Refs. [30,31]. The numbers in parentheses denote the fitted
values without the V1 and V2 terms. The rms deviation σ is defined in Eq. (6).

Type Number of events V0 (MeV) V1 (MeV) V2 (MeV) σ

e-e 178 −140.035 (−132.415) +57.567 −71.601 0.304 (0.319)
e-o 110 −175.980 (−140.416) +524.995 −1737.533 0.596 (0.616)
o-e 137 −158.767 (−142.700) +308.787 −1163.721 0.607 (0.630)
o-o 70 −152.100 (−144.250) +56.482 −63.256 0.604 (0.609)

cases of α decays, namely, even-even (e-e), even-odd (e-o),
odd-even (o-e), and odd-odd (o-o) where the former refers to
the neutron number and the latter refers to the proton number
of the decaying nucleus. For the fitting process, the AME2012
experimental data compiled in Refs. [30,31] are used. Numbers
in parentheses denote the values obtained without the I and
I 2 terms. Comparing the rms deviations σ for the cases with
and without the isospin asymmetry terms, we notice a slight
improvement due to the I and I 2 terms. The rms deviation σ
value has the lowest value for the case of e-e nuclei and larger
values for other nuclei. The main reason for this behavior is the
assumed value (ℓ = 0) of the orbital angular momentum. To
verify this, we allow the variation of ℓ for each nuclei. It is then
found that ℓ = 0 gives a reasonable description of the decays of
even-even nuclei, but ℓ ̸= 0 is definitely needed to have a better
fit for the other nuclei. Since ℓ = 0 is assumed for all nuclei in
the SW potential model, there is a limit to reduce the σ values
for even-odd, odd-even, and odd-odd nuclei. But we do not fur-
ther pursue finding a better parameter set by varying the value
of ℓ in this model as our purpose is to see the role of the isospin
asymmetry terms compared with the model of Refs. [6,7].

Unlike the SW potential model discussed above, the ℓ = 0
constraint is released in the WS potential model following
the prescription of Ref. [8]. Tables IV– VI show the fitted
parameters of the WS potential. We can see that the rms
deviation in the case of even-even nuclei is similar in quality
to that of the SW potential model. But the results for the
other nuclei are improved a lot. The main reason is that,
as was mentioned above, we allow the variation of ℓ in
the fitting process. Namely, we change the ℓ value for each
nucleus so that it reproduces the best result of rms deviation,
whereas the condition of parity conservation is satisfied. As
a result, we obtain a better result for the rms deviation.
Inclusion of the isospin asymmetry term slightly improves the
results of even-even nuclei but leaves the rms deviation almost
unchanged for odd-N or odd-Z nuclei, which implies that,
in this model, the angular momentum effect is much stronger
than the isospin asymmetry effect.

Presented in Table VII are the parameters of the α nuclear
potential from the Skyrme EDF. For the fitting process, we use
the data only for even-even nuclei since the formula already
includes the isospin dependence explicitly and the parameters
should be the same for the four cases of the proton and
neutron numbers. Table VII also displays the rms deviation
values with the fitted parameters for four cases of nuclei. As
in the WS potential model, we assume ℓ = 0 for even-even
nuclei but allow the change in ℓ for other nuclei, which results
in smaller deviations for odd-N or odd-Z nuclei. The overall
agreement with the measured data is as satisfactory as the WS
potential model. More detailed comparison will be presented
in the next subsection.

In order to see the model dependence of the results, we
plot the obtained nuclear potentials of the α particle for the
nucleus 294

118Uuo in Fig. 1. We find that the three models provide
similar potentials but the structure of the potential in the inner
region (r < 10 fm) shows rather strong model dependence.
Namely, the WS potential gives the deepest potential, whereas
the depths of SW and EDF potentials are similar to each other.
Roughly speaking, the depth of the WS potential is bigger than
those of the SW and EDF potentials by about 20%. On the other
hand, the barrier width for a given value of Qα takes the largest
value for the WS potential and the smallest for the EDF one,
but the difference is only less than 1 fm. Since the half-life
is mostly determined by the quantum tunneling effects, the
major factor that determines the lifetime is the potential width
where the α particle should penetrate. Therefore, in the case
of 294

118Uuo, we have the hierarchy of T SW
1/2 ≃ T WS

1/2 > T EDF
1/2

that is confirmed by numerical calculation.5 This is so because
a shorter penetration barrier gives a shorter lifetime. However,
the inner part of the potential may affect the lifetime through
the assaulting frequency F determined by the Qα value.
The results shown in Tables I– VII suggest that the isospin

5Of course, we have different relations among them depending on
the nucleus.

TABLE II. Parameters of the SW potential fitted to the experimental data of Refs. [30,31]. The numbers in parentheses denote the fitted
values without the V1 term. The rms deviation σ is defined in Eq. (6).

Type Number of events V0 (MeV) V1 (MeV) σ

e-e 178 −138.523 (−132.415) +35.644 0.304 (0.319)
e-o 110 −135.823 (−140.416) +25.727 0.614 (0.616)
o-e 137 −134.579 (−142.700) −46.412 0.620 (0.630)
o-o 70 −150.740 (−144.250) +37.035 0.604 (0.609)
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TABLE III. Parameters of the SW potential fitted to the experimental data of Refs. [30,31]. The numbers in parentheses denote the fitted
values without the V2 term. The rms deviation σ is defined in Eq. (6).

Type Number of events V0 (MeV) V2 (MeV) σ

e-e 178 −135.933 (−132.415) +111.431 0.305 (0.319)
e-o 110 −136.899 (−140.416) −105.036 0.612 (0.616)
o-e 137 −136.969 (−142.700) −175.735 0.616 (0.630)
o-o 70 −148.022 (−144.250) +116.513 0.604 (0.609)

asymmetry effects in SW and WS models are mostly involved
in assaulting frequencies and the penetration lengths are almost
unaffected. Therefore, the rms deviations are not improved
much by the isospin asymmetry effect.

In the present paper, we also investigate the modified VS
formula for the α-decay lifetimes. Tables VIII– X show our re-
sults on the fitted parameters for the modified VS formula and
the corresponding rms deviation. The numbers in parentheses
represent the results without the isospin asymmetric terms.
Compared to the SW and WS potential models, inclusion of
the isospin asymmetry term considerably improves the rms
deviation. However, the obtained rms deviations are larger than
the WS model, which may indicate some missed structure in
the VS formula. First, in the (modified) VS formula, there is no
room to incorporate the contribution of the angular momentum
ℓ, i.e., the centrifugal barrier, so this may limit the application
of the VS formula. Second, the α-decay lifetimes may have
a more complicated dependence on isospin asymmetry other
than the I and I 2 terms. Such effects could be accounted for
through more realistic microscopic approaches.

B. Comparison with data

We present our results for α-decay half-lives of several
heavy nuclei in Table XI, which shows the results from the
SW potential model, the WS potential model, the Skyrme
EDF potential model, and the VS formula, where the SW,
WS, and VS models include the isospin asymmetry terms.
The experimental Qα values and measured half-lives of heavy
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FIG. 1. The α-particle nuclear potential in the nucleus 294
118Uuo of

the three models considered in the present paper.

nuclei are also given for comparison. The rms deviation σ
given in this table is the value obtained with the listed 27 nuclei.
All the models give half-lives consistent with the experimental
data, and, at least, they are in the correct order of magnitude.
Very few exceptional cases are the SW and VS models for
the (Z,A) = (111,279) nucleus and SW model for the cases
of (107,270) and (109,274) where the theoretical values are
smaller than the measured data by an order of magnitude.
On the other hand, the Skyrme EDF model reproduces the
experiment data fairly well, giving the ratio of theory to
experiment in the range from 0.40 for (109,276) to 2.53 for
(116,291).6

Excellence of the EDF approach for the listed 27 heavy
nuclei can be verified by the small value of the rms deviation
as shown in the last row of Table XI. For the SW potential
and the VS formula, the σ values are significantly larger than
the values given in Tables I and IV that are obtained in the
fitting. This may indicate the limitation of these models to
describe α decays of heavy nuclei. As was mentioned earlier,
the orbital angular momentum ℓ is set to be zero in the SW and
VS models regardless of the type of decaying nuclei. On the
other hand, this restriction is released for the WS and Skyrme
EDF models, and consequently, they lead to better fittings.
Nevertheless, it should be mentioned that the rms deviation
value of the Skyrme EDF model in Table XI is even smaller
than those in Table VII, and this indicates the usefulness of
this model for describing α decays of heavy nuclei.

We also compare our results with those obtained in the
unified fission model (UFM) of Ref. [43]. To this end we
take Table I in Ref. [43] as a benchmark for our calcu-

6Our fitted parameters determined in this section without the isospin
term are consistent with those of Refs. [6,7,37] for even-even nuclei
considering the different sets of data used in the fitting procedure. In
the present paper, for the SW and WS potentials, we carry out the
fitting separately for even-even, even-odd, odd-even, and odd-odd
nuclei.

TABLE IV. Fitted parameters of the WS potential. The notation
is the same as in Table I.

Type V0 (MeV) V1 (MeV) V2 (MeV) σ

e-e −190.845 (−179.634) +54.851 +56.370 0.302 (0.326)
e-o −173.564 (−174.859) +64.534 −38.600 0.211 (0.212)
o-e −187.018 (−182.313) +36.494 +127.714 0.248 (0.251)
o-o −180.316 (−176.876) −16.653 +86.544 0.254 (0.256)
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TABLE VIII. Fitted coefficients of the modified VS formula. The values in parentheses are those of the unmodified VS formula, i.e.,
without the e1 and e2 terms.

Type a b c d e1 e2 σ

e-e 1.53420 (1.48503) 4.20759 (5.26806) −0.18124 (−0.18879) −35.57934 (−33.89407) 5.28401 −38.17144 0.311 (0.359)
e-o 1.64322 (1.55427) −2.33315 (1.23165) −0.18749 (−0.18838) −35.27841 (−34.29805) 1.19898 −31.24030 0.571 (0.608)
o-e 1.69868 (1.64654) −5.67266 (−3.14939) −0.22366 (−0.22053) −32.02953 (−32.74153) −12.96399 31.01813 0.542 (0.554)
o-o 1.37778 (1.34355) 13.63138 (13.92103) −0.11009 (−0.12867) −39.41075 (−37.19944) 5.98423 −52.56801 0.561 (0.617)

is similar to the observation mentioned in Ref. [50]. A more
rigorous and complex analysis would be required to understand
this discrepancy. At the bottom of Table XIII, therefore, we
provide two sets of rms deviation values. The upper and lower
rows represent the rms deviation values with and without the
(113,286) nucleus, respectively. The advantage of including
the isospin-dependent term is evident when we compare the
results of the VS and VS0 formulas except the isotope of
(113,286).

IV. CONCLUSION

The phenomenological potential for the α particle inside a
nucleus and the WKB approximation are the two key concepts
to investigate α-decay half-lives of nuclei in the cluster model.
In the present paper, we propose to modify the nuclear potential
of the α particle by explicitly including the isospin-dependent
terms containing I = (N − Z)/A, and we calculated the α-
decay half-lives of nuclei with the value of I as large as 0.2.
We also suggest a new effective potential of the α particle based
on the Skyrme energy density functional, which contains the
isospin asymmetry contribution in a more natural way. Finally,
we modified the empirical VS formula by including the I and
I 2 terms.

Although the α-decay half-lives are mostly determined by
the value of Qα , we found that the isospin effects may improve
the results to some extent as shown by our results. Together
with the results of Ref. [16], which shows the importance of
nuclear symmetry energy in Qα values, our findings indicate
the important role of nuclear isospin asymmetry effects in
neutron-rich nuclei.

The potential model based on the Skyrme EDF suggests a
form of the interaction between the α particle and the nucleon
in the lowest order. The parameters of this approach are
then obtained by fitting the α-decay half-lives. In addition,
the density profile of the core nucleus was found by the
Thomas-Fermi approximation. The proposed EDF approach
for α decay was found to explain successfully the decay events

of heavy nuclei even better than the square-well potential and
Woods-Saxson potential approaches, which may be ascribed
to the realistic density profile of the core nucleus based
on a microscopic approach. This indicates that the isospin
asymmetry may alter the penetration length of the potential
barrier as well.

In the present paper, we first parametrize the nuclear
potential of the α particle and fit the parameters to the
data. Therefore, in this process, we cannot take into account
the specific properties of each nucleus. As a result, the
effects which come from, for example, the shell structure,
deformation, and the preformation factor of the α particle could
not be properly taken into account. Therefore, improving the
present model calculations along this direction and inclusion
of isospin asymmetry effects in microscopic models would be
desired to better understand nuclear α decay of neutron-rich
nuclei.
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APPENDIX

In microscopic approaches, the α-particle bound state with
a nucleus can be studied by solving the Hartree-Fock equation.
As given in Eq. (18), we start with the potential in the

TABLE IX. Fitted coefficients of the modified VS formula. The values in parentheses are those of the unmodified VS formula, i.e., without
the e1 term.

Type a b c d e1 σ

e-e 1.53223 (1.48503) 4.33481 (5.26806) −0.18002 (−0.18879) −34.97023 (−33.89407) −5.77017 0.327 (0.359)
e-o 1.62853 (1.55427) −1.43833 (1.23165) −0.18372 (−0.18838) −34.83250 (−34.29805) −8.12715 0.573 (0.608)
o-e 1.68262 (1.64654) −4.30929 (−3.14939) −0.21807 (−0.22053) −33.11939 (−32.74153) −3.73747 0.547 (0.554)
o-o 1.43614 (1.34355) 10.05247 (13.92103) −0.12664 (−0.12867) −37.45332 (−37.19944) −9.64627 0.570 (0.617)
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Conclusions

• Not a crucial effect on the alpha decay lifetime estimates 

• But gives an improvement in RMSD (σ)
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! POTENTIAL BASED ON SKYRME FORCE MODEL

▸ Following the standard Skyrme EDF, we write 

▸ This leads to the form of the ! potential in terms of nucleon densities as  
 
 
where 
 

vN↵(k,k
0) = s0 (1 + v0P�) �(rN↵)

+
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⇣
⇢5/3n + ⇢5/3p

⌘
+ �⇢✏N

�
⇢2N + 2⇢n⇢p

�
+ �

⇢0N
r

+ ⌘⇢00N

⇢N = ⇢p + ⇢n, ⇢0N = d⇢N/dr, ⇢00N = d2⇢N/dr2
⇢p,n =

⇢0p,n
1 + exp[(r �Rp,n)/ap,n]
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TABLE V. Fitted parameters of the WS potential. The notation is
the same as in Table I.

Type V0 (MeV) V1 (MeV) σ

e-e −191.785 (−179.634) +70.737 0.302 (0.326)
e-o −174.860 (−174.859) −2.514 0.212 (0.212)
o-e −182.293 (−182.313) +0.965 0.251 (0.251)
o-o −176.844 (−176.876) −5.644 0.256 (0.256)

lation to have one-to-one comparison possible. For most
nuclei the UFM also gives a good agreement with the
experiment data except for several cases, such as (Z,A) =
(107,270), (109,274), (111,279), and (113, 282) where the
UFM predictions are smaller than the measured data by a
factor of 10 or more. On the other hand, the Skyrme EDF
model of the present paper gives a quite reasonable description
for these cases. The main reason is attributed to the fact that,
in the Skyrme EDF model, the shape of the potential changes
depending on the values of Z and A. By changing the values
of Z and/or A, the parameters of the density profiles of the
protons and neutrons in Eq. (21) need to be readjusted to find
the minimum energy condition, which leads to the modification
of the potential and thus the penetration length. Although the
SW and WS potentials are somehow dependent on the neutron
number through the quantization condition of Eq. (9),7 the
resulting half-lives indicate that the EDF model treats the
modification of the potential in a more proper way. This again
suggests that microscopic treatments of the nuclear potential
are needed for more realistic approaches for understanding
nuclear phenomena.

C. Predictions on undiscovered α-decay lifetimes
of superheavy elements

The information on the α-decay lifetime can help ex-
perimentally confirm the synthesis of unknown superheavy
elements. In this subsection we present our predictions on α
decays of such elements. In this case, however, we do not have
reliable information on the value of Qα , so we have to rely
on the predictions of theoretical models on nuclear structure.
Since the α-decay lifetime is sensitive to the value of Qα , this
causes uncertainties in our estimates. In our calculation, we
use the recent Weizsäcker-Skyrme4 (WS4) model of Ref. [44],
which gives a good description for the nuclei of Z ! 100. (See,
for example, Refs. [45–47] for other models.) With nuclei
masses the Qα values can be calculated by [48]

Qα = #M(Z,A) − #M(Z − 2,A − 4) − #Mα

+ 10−6k[Zβ − (Z − 2)β], (25)

where #M is the atomic mass excess, #Mα = 2.4249 MeV,
and (k = 8.7 eV, β = 2.517) for nuclei of Z ! 60 and
(k = 13.6 eV, β = 2.408) for nuclei of Z < 60.

7A part of the isospin asymmetry effects of α decay comes from
the penetration length of the Coulomb potential which depends only
on Z.

TABLE VI. Fitted parameters of the WS potential. The notation
is the same as in Table I.

Type V0 (MeV) V2 (MeV) σ

e-e −182.314 (−179.634) +90.277 0.311 (0.326)
e-o −173.971 (−174.859) −22.157 0.211 (0.212)
o-e −184.537 (−182.313) +61.693 0.249 (0.251)
o-o −178.532 (−176.876) +42.256 0.255 (0.256)

The obtained Qα values for heavy nuclei of Z = 117–122
are listed in Table XII together with their α-decay half-lives
predicted by the SW, WS, Skyrme EDF potential models, and
the VS formula. Here, VS and VS0 denote the VS formula
with and without the isospin asymmetry terms, respectively.
The nuclei listed in Table XII are along the valley of small
Qα values. Because of the absence of the detailed information
on their structures and quantum numbers, we simply assume
ℓ = 0. Graphs shown in Fig. 2 visualize the half-lives listed in
Table XII. For a given value of Z, the α-decay lifetime actually
depends on the Qα value, and a longer lifetime is associated
with a smaller Qα value. Comparing the results of the VS and
VS0 formulas, we can see that the inclusion of the isospin term
increases lifetimes a little bit but does not make a significant
difference.

Among the nuclei in Table XII, the lifetime of the (117,294)
nucleus was reported very recently [49]. The reported exper-
imental value of its lifetime is 54+94

−20 ms, which is about 20
times larger than our prediction of the Skyrme EDF model
that gives 2.446 ms. We found that this discrepancy may
be related to the difference of the Qα value between the
theoretical prediction and the measured value. The WS4 model
predicts Qα = 11.346 MeV [44], but the measured value is
11.20 MeV [49]. The difference is only about 1.3%, but as
can be seen in the Geiger-Nutall law or the VS formula of
Eq. (23), the lifetime is very sensitive to the value of Qα and a
1% difference in Qα could result in a factor of 10 difference in
the lifetime. This shows the sensitivity of the α-decay lifetime
to the nuclear structure and the important role carried by Qα

in determination of nuclear half-lives.
In fact, if we use the measured Qα value in our calculation,

the obtained lifetimes are in good agreement with the measured
lifetime as shown in Table XIII, which also summarizes the
half-lives of the nuclei in the decay chain of the 294117 nucleus.
In most cases the models we use in this paper reproduce the
experimental data as good as in Table XI. However, we note
that the theoretical predictions overestimate the lifetime of the
(113,286) nucleus by one or two orders of magnitude, which

TABLE VII. Fitted parameters of the α-particle potential model
based on the Skyrme EDF.

α β γ δ η

(MeV fm3) (MeV fm5) (MeV fm6+3ϵ) (MeV fm5) (MeV fm5)

−1.6740 × 103 1.9208 × 103 1.7182 × 103 9.4166 −26.7616

σ (e-e) σ (e-o) σ (o-e) σ (o-o) σ (All)

0.319 0.276 0.283 0.301 0.296
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TABLE III. Parameters of the SW potential fitted to the experimental data of Refs. [30,31]. The numbers in parentheses denote the fitted
values without the V2 term. The rms deviation σ is defined in Eq. (6).

Type Number of events V0 (MeV) V2 (MeV) σ

e-e 178 −135.933 (−132.415) +111.431 0.305 (0.319)
e-o 110 −136.899 (−140.416) −105.036 0.612 (0.616)
o-e 137 −136.969 (−142.700) −175.735 0.616 (0.630)
o-o 70 −148.022 (−144.250) +116.513 0.604 (0.609)

asymmetry effects in SW and WS models are mostly involved
in assaulting frequencies and the penetration lengths are almost
unaffected. Therefore, the rms deviations are not improved
much by the isospin asymmetry effect.

In the present paper, we also investigate the modified VS
formula for the α-decay lifetimes. Tables VIII– X show our re-
sults on the fitted parameters for the modified VS formula and
the corresponding rms deviation. The numbers in parentheses
represent the results without the isospin asymmetric terms.
Compared to the SW and WS potential models, inclusion of
the isospin asymmetry term considerably improves the rms
deviation. However, the obtained rms deviations are larger than
the WS model, which may indicate some missed structure in
the VS formula. First, in the (modified) VS formula, there is no
room to incorporate the contribution of the angular momentum
ℓ, i.e., the centrifugal barrier, so this may limit the application
of the VS formula. Second, the α-decay lifetimes may have
a more complicated dependence on isospin asymmetry other
than the I and I 2 terms. Such effects could be accounted for
through more realistic microscopic approaches.

B. Comparison with data

We present our results for α-decay half-lives of several
heavy nuclei in Table XI, which shows the results from the
SW potential model, the WS potential model, the Skyrme
EDF potential model, and the VS formula, where the SW,
WS, and VS models include the isospin asymmetry terms.
The experimental Qα values and measured half-lives of heavy
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FIG. 1. The α-particle nuclear potential in the nucleus 294
118Uuo of

the three models considered in the present paper.

nuclei are also given for comparison. The rms deviation σ
given in this table is the value obtained with the listed 27 nuclei.
All the models give half-lives consistent with the experimental
data, and, at least, they are in the correct order of magnitude.
Very few exceptional cases are the SW and VS models for
the (Z,A) = (111,279) nucleus and SW model for the cases
of (107,270) and (109,274) where the theoretical values are
smaller than the measured data by an order of magnitude.
On the other hand, the Skyrme EDF model reproduces the
experiment data fairly well, giving the ratio of theory to
experiment in the range from 0.40 for (109,276) to 2.53 for
(116,291).6

Excellence of the EDF approach for the listed 27 heavy
nuclei can be verified by the small value of the rms deviation
as shown in the last row of Table XI. For the SW potential
and the VS formula, the σ values are significantly larger than
the values given in Tables I and IV that are obtained in the
fitting. This may indicate the limitation of these models to
describe α decays of heavy nuclei. As was mentioned earlier,
the orbital angular momentum ℓ is set to be zero in the SW and
VS models regardless of the type of decaying nuclei. On the
other hand, this restriction is released for the WS and Skyrme
EDF models, and consequently, they lead to better fittings.
Nevertheless, it should be mentioned that the rms deviation
value of the Skyrme EDF model in Table XI is even smaller
than those in Table VII, and this indicates the usefulness of
this model for describing α decays of heavy nuclei.

We also compare our results with those obtained in the
unified fission model (UFM) of Ref. [43]. To this end we
take Table I in Ref. [43] as a benchmark for our calcu-

6Our fitted parameters determined in this section without the isospin
term are consistent with those of Refs. [6,7,37] for even-even nuclei
considering the different sets of data used in the fitting procedure. In
the present paper, for the SW and WS potentials, we carry out the
fitting separately for even-even, even-odd, odd-even, and odd-odd
nuclei.

TABLE IV. Fitted parameters of the WS potential. The notation
is the same as in Table I.

Type V0 (MeV) V1 (MeV) V2 (MeV) σ

e-e −190.845 (−179.634) +54.851 +56.370 0.302 (0.326)
e-o −173.564 (−174.859) +64.534 −38.600 0.211 (0.212)
o-e −187.018 (−182.313) +36.494 +127.714 0.248 (0.251)
o-o −180.316 (−176.876) −16.653 +86.544 0.254 (0.256)
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TABLE X. Fitted coefficients of the modified VS formula. The values in parentheses are those of the unmodified VS formula, i.e., without
the e2 terms.

Type a b c d e2 σ

e-e 1.53829 (1.48503) 4.16407 (5.26806) −0.17981 (−0.18879) −35.39178 (−33.89407) −22.00448 0.314 (0.359)
e-o 1.64186 (1.55427) −2.23887 (1.23165) −0.18700 (−0.18838) −35.22664 (−34.29805) −27.38784 0.571 (0.608)
o-e 1.66663 (1.64654) −3.56210 (−3.14939) −0.21732 (−0.22053) −33.29803 (−32.74153) −8.53409 0.550 (0.554)
o-o 1.40242 (1.34355) 12.19381 (13.92103) −0.11593 (−0.12867) −38.72067 (−37.19944) −33.75875 0.563 (0.617)

form of

vNα(k,k′) = s0(1 + v0Pσ )δ(rNα)

+ s1

2
(1 + v1Pσ )[δ(rNα)k2 + k′2δ(rNα)]

+s2k′ · δ(rNα)k + iW α
0 k′ · (σ × k)δ(rNα)

+ s3

6
(1 + v3Pσ )ρϵ

Nδ(rNα). (A1)

When kinetic energy is included, the above interaction leads
to the Hamiltonian for the α particle as

Hα = !2

2mα

τα + s0

(
1 + v0

2

)
ρNρα+1

4
(s1+s2)(ταρN +τNρα)

+ 1
4

(3s1 − s2)(∇ρN · ∇ρα)

TABLE XI. Results for α-decay half-lives of heavy nuclei. The upper and lower bounds of theoretical calculations are from the experimental
errors of Qα values.

(Z,A) QExpt.
α (MeV) T

Expt.
1/2 T SW

1/2 T WS
1/2 T EDF

1/2 T VS
1/2 References

(118,294) 11.81 ± 0.06 0.89+1.07
−0.31 ms 1.46+0.51

−0.38 ms 1.26+0.45
−0.33 ms 0.40+0.15

−0.11 ms 0.31+0.12
−0.08 ms [39]

(116,293) 10.67 ± 0.06 53+62
−19 ms 163+69

−48 ms 104+44
−31 ms 52+23

−16 ms 181+84
−57 ms [40]

(116,292) 10.80 ± 0.07 18+16
−6 ms 78+39

−26 ms 69+35
−23 ms 25+13

−8 ms 20+10
−7 ms [40]

(116,291) 10.89 ± 0.07 6.3+11.6
−2.5 ms 47+23

−15 ms 31+15
−10 ms 16+8

−5 ms 46+25
−16 ms [39]

(116,290) 11.00 ± 0.08 7.1+3.2
−1.7 ms 25.9+14.5

−9.2 ms 23.2+13.2
−8.3 ms 8.9+5.0

−3.3 ms 7.2+4.2
−2.6 ms [39]

(115,288) 10.61 ± 0.06 87+105
−30 ms 115+48

−34 ms 139+60
−41 ms 43+19

−13 ms 676+279
−196 ms [41]

(115,287) 10.74 ± 0.09 32+155
−14 ms 55+37

−22 ms 50+34
−20 ms 21+15

−8 ms 131+97
−55 ms [41]

(114,289) 9.96 ± 0.06 2.7+1.4
−0.7 s 2.8+1.3

−0.9 s 3.1+1.5
−1.0 s 1.1+0.5

−0.3 s 4.8+2.5
−1.6 s [40]

(114,288) 10.09 ± 0.07 0.8+0.32
−0.18 s 1.2+0.68

−0.43 s 1.12+0.63
−0.40 s 0.48+0.27

−0.17 s 0.39+0.22
−0.14 s [40]

(114,287) 10.16 ± 0.06 0.48+0.16
−0.09 s 0.80+0.36

−0.25 s 0.53+0.24
−0.17 s 0.32+0.15

−0.10 s 1.23+0.61
−0.41 s [39]

(114,286) 10.33 ± 0.06 0.13+0.04
−0.02 s 0.29+0.13

−0.09 s 0.26+0.12
−0.08 s 0.12+0.05

−0.04 s 0.10+0.04
−0.03 s [39]

(113,284) 10.15 ± 0.06 0.48+0.58
−0.17 s 0.40+0.18

−0.12 s 0.50+0.23
−0.16 s 0.28+0.13

−0.09 s 2.12+0.93
−0.64 s [41]

(113,283) 10.26 ± 0.09 100+490
−45 ms 209+152

−87 ms 62+45
−26 ms 91+69

−39 ms 563+445
−246 ms [41]

(113,282) 10.83 ± 0.08 73+134
−29 ms 8+4

−3 ms 52+30
−19 ms 75+44

−28 ms 52+29
−18 ms [42]

(112,285) 9.29 ± 0.06 34+17
−9 s 50+27

−17 s 34+18
−12 s 23+12

−8 s 133+76
−48 s [40]

(112,283) 9.67 ± 0.06 3.8+1.2
−0.7 s 3.9+1.9

−1.3 s 4.5+2.2
−1.5 s 1.8+0.9

−0.6 s 8.4+4.4
−2.9 s [39]

(111,280) 9.87 ± 0.06 3.6+4.3
−1.3 s 0.50+0.23

−0.16 s 3.7+1.7
−1.2 s 6.0+2.9

−1.9 s 2.4+1.1
−0.7 s [41]

(111,279) 10.52 ± 0.16 170+810
−80 ms 10+16

−6 ms 62+96
−37 ms 110+177

−67 ms 23+39
−14 ms [41]

(111,278) 10.89 ± 0.08 4.2+7.5
−1.7 ms 1.4+0.7

−0.5 ms 2.7+1.5
−0.9 ms 2.7+1.6

−1.0 ms 8.2+4.4
−2.9 ms [42]

(110,279) 9.84 ± 0.06 0.20+0.05
−0.04 s 0.28+0.13

−0.09 s 0.18+0.08
−0.06 s 0.13+0.06

−0.04 s 0.59+0.30
−0.20 s [39]

(109,276) 9.85 ± 0.06 0.72+0.97
−0.25 s 0.12+0.05

−0.04 s 0.88+0.41
−0.28 s 0.29+0.14

−0.09 s 0.52+0.23
−0.16 s [41]

(109,275) 10.48 ± 0.09 9.7+46
−4.4 ms 3.0+2.0

−1.2 ms 18.6+12.5
−7.4 ms 6.7+4.6

−2.7 ms 6.3+4.5
−2.6 ms [41]

(109,274) 9.95 ± 0.10 440+810
−170 ms 67+56

−30 ms 480+416
−220 ms 172+153

−80 ms 353+294
−159 ms [42]

(108,275) 9.44 ± 0.06 0.19+0.22
−0.07 s 0.75+0.36

−0.24 s 0.48+0.24
−0.16 s 0.39+0.20

−0.13 s 2.12+1.12
−0.73 s [39]

(107,272) 9.15 ± 0.06 9.8+11.7
−3.5 s 2.3+1.2

−0.8 s 5.3+2.8
−1.8 s 7.0+3.7

−2.4 s 8.7+4.3
−2.9 s [41]

(107,270) 9.11 ± 0.08 61+292
−28 s 3.1+2.3

−1.3 s 25+19
−11 s 60+46

−26 s 14+10
−6 s [42]

(106,271) 8.67 ± 0.08 1.9+2.4
−0.6 min 0.51+0.41

−0.22 min 2.06+1.71
−0.92 min 1.67+1.41

−0.76 min 2.28+2.01
−1.06 min [39]

σ 0.616 0.290 0.238 0.513
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TABLE XII. Theoretical predictions on α-decay lifetimes of superheavy elements. The Qα values are calculated with the WS4 mass
table [44]. The modified and unmodified Viola-Seaborg formulas are represented by VS and VS0, respectively.

Nuclei (Z,A) Qα (MeV) T SW
1/2 (s) T WS

1/2 (s) T EDF
1/2 (s) T VS

1/2 (s) T VS0
1/2 (s)

(122,307) 14.360 2.721 × 10−7 1.417 × 10−7 3.401 × 10−8 3.315 × 10−8 3.402 × 10−8

(122,306) 13.775 2.641 × 10−6 1.975 × 10−6 3.777 × 10−7 2.380 × 10−7 2.026 × 10−7

(122,305) 13.734 3.147 × 10−6 1.749 × 10−6 4.746 × 10−7 5.266 × 10−7 5.103 × 10−7

(122,304) 13.710 3.503 × 10−6 2.684 × 10−6 5.544 × 10−7 3.563 × 10−7 2.669 × 10−7

(122,303) 13.904 1.630 × 10−6 9.198 × 10−7 2.614 × 10−7 2.468 × 10−7 2.405 × 10−7

(122,302) 14.208 5.069 × 10−7 3.820 × 10−7 8.078 × 10−8 4.887 × 10−8 3.438 × 10−8

(121,306) 13.783 1.392 × 10−6 1.396 × 10−6 1.873 × 10−7 6.268 × 10−6 5.896 × 10−6

(121,305) 13.242 1.296 × 10−5 1.943 × 10−6 1.999 × 10−6 8.881 × 10−6 8.478 × 10−6

(121,304) 13.251 1.259 × 10−5 1.302 × 10−5 2.030 × 10−6 6.994 × 10−5 5.196 × 10−5

(121,303) 13.283 1.109 × 10−5 1.673 × 10−6 1.864 × 10−6 8.416 × 10−6 7.039 × 10−6

(121,302) 13.464 5.247 × 10−6 5.273 × 10−6 8.943 × 10−7 3.391 × 10−5 2.137 × 10−5

(121,301) 13.795 1.391 × 10−6 2.086 × 10−7 2.344 × 10−7 9.437 × 10−7 7.494 × 10−7

(120,304) 12.736 6.297 × 10−5 4.862 × 10−5 1.041 × 10−5 7.245 × 10−6 7.286 × 10−6

(120,303) 12.782 5.151 × 10−5 2.901 × 10−5 8.859 × 10−6 1.602 × 10−5 1.509 × 10−5

(120,302) 12.862 3.656 × 10−5 2.857 × 10−5 6.506 × 10−6 4.532 × 10−6 4.074 × 10−6

(120,301) 13.036 1.721 × 10−5 9.805 × 10−6 3.117 × 10−6 4.612 × 10−6 4.434 × 10−6

(120,300) 13.290 5.916 × 10−6 4.575 × 10−6 1.075 × 10−6 7.214 × 10−7 6.024 × 10−7

(120,299) 13.230 7.675 × 10−6 4.437 × 10−6 1.475 × 10−6 1.836 × 10−6 1.784 × 10−6

(119,298) 12.684 4.371 × 10−5 4.629 × 10−5 9.081 × 10−6 2.667 × 10−4 1.950 × 10−4

(119,297) 12.394 1.663 × 10−4 2.624 × 10−5 3.829 × 10−5 1.981 × 10−4 1.486 × 10−4

(119,296) 12.444 1.331 × 10−4 1.419 × 10−4 3.180 × 10−5 9.659 × 10−4 5.733 × 10−4

(119,295) 12.727 3.716 × 10−5 5.852 × 10−6 8.815 × 10−6 4.307 × 10−5 2.988 × 10−5

(119,294) 12.695 4.332 × 10−5 4.460 × 10−5 1.084 × 10−5 3.657 × 10−4 1.857 × 10−4

(119,293) 12.683 4.620 × 10−5 7.336 × 10−6 1.208 × 10−5 6.122 × 10−5 3.680 × 10−5

(118,298) 12.153 2.621 × 10−4 2.108 × 10−4 5.623 × 10−5 4.151 × 10−5 4.030 × 10−5

(118,297) 12.074 3.867 × 10−4 2.296 × 10−4 1.967 × 10−4 1.893 × 10−4 1.754 × 10−4

(118,296) 11.722 2.232 × 10−3 1.894 × 10−3 5.727 × 10−4 4.395 × 10−4 3.546 × 10−4

(118,295) 11.872 1.062 × 10−3 6.571 × 10−4 2.772 × 10−4 5.688 × 10−4 5.141 × 10−4

(118,294) 12.167 2.553 × 10−4 2.138 × 10−4 6.608 × 10−5 4.991 × 10−5 3.770 × 10−5

(118,293) 12.210 2.103 × 10−4 1.307 × 10−4 5.665 × 10−5 9.354 × 10−5 8.666 × 10−5

(117,298) 11.490 3.580 × 10−3 4.226 × 10−3 8.133 × 10−4 1.405 × 10−2 1.693 × 10−2

(117,297) 11.589 2.162 × 10−3 3.478 × 10−4 5.065 × 10−4 2.652 × 10−3 2.762 × 10−3

(117,296) 11.473 3.972 × 10−3 4.647 × 10−3 9.994 × 10−4 1.868 × 10−2 1.840 × 10−2

(117,295) 11.266 1.197 × 10−2 1.960 × 10−3 3.285 × 10−3 1.911 × 10−2 1.610 × 10−2

(117,294) 11.346 7.897 × 10−3 9.230 × 10−3 2.232 × 10−3 4.413 × 10−2 3.526 × 10−2

(117,293) 11.591 2.228 × 10−3 3.643 × 10−4 6.314 × 10−4 3.518 × 10−3 2.741 × 10−3

TABLE XIII. Half-lives of nuclides in the decay chain of the nucleus 294117. The experimental data are from Ref. [49].

(Z,A) Qα (MeV) T
Expt.

1/2 T SW
1/2 T WS

1/2 T EDF
1/2 T VS

1/2 T VS0
1/2

(117,294) 11.20 ± 0.04 51+94
−20 ms 17+4

−3 ms 34+9
−7 ms 22+6

−4 ms 96+23
−18 ms 75+18

−14 ms

(115,290) 10.45 ± 0.04 1.3+2.3
−0.5 s 0.29+0.08

−0.06 s 2.0+0.56
−0.44 s 2.3+0.64

−0.50 s 1.40+0.37
−0.29 s 1.28+0.33

−0.26 s

(113,286) 9.4 ± 0.3 2.9+5.3
−1.1 s 53+398

−46 s 71+552
−62 s 24+191

−21 s 208+1452
−179 s 209+1390

−179 s

(111,282) 9.18 ± 0.03 3.1+5.7
−1.2 min 0.81+0.19

−0.16 min 1.91+0.46
−0.37 min 1.96+0.48

−0.38 min 2.88+0.66
−0.54 min 3.60+0.81

−0.66 min

(109,278) 9.59 ± 0.03 3.6+6.5
−1.4 s 0.61+0.13

−0.11 s 4.70+1.03
−0.84 s 1.44+0.32

−0.26 s 2.13+0.45
−0.37 s 3.63+0.75

−0.62 s

(107,274) 8.97 ± 0.03 30+54
−12 s 8.0+1.9

−1.5 s 18.8+4.5
−3.6 s 22.9+5.6

−4.5 s 23.6+5.5
−4.4 s 48.0+10.8

−8.8 s

(105,270) 8.02 ± 0.03 1.0+1.9
−0.4 h 0.57+0.16

−0.12 h 0.82+0.23
−0.18 h 0.39+0.11

−0.09 h 1.27+0.35
−0.27 h 2.91+0.78

−0.61 h

σ 0.769 0.592 0.486 0.773 0.790

0.625 0.185 0.340 0.173 0.241
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TABLE XII. Theoretical predictions on α-decay lifetimes of superheavy elements. The Qα values are calculated with the WS4 mass
table [44]. The modified and unmodified Viola-Seaborg formulas are represented by VS and VS0, respectively.

Nuclei (Z,A) Qα (MeV) T SW
1/2 (s) T WS

1/2 (s) T EDF
1/2 (s) T VS

1/2 (s) T VS0
1/2 (s)

(122,307) 14.360 2.721 × 10−7 1.417 × 10−7 3.401 × 10−8 3.315 × 10−8 3.402 × 10−8

(122,306) 13.775 2.641 × 10−6 1.975 × 10−6 3.777 × 10−7 2.380 × 10−7 2.026 × 10−7

(122,305) 13.734 3.147 × 10−6 1.749 × 10−6 4.746 × 10−7 5.266 × 10−7 5.103 × 10−7

(122,304) 13.710 3.503 × 10−6 2.684 × 10−6 5.544 × 10−7 3.563 × 10−7 2.669 × 10−7

(122,303) 13.904 1.630 × 10−6 9.198 × 10−7 2.614 × 10−7 2.468 × 10−7 2.405 × 10−7

(122,302) 14.208 5.069 × 10−7 3.820 × 10−7 8.078 × 10−8 4.887 × 10−8 3.438 × 10−8

(121,306) 13.783 1.392 × 10−6 1.396 × 10−6 1.873 × 10−7 6.268 × 10−6 5.896 × 10−6

(121,305) 13.242 1.296 × 10−5 1.943 × 10−6 1.999 × 10−6 8.881 × 10−6 8.478 × 10−6

(121,304) 13.251 1.259 × 10−5 1.302 × 10−5 2.030 × 10−6 6.994 × 10−5 5.196 × 10−5

(121,303) 13.283 1.109 × 10−5 1.673 × 10−6 1.864 × 10−6 8.416 × 10−6 7.039 × 10−6

(121,302) 13.464 5.247 × 10−6 5.273 × 10−6 8.943 × 10−7 3.391 × 10−5 2.137 × 10−5

(121,301) 13.795 1.391 × 10−6 2.086 × 10−7 2.344 × 10−7 9.437 × 10−7 7.494 × 10−7

(120,304) 12.736 6.297 × 10−5 4.862 × 10−5 1.041 × 10−5 7.245 × 10−6 7.286 × 10−6

(120,303) 12.782 5.151 × 10−5 2.901 × 10−5 8.859 × 10−6 1.602 × 10−5 1.509 × 10−5

(120,302) 12.862 3.656 × 10−5 2.857 × 10−5 6.506 × 10−6 4.532 × 10−6 4.074 × 10−6

(120,301) 13.036 1.721 × 10−5 9.805 × 10−6 3.117 × 10−6 4.612 × 10−6 4.434 × 10−6

(120,300) 13.290 5.916 × 10−6 4.575 × 10−6 1.075 × 10−6 7.214 × 10−7 6.024 × 10−7

(120,299) 13.230 7.675 × 10−6 4.437 × 10−6 1.475 × 10−6 1.836 × 10−6 1.784 × 10−6

(119,298) 12.684 4.371 × 10−5 4.629 × 10−5 9.081 × 10−6 2.667 × 10−4 1.950 × 10−4

(119,297) 12.394 1.663 × 10−4 2.624 × 10−5 3.829 × 10−5 1.981 × 10−4 1.486 × 10−4

(119,296) 12.444 1.331 × 10−4 1.419 × 10−4 3.180 × 10−5 9.659 × 10−4 5.733 × 10−4

(119,295) 12.727 3.716 × 10−5 5.852 × 10−6 8.815 × 10−6 4.307 × 10−5 2.988 × 10−5

(119,294) 12.695 4.332 × 10−5 4.460 × 10−5 1.084 × 10−5 3.657 × 10−4 1.857 × 10−4

(119,293) 12.683 4.620 × 10−5 7.336 × 10−6 1.208 × 10−5 6.122 × 10−5 3.680 × 10−5

(118,298) 12.153 2.621 × 10−4 2.108 × 10−4 5.623 × 10−5 4.151 × 10−5 4.030 × 10−5

(118,297) 12.074 3.867 × 10−4 2.296 × 10−4 1.967 × 10−4 1.893 × 10−4 1.754 × 10−4

(118,296) 11.722 2.232 × 10−3 1.894 × 10−3 5.727 × 10−4 4.395 × 10−4 3.546 × 10−4

(118,295) 11.872 1.062 × 10−3 6.571 × 10−4 2.772 × 10−4 5.688 × 10−4 5.141 × 10−4

(118,294) 12.167 2.553 × 10−4 2.138 × 10−4 6.608 × 10−5 4.991 × 10−5 3.770 × 10−5

(118,293) 12.210 2.103 × 10−4 1.307 × 10−4 5.665 × 10−5 9.354 × 10−5 8.666 × 10−5

(117,298) 11.490 3.580 × 10−3 4.226 × 10−3 8.133 × 10−4 1.405 × 10−2 1.693 × 10−2

(117,297) 11.589 2.162 × 10−3 3.478 × 10−4 5.065 × 10−4 2.652 × 10−3 2.762 × 10−3

(117,296) 11.473 3.972 × 10−3 4.647 × 10−3 9.994 × 10−4 1.868 × 10−2 1.840 × 10−2

(117,295) 11.266 1.197 × 10−2 1.960 × 10−3 3.285 × 10−3 1.911 × 10−2 1.610 × 10−2

(117,294) 11.346 7.897 × 10−3 9.230 × 10−3 2.232 × 10−3 4.413 × 10−2 3.526 × 10−2

(117,293) 11.591 2.228 × 10−3 3.643 × 10−4 6.314 × 10−4 3.518 × 10−3 2.741 × 10−3

TABLE XIII. Half-lives of nuclides in the decay chain of the nucleus 294117. The experimental data are from Ref. [49].

(Z,A) Qα (MeV) T
Expt.

1/2 T SW
1/2 T WS

1/2 T EDF
1/2 T VS

1/2 T VS0
1/2

(117,294) 11.20 ± 0.04 51+94
−20 ms 17+4

−3 ms 34+9
−7 ms 22+6

−4 ms 96+23
−18 ms 75+18

−14 ms

(115,290) 10.45 ± 0.04 1.3+2.3
−0.5 s 0.29+0.08

−0.06 s 2.0+0.56
−0.44 s 2.3+0.64

−0.50 s 1.40+0.37
−0.29 s 1.28+0.33

−0.26 s

(113,286) 9.4 ± 0.3 2.9+5.3
−1.1 s 53+398

−46 s 71+552
−62 s 24+191

−21 s 208+1452
−179 s 209+1390

−179 s

(111,282) 9.18 ± 0.03 3.1+5.7
−1.2 min 0.81+0.19

−0.16 min 1.91+0.46
−0.37 min 1.96+0.48

−0.38 min 2.88+0.66
−0.54 min 3.60+0.81

−0.66 min

(109,278) 9.59 ± 0.03 3.6+6.5
−1.4 s 0.61+0.13

−0.11 s 4.70+1.03
−0.84 s 1.44+0.32

−0.26 s 2.13+0.45
−0.37 s 3.63+0.75

−0.62 s

(107,274) 8.97 ± 0.03 30+54
−12 s 8.0+1.9

−1.5 s 18.8+4.5
−3.6 s 22.9+5.6

−4.5 s 23.6+5.5
−4.4 s 48.0+10.8

−8.8 s

(105,270) 8.02 ± 0.03 1.0+1.9
−0.4 h 0.57+0.16

−0.12 h 0.82+0.23
−0.18 h 0.39+0.11

−0.09 h 1.27+0.35
−0.27 h 2.91+0.78

−0.61 h

σ 0.769 0.592 0.486 0.773 0.790

0.625 0.185 0.340 0.173 0.241

024320-11Z=117: Tennessine



MODERN PROBLEMS IN NUCLEAR AND ELEMENTARY PARTICLE PHYSICS

NEXT STEP - STRATEGY

▸ Further development on the nuclear ! potential based on the Skyrme 
EDF 

▸ the form of the nuclear ! potential  

▸ Use more sophisticated EDF to obtain the nucleon density profiles in 
heavy nuclei 

▸ Once the density profiles are obtained, fit the nuclear ! potential  
parameters to the observed ! decay data 

▸ Then, apply the model to estimate the unobserved decays.

VN = ↵⇢N + �
⇣
⇢5/3n + ⇢5/3p

⌘
+ �⇢✏N

�
⇢2N + 2⇢n⇢p

�
+ �

⇢0N
r

+ ⌘⇢00N
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Y. Lim, YO, PRC 95 (2017)



MODERN PROBLEMS IN NUCLEAR AND ELEMENTARY PARTICLE PHYSICS

MODEL SETUP - FITTING PROCESS

▸ Q! values: calculated from the observed masses
E.L. Medeiros, M.M.N. Rodrigues, S.B. Duarte, O.A.P. Tavares, JPG 32, B23 (2006)

▸ Nuclear density profiles - we consider 3 models 

▸ Skyrme SLy4  

▸ Gogny D1S 

▸ RMF DD-ME2

Q = �M(Z,A)��M(Z � 2, A� 4)��M↵ + 10�6 k
⇥
Z� � (Z � 2)�

⇤

�M↵ = 2.4249 MeV, k = 8.7 MeV, � = 2.517 for Z � 60

E. Chabanat et al., NPA 635, 231 (1998)

J.F. Berger, M. Girod, D. Gogny, Com. Phys. Comm. 63, 365 (1991)

G.A. Lalazissis, T. Niksic, D. Vretenar, P. Ring, PRC 71, 024312 (2005)
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MODERN PROBLEMS IN NUCLEAR AND ELEMENTARY PARTICLE PHYSICS

EDF MODELS

19

Skyrme SLy4

Gogny D1S
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MODERN PROBLEMS IN NUCLEAR AND ELEMENTARY PARTICLE PHYSICS

MODEL SETUP - NUCLEAR ALPHA POTENTIAL
NUCLEAR ENERGY DENSITY FUNCTIONAL AND THE . . . PHYSICAL REVIEW C 95, 034311 (2017)

TABLE III. Parameters for α particle potential in Eq. (13).

Parameter SLy4 D1S DD-ME2 Unit

α −1484.58 −1499.04 −1524.24 MeV fm3

β 1355.57 1248.80 1289.04 MeV fm5

γ 1005.48 242.28 1137.21 MeV fm6+ϵ

δ 53.87 30.75 −41.84 MeV fm5

η −210.15 −178.12 −184.09 MeV fm5

ϵ 1/6 1/3 1/6

a nucleus. On the other hand, in the relativistic mean-field
model, we solve the Dirac equation to get the density profile
for a given nucleus. Once the density profile is known, one can
find the α potential for each nucleus and the α decay lifetime
can be computed. Since the α potential in Eq. (12) contains six
parameters, we determine these parameters to the experimental
data for the alpha decays of even-even nuclei (ℓ = 0) as
we have done in Ref. [21]. Table III shows the parameters
for the nuclear α potential determined in this manner. The

potential parameters for each model are found to have similar
magnitudes except the case of γ , which is correlated to the
value of ϵ. The γ term is related with the multibody force
and we choose ϵ = 1

3 in the Gogny D1S model reflecting the
original ϵ value in the Gogny NN interaction.

IV. RESULTS

Equipped with the α potential obtained in the previous sec-
tion, the α decay half-lives of heavy nuclei can be estimated in
the standard way by using the WKB approximation. The half-
life of the nuclear α decay is related to the decay width ( by

T1/2 = h̄ ln 2
(

, (19)

where the decay width is given by

( = PF
h̄2

4mµ

exp
[
−2

∫ r3

r2

drk(r)
]
. (20)

TABLE IV. Observed α decay half-lives of heavy nuclei and the results of the present paper. Unless specified, ℓ = 0 is understood.

(Z,A) QExpt
α (MeV) T

Expt
1/2 T

SLy4
1/2 (ℓ) T D1S

1/2 (ℓ) T DD-ME2
1/2 (ℓ) Reference

(118,294) 11.81 ± 0.06 0.89+1.07
−0.31 ms 0.50+0.18

−0.13 ms 0.61+0.22
−0.16 ms 0.43+0.15

−0.11 ms [40]

(116,293) 10.67 ± 0.06 53+62
−19 ms 65+28

−20 ms 78+33
−23 ms 54+24

−16 ms [41]

(116,292) 10.80 ± 0.07 18+16
−6 ms 31+16

−10 ms 38+19
−13 ms 26+13

−9 ms [41]

(116,291) 10.89 ± 0.07 18+22
−6 ms 19+9

−6 ms 23+11
−7 ms 16+8

−5 ms [40]

(116,290) 11.00 ± 0.08 7.1+3.2
−1.7 ms 10.6+6.1

−3.8 ms 12.5+7.2
−4.5 ms 8.6+5.0

−3.1 ms [40]

(115,288) 10.61 ± 0.06 87+105
−30 ms 51+21

−15 ms 57+25
−17 ms 42+19

−13 ms [42,43]

(115,287) 10.74 ± 0.09 32+155
−14 ms 25+17

−10 ms 28+20
−12 ms 21+15

−9 ms [42,43]

(114,289) 9.96 ± 0.06 2.7+1.4
−0.7 s 1.3+0.6

−0.4 s 1.5+0.7
−0.5 s 1.0+0.5

−0.3 s [41]

(114,288) 10.09 ± 0.07 0.8+0.32
−0.18 s 0.56+0.31

−0.20 s 0.65+0.37
−0.23 s 0.46+0.26

−0.16 s [41]

(114,287) 10.16 ± 0.06 0.48+0.16
−0.09 s 0.37+0.17

−0.12 s 0.42+0.20
−0.13 s 0.31+0.15

−0.10 s [40]

(114,286) 10.33 ± 0.06 0.13+0.04
−0.02 s 0.14+0.06

−0.04 s 0.15+0.07
−0.05 s 0.12+0.05

−0.04 s [40]

(113,284) 10.15 ± 0.06 0.48+0.58
−0.17 s 0.20+0.09

−0.06 s 0.23+0.10
−0.07 s 0.28+0.13

−0.09 s (ℓ = 2) [42,43]

(113,283) 10.26 ± 0.09 100+490
−45 ms 106+77

−45 ms 120+89
−51 ms 94+70

−40 ms [42,43]

(113,282) 10.83 ± 0.08 73+134
−29 ms 106+62

−38 ms (ℓ = 6) 121+73
−45 ms (ℓ = 6) 93+55

−34 ms (ℓ = 6) [44]

(112,285) 9.29 ± 0.06 34+17
−9 s 27+14

−10 ms 30+16
−10 s 22+13

−8 s [41]

(112,283) 9.67 ± 0.06 3.8+1.2
−0.7 s 2.0+1.0

−0.7 s 2.3+1.2
−0.8 s 1.8+0.9

−0.6 s [40]

(111,280) 9.87 ± 0.06 3.6+4.3
−1.3 s 1.4+0.7

−0.4 s (ℓ = 4) 1.6+0.8
−0.5 s (ℓ = 4) 7.2+3.4

−2.3 s (ℓ = 6) [42,43]

(111,279) 10.52 ± 0.16 170+810
−80 ms 157+251

−95 ms (ℓ = 6) 176+276
−106 ms (ℓ = 6) 138+219

−83 ms (ℓ = 6) [42,43]

(111,278) 10.89 ± 0.08 4.2+7.5
−1.7 ms 3.5+1.9

−1.3 ms (ℓ = 4) 3.9+2.2
−1.4 ms (ℓ = 4) 3.2+1.8

−1.1 ms (ℓ = 4) [44]

(110,279) 9.84 ± 0.06 0.20+0.05
−0.04 s 0.15+0.07

−0.05 s 0.17+0.08
−0.05 s 0.13+0.06

−0.04 s [40]

(109,276) 9.85 ± 0.06 0.72+0.97
−0.25 s 0.37+0.17

−0.12 s (ℓ = 4) 0.41+0.19
−0.13 s (ℓ = 4) 0.33+0.16

−0.10 s (ℓ = 4) [42,43]

(109,275) 10.48 ± 0.09 9.7+46
−4.4 ms 8.7+5.9

−3.5 ms (ℓ = 4) 9.4+6.6
−3.8 ms (ℓ = 4) 7.9+5.4

−3.2 ms (ℓ = 4) [42,43]

(109,274) 9.95 ± 0.10 440+810
−170 ms 220+195

−99 ms (ℓ = 4) 242+211
−112 ms (ℓ = 4) 200+170

−94 ms (ℓ = 4) [44]

(108,275) 9.44 ± 0.06 0.19+0.22
−0.07 s 0.46+0.23

−0.15 s 0.51+0.25
−0.17 s 0.42+0.21

−0.14 s [40]

(107,272) 9.15 ± 0.06 9.8+11.7
−3.5 s 9.0+4.7

−3.1 s (ℓ = 4) 9.7+5.1
−3.3 s (ℓ = 4) 7.9+4.1

−2.7 s (ℓ = 4) [42,43]

(107,270) 9.11 ± 0.08 61+292
−28 s 73+58

−30 s (ℓ = 6) 84+64
−36 s (ℓ = 6) 70+54

−30 s (ℓ = 6) [44]

(106,271) 8.67 ± 0.08 1.9+2.4
−0.6 min 2.10+1.77

−0.95 min (ℓ = 4) 2.27+1.99
−1.02 min (ℓ = 4) 1.83+1.54

−0.83 min (ℓ = 4) [40]
RMSD 0.209 0.198 0.218

034311-5
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RESULTS - OBSERVED DECAYS
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TABLE III. Parameters for α particle potential in Eq. (13).

Parameter SLy4 D1S DD-ME2 Unit

α −1484.58 −1499.04 −1524.24 MeV fm3

β 1355.57 1248.80 1289.04 MeV fm5

γ 1005.48 242.28 1137.21 MeV fm6+ϵ

δ 53.87 30.75 −41.84 MeV fm5

η −210.15 −178.12 −184.09 MeV fm5

ϵ 1/6 1/3 1/6

a nucleus. On the other hand, in the relativistic mean-field
model, we solve the Dirac equation to get the density profile
for a given nucleus. Once the density profile is known, one can
find the α potential for each nucleus and the α decay lifetime
can be computed. Since the α potential in Eq. (12) contains six
parameters, we determine these parameters to the experimental
data for the alpha decays of even-even nuclei (ℓ = 0) as
we have done in Ref. [21]. Table III shows the parameters
for the nuclear α potential determined in this manner. The

potential parameters for each model are found to have similar
magnitudes except the case of γ , which is correlated to the
value of ϵ. The γ term is related with the multibody force
and we choose ϵ = 1

3 in the Gogny D1S model reflecting the
original ϵ value in the Gogny NN interaction.

IV. RESULTS

Equipped with the α potential obtained in the previous sec-
tion, the α decay half-lives of heavy nuclei can be estimated in
the standard way by using the WKB approximation. The half-
life of the nuclear α decay is related to the decay width ( by

T1/2 = h̄ ln 2
(

, (19)

where the decay width is given by

( = PF
h̄2

4mµ

exp
[
−2

∫ r3

r2

drk(r)
]
. (20)

TABLE IV. Observed α decay half-lives of heavy nuclei and the results of the present paper. Unless specified, ℓ = 0 is understood.

(Z,A) QExpt
α (MeV) T

Expt
1/2 T

SLy4
1/2 (ℓ) T D1S

1/2 (ℓ) T DD-ME2
1/2 (ℓ) Reference

(118,294) 11.81 ± 0.06 0.89+1.07
−0.31 ms 0.50+0.18

−0.13 ms 0.61+0.22
−0.16 ms 0.43+0.15

−0.11 ms [40]

(116,293) 10.67 ± 0.06 53+62
−19 ms 65+28

−20 ms 78+33
−23 ms 54+24

−16 ms [41]

(116,292) 10.80 ± 0.07 18+16
−6 ms 31+16

−10 ms 38+19
−13 ms 26+13

−9 ms [41]

(116,291) 10.89 ± 0.07 18+22
−6 ms 19+9

−6 ms 23+11
−7 ms 16+8

−5 ms [40]

(116,290) 11.00 ± 0.08 7.1+3.2
−1.7 ms 10.6+6.1

−3.8 ms 12.5+7.2
−4.5 ms 8.6+5.0

−3.1 ms [40]

(115,288) 10.61 ± 0.06 87+105
−30 ms 51+21

−15 ms 57+25
−17 ms 42+19

−13 ms [42,43]

(115,287) 10.74 ± 0.09 32+155
−14 ms 25+17

−10 ms 28+20
−12 ms 21+15

−9 ms [42,43]

(114,289) 9.96 ± 0.06 2.7+1.4
−0.7 s 1.3+0.6

−0.4 s 1.5+0.7
−0.5 s 1.0+0.5

−0.3 s [41]

(114,288) 10.09 ± 0.07 0.8+0.32
−0.18 s 0.56+0.31

−0.20 s 0.65+0.37
−0.23 s 0.46+0.26

−0.16 s [41]

(114,287) 10.16 ± 0.06 0.48+0.16
−0.09 s 0.37+0.17

−0.12 s 0.42+0.20
−0.13 s 0.31+0.15

−0.10 s [40]

(114,286) 10.33 ± 0.06 0.13+0.04
−0.02 s 0.14+0.06

−0.04 s 0.15+0.07
−0.05 s 0.12+0.05

−0.04 s [40]

(113,284) 10.15 ± 0.06 0.48+0.58
−0.17 s 0.20+0.09

−0.06 s 0.23+0.10
−0.07 s 0.28+0.13

−0.09 s (ℓ = 2) [42,43]

(113,283) 10.26 ± 0.09 100+490
−45 ms 106+77

−45 ms 120+89
−51 ms 94+70

−40 ms [42,43]

(113,282) 10.83 ± 0.08 73+134
−29 ms 106+62

−38 ms (ℓ = 6) 121+73
−45 ms (ℓ = 6) 93+55

−34 ms (ℓ = 6) [44]

(112,285) 9.29 ± 0.06 34+17
−9 s 27+14

−10 ms 30+16
−10 s 22+13

−8 s [41]

(112,283) 9.67 ± 0.06 3.8+1.2
−0.7 s 2.0+1.0

−0.7 s 2.3+1.2
−0.8 s 1.8+0.9

−0.6 s [40]

(111,280) 9.87 ± 0.06 3.6+4.3
−1.3 s 1.4+0.7

−0.4 s (ℓ = 4) 1.6+0.8
−0.5 s (ℓ = 4) 7.2+3.4

−2.3 s (ℓ = 6) [42,43]

(111,279) 10.52 ± 0.16 170+810
−80 ms 157+251

−95 ms (ℓ = 6) 176+276
−106 ms (ℓ = 6) 138+219

−83 ms (ℓ = 6) [42,43]

(111,278) 10.89 ± 0.08 4.2+7.5
−1.7 ms 3.5+1.9

−1.3 ms (ℓ = 4) 3.9+2.2
−1.4 ms (ℓ = 4) 3.2+1.8

−1.1 ms (ℓ = 4) [44]

(110,279) 9.84 ± 0.06 0.20+0.05
−0.04 s 0.15+0.07

−0.05 s 0.17+0.08
−0.05 s 0.13+0.06

−0.04 s [40]

(109,276) 9.85 ± 0.06 0.72+0.97
−0.25 s 0.37+0.17

−0.12 s (ℓ = 4) 0.41+0.19
−0.13 s (ℓ = 4) 0.33+0.16

−0.10 s (ℓ = 4) [42,43]

(109,275) 10.48 ± 0.09 9.7+46
−4.4 ms 8.7+5.9

−3.5 ms (ℓ = 4) 9.4+6.6
−3.8 ms (ℓ = 4) 7.9+5.4

−3.2 ms (ℓ = 4) [42,43]

(109,274) 9.95 ± 0.10 440+810
−170 ms 220+195

−99 ms (ℓ = 4) 242+211
−112 ms (ℓ = 4) 200+170

−94 ms (ℓ = 4) [44]

(108,275) 9.44 ± 0.06 0.19+0.22
−0.07 s 0.46+0.23

−0.15 s 0.51+0.25
−0.17 s 0.42+0.21

−0.14 s [40]

(107,272) 9.15 ± 0.06 9.8+11.7
−3.5 s 9.0+4.7

−3.1 s (ℓ = 4) 9.7+5.1
−3.3 s (ℓ = 4) 7.9+4.1

−2.7 s (ℓ = 4) [42,43]

(107,270) 9.11 ± 0.08 61+292
−28 s 73+58

−30 s (ℓ = 6) 84+64
−36 s (ℓ = 6) 70+54

−30 s (ℓ = 6) [44]

(106,271) 8.67 ± 0.08 1.9+2.4
−0.6 min 2.10+1.77

−0.95 min (ℓ = 4) 2.27+1.99
−1.02 min (ℓ = 4) 1.83+1.54

−0.83 min (ℓ = 4) [40]
RMSD 0.209 0.198 0.218
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▸ Q! values: need a model for nuclear masses 

▸ modified Liquid Droplet Model (LDM)
W.D. Myers, W.J. Swiatecki, Ann. Phys. 55, 395 (1969)  
A.W. Steiner, M. Prakash, J.M. Lattimer, P.J. Ellis, Phys. Rep. 411, 325 (2005)

E = fB (A�Ns) + 4⇡R2�(µn) + µnNs + ECoul + Epair + Eshell,

fB : binding energy per baryon in infinite nuclear matter

Ns : number of neutrons in the neutron skin

� surface tension

ECoul : Coulomb energy

Epaor : pairing energy

Eshell : shell corrections

D.G. Ravenhall et al., NPA 407, 571 (1983)  
J. Duflo, A.P. Zuker, PRC 52, R23 (1995)  
A.E.L. Dieperink, P. Van Isacker, EPJA 42, 269 (2009)

Parameters are fitted by nuclear masses: Global fitting
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▸ Local formula for the Q! values 

▸ Taylor expansion of the Q! formula for heavy nuclei (large N and Z)

J. Dong, W. Zuo, J. Gu, Y. Wang, B. Peng, PRC 81, 064309 (2010) 
T. Dong, Z. Rev, PRC 77, 064310 (2008)
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TABLE I. The parameters of LDM. The values of case I are
obtained by the least χ 2 fitting to the observed binding energies for
2336 nuclei. The parameters in case II are found by fitting to the
experimental Q values for the nuclei with Z ! 100, where we have
totally 100 data points. M(8) is the eighth magic number in each case.
RMSD in the last row denotes the root-mean-square deviation. The
RMSD in case I is for binding energies, whereas that in case II is for
Q values.

Case I Case II Unit

B 16.125 16.370 MeV
ρ0 0.155 0.155 fm−3

σ0 1.256 1.300 MeV fm−2

α 4.0 3.7
q 60.00 25.48
Sv 31.818 32.471 MeV
K 250.00 226.389 MeV
%n 5.458 6.232 MeV
%p 5.807 11.760 MeV
a1 1.265 −0.143 MeV
a2 −8.601 × 10−3 9.307 × 10−3 MeV
a3 −4.007 × 10−3 2.216 × 10−3 MeV
anp −9.663 × 10−2 −4.231 × 10−2 MeV
M(8) 184 168
RMSD 1.144 0.218 MeV

that purpose. Thus the second parameter set is found by using
the measured Q values of heavy nuclei with Z ! 100. We use
100 data points for finding the parameters set of case II. Note
that M(8) in Table I is the eighth magic number in the LDM
parametrization with each parameter set.

Once the masses of nuclei are evaluated by Eq. (1), we can
calculate the Q value for α decay through [35]

Q = %M(Z,A) − %M(Z − 2,A − 4) − %Mα

+ 10−6 k[Zβ − (Z − 2)β], (10)

where %Mα = 2.4249 MeV. The values for k and β are
(k = 8.7 MeV, β = 2.517) for nuclei of Z ! 60, and (k =
13.6 MeV, β = 2.408) for nuclei of Z < 60.

B. Local formula for Qα

Considering heavy nuclei with Z ! 90 and N ! 140, Dong
et al. [16,36] developed a local mass formula for nuclei with
large N and Z values. Using the Taylor expansion, it leads to
the expression of the local Q value including shell effects as

Q = a
Z

A4/3
(3A − Z) + b

(
N − Z

A

)2

+ c

[ |N − 152|
N

− |N − 154|
N − 2

]

+ d

[ |Z − 110|
Z

− |Z − 112|
Z − 2

]
+ e, (11)

where a, b, c, d, and e are parameters to be fitted. Note that the
pairing effects are neglected since the semiclassical formula
gives almost the same contribution to the total binding energy
for both parent and daughter nuclei and it does not cause

TABLE II. The best-fit parameters of Eq. (11). All parameters
have a unit of MeV.

a b c d e RMSD

0.90753 −97.84028 16.15924 −18.95722 −26.16600 0.255

a change in the Q value. Since our goal is to compute the
half-lives of super heavy nuclei through α decay processes,
we obtain the parameters in Eq. (11) with the measured Q
values for nuclei with Z ! 100. The resulting parameters are
shown in Table II.

Figure 1 shows the Q values obtained from the LDM with
Eq. (10) and those from the local formula of Eq. (11). It is
found that case II and the local formula give more reliable
results than case I on the measured Q values.

III. POTENTIAL FOR THE α CLUSTER

In the α cluster model, the nuclear α decay is described
as a quantum tunneling effect. Once the energy, i.e., the Q
value, of the reaction is determined, the next step is to find
the potential for the α cluster inside the parent nucleus. In this
section, we discuss how we use phenomenological models for
constructing the potential for the α cluster.

A. Potential form

In the α cluster model, the α particle is already formed
in the parent nucleus and it penetrates the potential barrier
to cause the α decay process. Therefore, the estimation of
lifetimes requires the information on the potential of the α
cluster created by the core nucleus, i.e., the daughter nucleus
after decay.

The α cluster potential can be decomposed as

V = VN + VC + VL, (12)

where VN is the nuclear potential for the α cluster, VC is the
Coulomb potential provided by the protons of the core nucleus,
and VL is the centrifugal potential arising from the relative
orbital angular momentum between the α particle and the core
nucleus. In principle, the nuclear potential of the α particle
would be computed if the interaction between nucleons inside
a nucleus is completely known. However, it is certainly beyond
the scope of the present paper, and we invoke the Skyrme force
model to get the form of VN . Then, as described in Ref. [21],
VN takes the form of

VN = αρ + β
(
ρ5/3

n + ρ5/3
p

)
+ γρϵ(ρ2 + 2ρnρp)

+ δ
1
r

dρ

dr
+ η

d2ρ

dr2
, (13)

where ρ = ρn + ρp with ρn (ρp) being the density distribution
of neutrons (protons). This model contains six parameters,
namely, α, β, γ , δ, η, and ϵ. These parameters will be deter-
mined by fitting to the empirical data for α decay half-lives
of heavy nuclei and will be discussed in the next subsection.
Furthermore, the nuclear potential in Eq. (13) is controlled by
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FIG. 1. Q values for α decays of nuclei between Z = 106 and 118. The numerical values can be found in Table IV. A small horizontal
offset is used for better visibility for a given value of Z.

the density distribution of nucleons, which should be provided
by microscopic models for nuclear structure.

Once the nucleon distribution is known, the Coulomb
potential term VC can be calculated through

VC = 8πe2
[

1
r

∫ r

0
ρp(r ′)r ′2dr ′ +

∫ ∞

r

ρp(r ′)r ′dr ′
]
. (14)

The centrifugal potential VL is written as

VL = h̄2

2mµr2

(
ℓ + 1

2

)2

, (15)

where mµ is the reduced mass, and the Langer modification
factor [37] is adopted.

B. Nucleon density profiles

Since the α cluster potential of Eq. (13) requires the
information on the density profile of the daughter nucleus, we
rely on microscopic models for nuclear structure. In the present
paper, we consider the Skyrme SLy4 (zero-range) [22] and
the Gogny D1S (finite-range) [23] models as nonrelativistic
approaches and the relativistic mean-field interaction DD-ME2
model of Ref. [24] as a relativistic approach.

The Skyrme force model is constructed based on nucleon-
nucleon interactions having dependence on the relative mo-
mentum and density, which reads

vij = t0(1 + x0Pσ )δ(ri −rj ) + t1
2

(1 + x1Pσ )

× [δ(ri −rj )k2 + k′2δ(ri −rj )]

+ t2(1 + x2Pσ ) k′ · δ(ri −rj )k

+ t3

6
(1 + x3Pσ )ραδ(ri −rj )

+ i W0 k′δ(ri −rj ) × k · (σ i + σ j ), (16)

where Pσ is the spin-exchange operator, and σ i are the Pauli
spin matrices. Here, k and k′ are the relative momenta of two
nucleons before and after interaction, respectively, and W0 is
the strength of the spin-orbit coupling. There are many versions

of the parameter set (ti ,xi,W0) and, in the present paper, we
use the SLy4 model compiled in Ref. [22].

Compared with the Skyrme force model, the Gogny force
assumes finite-range nucleon-nucleon interactions and zero-
range multibody forces, which leads to [38]

v12 =
∑

j=1,2

exp

{

−(r1 −r2)2

µ2
j

}

× (Wj + BjPσ −HjPτ −MjPσ Pτ )

+ t0(1 + x0Pσ )ρα

(
r1 + r2

2

)
δ(r1 −r2)

+ iWLS k′δ(r1 −r2) × k · (σ 1 + σ 2), (17)

where Pτ is the isospin exchange operator. We use the
parameter values known as the D1S model in Ref. [23].

For nucleon density distribution, we also use a relativistic
mean-field model of Refs. [24,39], which gives a satisfactory
description for the properties of finite nuclei. In this model,
the relativistic Lagrangian density is given by

L = ψ̄(i /∂ −m)ψ + 1
2
∂µσ∂µσ −1

2
mσ σ 2 −gσ ψ̄σψ

−1
4
*µν*µν + 1

2
m2

ωω2 −gωψ̄γ µωµψ

−1
4
R⃗µν · R⃗µν + 1

2
m2

ρρ⃗
2 −gρψ̄γ µρ⃗µ · τ⃗ψ

−1
4
FµνFµν −eψ̄γ µAµ

(1 −τ3)
2

ψ, (18)

where *µν , R⃗µν , and Fµν are the field strength tensors of the ω
vector meson field ωµ, the isovector ρ vector meson field ρ⃗µ,
and the photon field Aµ, respectively. Note that the coupling
constants of mesons to the nucleon are density dependent so as
to reproduce the properties of nuclear matter and finite nuclei.
In the present paper, we adopt the parameter set given as the
DD-ME2 model in Ref. [24].

Within the Skyrme and Gogny force models, we solve
Schrödinger-like equations to obtain the density profile of
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282Cn
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1/2 = 0.22∗ s
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1/2 = 0.14+0.06

− 0.04 s

TD1S
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TDD− ME2
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− 0.04 s

286Fl

TExp
1/2 = 7.1+3.2

− 1.7 ms
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TD1S
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α = 11.81 ± 0.06 MeV
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1/2 = 0.50+0.18

− 0.13 ms

TD1S
1/2 = 0.61+0.22
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1/2 = 0.43+0.15

− 0.11 ms
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1/2 = 0.8+0.32

− 0.18 s
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α = 10.09 ± 0.07 MeV

T SLy4
1/2 = 0.56+0.31

− 0.20 s

TD1S
1/2 = 0.65+0.37

− 0.23 s
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1/2 = 0.46+0.26

− 0.16 s
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T SLy4
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TDD− ME2
1/2 = 0.86 (2.42) ms
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FIG. 2. Float charts for α decay chains for 294
118Og and 296

118Og. The measured half-life of 286
114Fl is about 0.13 s. Since the branching ratio of its

α decay is about 60% [45,46], however, the half-life of its α decay is about 0.22 s.

defined by

RMSD =

√√√√ 1
N − 1

∑

i

(

log10

[
T

expt.
i

T cal.
i

])2

, (22)

where N is the total number of data. This indicates that
the density profile of the neutron-rich heavy nuclei deviates
from the simple Fermi density profile and its effect should be
considered to get more realistic results.

Presented in Table V are our predictions on the half-lives of
unobserved α decays of superheavy elements. In this case, the
Q values are estimated by using the LDM and the local formula
as described in Sec. II. We assume ℓ = 0 for simplicity as there
is no information on these processes.2 Note that the half-lives
from the D1S calculation are longer than the ones from SLy4
and DD-ME2 calculations. We found that this is mostly caused
by the differences in parameters given in Table III.

Figure 2 shows one of the most important α decay chains
of superheavy nuclei, namely, the decay chains of 294

118Og and
296
118Og. Our results successfully explain the α decay lifetimes in
these two decay channels compared with experimental results.
The α decay of 296

118Og is yet to be discovered and the half-lives
for this decay given in Fig. 2 are our predictions. It should
be noticed that the half-lives shown in Fig. 2 are calculated
from the nuclear α decay but the actual half-lives should
be determined through the competition with the spontaneous
fission process. For example, in the case of 286

114Fl, although
the measured half-life is T Exp. ≈ 0.13 s, the branching ratio of
the α decay is about 60% [45,46], which makes the α decay
half-life close to 0.22 s.

Figure 3 shows the α potentials, VN + VC , used to calculate
the half-life of 296

118Og in this paper. The dotted line indicates

2If ℓ ̸= 0, the potential barrier width becomes larger than the case
of ℓ = 0 and the lifetime becomes longer. For example, when Q =
11–14 MeV, if we use the Gogny D1S model, the enhancement factors
for the half-life become 1.06, 1.61, 2.16, 4.40, and 8.08 as we increase
the value of ℓ from 1 to 5. Other models give similar results.

the Q values obtained in this paper. The double folding
potential is presented by the dashed line for comparison [47].
This shows that, although the details of the potentials in
each model are quite different inside the nucleus, the barrier
widths corresponding to the obtained Q values are relatively
close to each other. The sightly lower barrier in Ref. [47] is
compensated by a preformation factor of 0.09, finally leading
to half-lives close to each other.

V. SUMMARY AND CONCLUSION

In this paper, we have investigated the nuclear α decays of
heavy nuclei based on the nuclear energy density functional.
We use a Skyrme-type force model to get the nuclear potential
of the α particle inside a nucleus as a functional of proton
and neutron density profiles of the daughter nucleus. These
nucleon density profiles are obtained from the Skyrme SLy4,
Gogny D1S, and relativistic mean-field DD-ME2 models. The

0 5 10 15 20 25 30 35 40

r (fm)

− 120

− 80

− 40

0

40

V
N

+
V

C
(M

eV
)

11.47 MeV ≤ Q ≤ 11.66 MeV

296
118Og

SLy4
DDME-2
D1S
Double Folding

FIG. 3. The α nuclear and Coulomb potentials, VN + VC , for
296
118Og in the models of the present paper. The double folding potential
for 296

118Og of Ref. [47] is also presented for comparison.
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Here, P is the preformation factor which illustrates the
probability of the α particle in the parent nuclei, and F is the
assaulting frequency of the trapped α particle between two
turning points r1 and r2. In this calculation, we use P = 1
and the explicit expression for F can be found, for example,
in Ref. [21]. The distance between r2 and r3, i.e., |r2 − r3|,
represents the penetration width of the barrier through which
α particle passes. k(r) corresponds to the wave number of the
α particle inside the potential barrier:

k(r) =
√

2mµ

h̄2 |Q − V (r)| (21)

with mµ being the reduced mass of the system.
The heavy nuclei under study in the present paper are

neutron rich but are located on the neutron-deficient side

of beta stability. Thus, β decay does not occur for these
nuclei. Table IV shows our results on the observed α decay
half-lives of heavy nuclei. Our results are obtained with the
three models for nuclear density profiles and are compared
with experimental data. The theoretical uncertainties shown
in the table come from those of the experimental Q values.
The obtained half-lives depend on the relative orbital angular
momentum ℓ. We assume ℓ = 0 for even-even decay cases
but we allow the variation of ℓ in other types of decay
processes. The value of ℓ which minimizes the difference with
the experimental data for the half-life is explicitly shown in
Table IV. The results for half-lives without the value of ℓ
are obtained with ℓ = 0. Compared with the previous results
given in Ref. [21] which used a simple Fermi density profile,
using realistic proton distribution improves the rms deviation
(RMSD) in α decay lifetimes as shown in the table, which is

TABLE V. Predictions on the α decay lifetimes for unobserved superheavy elements with Q values from the LDM (case II) and from the
local formula.

Nuclei (Z,A) Q (MeV) T
SLy4

1/2 (s) T D1S
1/2 (s) T DD-ME2

1/2 (s) Q (MeV) T
SLy4

1/2 (s) T D1S
1/2 (s) T DD-ME2

1/2 (s)
LDM Local formula

(122, 307) 12.594 9.467 × 10−5 9.982 × 10−5 6.999 × 10−5 12.289 4.340 × 10−4 4.514 × 10−4 3.194 × 10−4

(122, 306) 12.729 5.649 × 10−5 5.836 × 10−5 4.183 × 10−5 12.420 2.517 × 10−4 2.688 × 10−4 1.891 × 10−4

(122, 305) 12.853 3.334 × 10−5 3.607 × 10−5 2.525 × 10−5 12.550 1.402 × 10−4 1.539 × 10−4 1.073 × 10−4

(122, 304) 12.986 1.931 × 10−5 2.100 × 10−5 1.480 × 10−5 12.679 7.919 × 10−5 8.911 × 10−5 6.193 × 10−5

(122, 303) 13.108 1.145 × 10−5 1.300 × 10−5 9.047 × 10−6 12.807 4.646 × 10−5 5.237 × 10−5 3.593 × 10−5

(122, 302) 13.239 6.692 × 10−6 7.539 × 10−6 5.339 × 10−6 12.935 2.646 × 10−5 3.000 × 10−5 2.099 × 10−5

(121, 306) 12.114 5.360 × 10−4 5.522 × 10−4 3.846 × 10−4 11.853 2.104 × 10−3 2.175 × 10−3 1.509 × 10−3

(121, 305) 12.250 2.948 × 10−4 3.093 × 10−4 2.170 × 10−4 11.985 1.143 × 10−3 1.212 × 10−3 8.467 × 10−4

(121, 304) 12.367 1.664 × 10−4 1.831 × 10−4 1.274 × 10−4 12.117 6.082 × 10−4 6.787 × 10−4 4.700 × 10−4

(121, 303) 12.511 9.077 × 10−5 1.030 × 10−4 7.119 × 10−5 12.248 3.317 × 10−4 3.794 × 10−4 2.593 × 10−4

(121, 302) 12.636 5.323 × 10−5 6.026 × 10−5 4.191 × 10−5 12.378 1.834 × 10−4 2.093 × 10−4 1.439 × 10−4

(121, 301) 12.769 2.976 × 10−5 3.401 × 10−5 2.378 × 10−5 12.508 1.027 × 10−4 1.169 × 10−4 8.201 × 10−5

(120, 304) 11.790 1.567 × 10−3 1.650 × 10−3 1.167 × 10−3 11.546 5.792 × 10−3 6.146 × 10−3 4.349 × 10−3

(120, 303) 11.918 8.584 × 10−4 9.358 × 10−4 6.494 × 10−4 11.679 2.987 × 10−3 3.331 × 10−3 2.289 × 10−3

(120, 302) 12.055 4.456 × 10−4 5.025 × 10−4 3.459 × 10−4 11.812 1.561 × 10−3 1.761 × 10−3 1.217 × 10−3

(120, 301) 12.181 2.491 × 10−4 2.816 × 10−4 1.959 × 10−4 11.944 8.288 × 10−4 9.395 × 10−4 6.575 × 10−4

(120, 300) 12.317 1.342 × 10−4 1.523 × 10−4 1.068 × 10−4 12.076 4.465 × 10−4 5.053 × 10−4 3.520 × 10−4

(120, 299) 12.442 7.735 × 10−5 8.978 × 10−5 6.175 × 10−5 12.207 2.436 × 10−4 2.817 × 10−4 1.957 × 10−4

(119, 298) 11.973 4.022 × 10−4 4.688 × 10−4 3.243 × 10−4 11.772 1.131 × 10−3 1.322 × 10−3 8.986 × 10−4

(119, 297) 12.109 2.119 × 10−4 2.415 × 10−4 1.706 × 10−4 11.904 5.932 × 10−4 1.610 × 10−3 4.795 × 10−4

(119, 296) 12.234 1.181 × 10−4 1.340 × 10−4 9.719 × 10−5 12.036 3.147 × 10−4 3.587 × 10−4 2.593 × 10−4

(119, 295) 12.368 6.172 × 10−5 7.814 × 10−5 5.316 × 10−5 12.167 1.643 × 10−4 1.913 × 10−4 1.405 × 10−4

(119, 294) 12.492 3.425 × 10−5 4.112 × 10−5 2.983 × 10−5 12.297 8.668 × 10−5 1.044 × 10−4 7.549 × 10−5

(119, 293) 12.625 1.874 × 10−5 2.264 × 10−5 1.646 × 10−5 12.427 4.775 × 10−5 5.767 × 10−5 4.168 × 10−5

(118, 298) 11.393 4.077 × 10−3 4.600 × 10−3 3.215 × 10−3 11.197 1.206 × 10−2 1.373 × 10−2 9.535 × 10−3

(118, 297) 11.522 2.126 × 10−3 2.488 × 10−3 1.699 × 10−3 11.332 5.977 × 10−3 7.008 × 10−3 4.774 × 10−3

(118, 296) 11.660 1.068 × 10−3 1.238 × 10−3 8.599 × 10−4 11.466 3.013 × 10−3 3.481 × 10−3 2.423 × 10−3

(118, 295) 11.787 5.640 × 10−4 6.577 × 10−4 4.692 × 10−4 11.600 1.500 × 10−3 1.762 × 10−3 1.244 × 10−3

(118, 294) 11.924 2.824 × 10−4 8.069 × 10−4 2.412 × 10−4 11.733 7.515 × 10−4 9.050 × 10−4 6.387 × 10−4

(118, 293) 12.050 1.516 × 10−4 1.835 × 10−4 1.305 × 10−4 11.865 3.832 × 10−4 4.644 × 10−4 3.289 × 10−4

(117, 298) 10.779 6.202 × 10−2 7.032 × 10−2 4.795 × 10−2 10.920 1.678 × 10−1 1.916 × 10−1 1.311 × 10−1

(117, 297) 10.920 2.837 × 10−2 3.274 × 10−2 2.236 × 10−2 10.749 7.769 × 10−2 9.001 × 10−2 6.129 × 10−2

(117, 296) 11.051 1.409 × 10−2 1.666 × 10−2 1.126 × 10−2 10.886 3.620 × 10−2 4.330 × 10−2 2.903 × 10−2

(117, 295) 11.192 6.660 × 10−3 7.806 × 10−3 5.400 × 10−3 11.023 1.735 × 10−2 2.035 × 10−2 1.396 × 10−2

(117, 294) 11.321 3.310 × 10−3 3.965 × 10−3 6.634 × 10−3 11.158 8.146 × 10−3 9.736 × 10−3 6.779 × 10−3

(117, 293) 11.460 1.584 × 10−3 1.941 × 10−3 1.325 × 10−3 11.293 3.885 × 10−3 4.752 × 10−3 3.244 × 10−3

034311-6

26



MODERN PROBLEMS IN NUCLEAR AND ELEMENTARY PARTICLE PHYSICS

PREDICTIONSNUCLEAR ENERGY DENSITY FUNCTIONAL AND THE . . . PHYSICAL REVIEW C 95, 034311 (2017)

282Cn

TExp
1/2 = 0.22∗ s

QExp
α = 10.33 ± 0.06 MeV

T SLy4
1/2 = 0.14+0.06

− 0.04 s

TD1S
1/2 = 0.15+0.07

− 0.05 s

TDD− ME2
1/2 = 0.12+0.05

− 0.04 s

286Fl

TExp
1/2 = 7.1+3.2

− 1.7 ms

QExp
α = 11.00 ± 0.08 MeV

T SLy4
1/2 = 10.6+6 .1

− 3.8 ms
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1/2 = 15.5+7 .2

− 4.5 ms

TDD− ME2
1/2 = 8.6+5 .0

− 3.1 ms

290Lv

TExp
1/2 = 0.89+1.07

− 0.31 ms

QExp
α = 11.81 ± 0.06 MeV

T SLy4
1/2 = 0.50+0.18

− 0.13 ms

TD1S
1/2 = 0.61+0.22

− 0.16 ms

TDD− ME2
1/2 = 0.43+0.15

− 0.11 ms

294Og

284Cn

TExp
1/2 = 0.8+0.32

− 0.18 s

QExp
α = 10.09 ± 0.07 MeV

T SLy4
1/2 = 0.56+0.31

− 0.20 s

TD1S
1/2 = 0.65+0.37

− 0.23 s

TDD− ME2
1/2 = 0.46+0.26

− 0.16 s

288Fl

TExp
1/2 = 18+16

− 6 ms

QExp
α = 10.80 ± 0.07 MeV

T SLy4
1/2 = 31+16

− 10 ms
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1/2 = 38+19

− 13 ms

TDD− ME2
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292Lv
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1/2 = ?, QExp

α = ?

QLDM(Local)
α = 11.66 (11.47) MeV

T SLy4
1/2 = 1.61 (3.01) ms

TD1S
1/2 = 1.24 (3.38) ms

TDD− ME2
1/2 = 0.86 (2.42) ms

296Og

FIG. 2. Float charts for α decay chains for 294
118Og and 296

118Og. The measured half-life of 286
114Fl is about 0.13 s. Since the branching ratio of its

α decay is about 60% [45,46], however, the half-life of its α decay is about 0.22 s.

defined by

RMSD =

√√√√ 1
N − 1

∑

i

(

log10

[
T

expt.
i

T cal.
i

])2

, (22)

where N is the total number of data. This indicates that
the density profile of the neutron-rich heavy nuclei deviates
from the simple Fermi density profile and its effect should be
considered to get more realistic results.

Presented in Table V are our predictions on the half-lives of
unobserved α decays of superheavy elements. In this case, the
Q values are estimated by using the LDM and the local formula
as described in Sec. II. We assume ℓ = 0 for simplicity as there
is no information on these processes.2 Note that the half-lives
from the D1S calculation are longer than the ones from SLy4
and DD-ME2 calculations. We found that this is mostly caused
by the differences in parameters given in Table III.

Figure 2 shows one of the most important α decay chains
of superheavy nuclei, namely, the decay chains of 294

118Og and
296
118Og. Our results successfully explain the α decay lifetimes in
these two decay channels compared with experimental results.
The α decay of 296

118Og is yet to be discovered and the half-lives
for this decay given in Fig. 2 are our predictions. It should
be noticed that the half-lives shown in Fig. 2 are calculated
from the nuclear α decay but the actual half-lives should
be determined through the competition with the spontaneous
fission process. For example, in the case of 286

114Fl, although
the measured half-life is T Exp. ≈ 0.13 s, the branching ratio of
the α decay is about 60% [45,46], which makes the α decay
half-life close to 0.22 s.

Figure 3 shows the α potentials, VN + VC , used to calculate
the half-life of 296

118Og in this paper. The dotted line indicates

2If ℓ ̸= 0, the potential barrier width becomes larger than the case
of ℓ = 0 and the lifetime becomes longer. For example, when Q =
11–14 MeV, if we use the Gogny D1S model, the enhancement factors
for the half-life become 1.06, 1.61, 2.16, 4.40, and 8.08 as we increase
the value of ℓ from 1 to 5. Other models give similar results.

the Q values obtained in this paper. The double folding
potential is presented by the dashed line for comparison [47].
This shows that, although the details of the potentials in
each model are quite different inside the nucleus, the barrier
widths corresponding to the obtained Q values are relatively
close to each other. The sightly lower barrier in Ref. [47] is
compensated by a preformation factor of 0.09, finally leading
to half-lives close to each other.

V. SUMMARY AND CONCLUSION

In this paper, we have investigated the nuclear α decays of
heavy nuclei based on the nuclear energy density functional.
We use a Skyrme-type force model to get the nuclear potential
of the α particle inside a nucleus as a functional of proton
and neutron density profiles of the daughter nucleus. These
nucleon density profiles are obtained from the Skyrme SLy4,
Gogny D1S, and relativistic mean-field DD-ME2 models. The

0 5 10 15 20 25 30 35 40

r (fm)

− 120

− 80

− 40

0

40

V
N

+
V

C
(M

eV
)

11.47 MeV ≤ Q ≤ 11.66 MeV

296
118Og

SLy4
DDME-2
D1S
Double Folding

FIG. 3. The α nuclear and Coulomb potentials, VN + VC , for
296
118Og in the models of the present paper. The double folding potential
for 296

118Og of Ref. [47] is also presented for comparison.
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CONCLUSIONS & OUTLOOK

▸ To develop more realistic theories on the nuclear ! decay. 

▸ simple potential models 

▸ based on EDF 

▸ Other elements 

▸ deformation 

▸ direct calculation using ! cluster models 

▸ other theoretical framework
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We examine the role of hyperons in a neutron star based on the relativistic mean field approach.
For nuclear matter below 1.5 times the normal nuclear density we constrain the model parameters
by using the symmetric nuclear matter properties and theoretical investigations for neutron matter
in the literature. We then extend the model to higher densities by including hyperons and isoscalar
vector mesons that contain strangeness degree of freedom. We confirm that the � meson induces
a ⇤ repulsive force and hardens the equation of state. The hardening arising from the � meson
compensates the softening from the existence of hyperons. The flavor SU(3) and spin-flavor SU(6)
relations are examined as well. We found that the coupling constants fitted by neutron matter
properties could yield high enough maximum mass of a neutron star and the obtained results satisfy
both the mass and radius constraints. The onset of the hyperon direct Urca process in neutron stars
is also investigated using our parametrization.

PACS numbers: 26.60.-c, 21.65.-f, 26.60.Kp

I. INTRODUCTION

A neutron star is a massive and dense stellar ob-
ject whose major constituents are neutrons. Due to the
fermionic nature of neutrons, protons and electrons are
also allowed to exist under the condition of charge neu-
trality. It was widely accepted that the canonical mass
of a neutron star is about 1.4M�, where M� is the solar
mass, and the radius is around 10 km [1, 2]. But the
recent measurements suggested that the upper limit of
the neutron star mass could be larger than 2M� [3, 4].
Such a compact object would have high nuclear matter
density up to several times the nuclear saturation density
(n0 = 0.16 fm�3) in the core. In such a dense matter, it
is natural to expect that non-nucleonic degrees of free-
dom may come out and various equations of state for a
neutron star have been suggested. For instance, since
the average distance between nucleons could be smaller
than the de Brogile wave length of quarks, there may ex-
ist quark matter in the core of a neutron star [5–7]. On
the other hand, because of the bosonic nature of mesons,
pion condensation [8, 9] and kaon condensation [10–12]
were suggested to be formed in the core of a neutron
star as examples of Bose-Einstein condensation. In prin-
ciple, such ideas could be tested by future observations,
such as X-ray observation in low-mass X-ray binaries and
gravitational wave detections from neutron star binary
mergers.
Concerning the hadronic degrees of freedom, hadrons

with strangeness are likely to be formed because hyperon

⇤ ylim@tamu.edu
† clee@pusan.ac.kr
‡ yohphy@knu.ac.kr

matter is energetically favorable than pure nucleon mat-
ter. In general, the presence of hyperons makes the
equation of state (EOS) softer than that without hy-
peron degrees of freedom, which reduces the maximum
mass of neutron stars. Therefore, softening of the EOS
might be incompatible with the recent observation of
2.0 M� neutron stars, namely, PSR J1614-2230 and PSR
J0348+0432 [3, 4]. The question on the existence of
hyperons in the core of neutron star is paraphrased as
the ‘hyperon puzzle’ and understanding the structure of
a neutron star with strangeness degree of freedom now
becomes one of major research topics in neutron star
physics. For example, three-body repulsive forces among
baryons was suggested as a mechanism to compensate the
softening of EOS in Refs. [13–16]. In the presence of hy-
perons in nuclear matter, the softening of EOS may be
compensated by Y NN , Y Y N , and Y Y Y interactions,
where Y stands for a hyperon, besides the three-body
NNN interaction. The authors of Refs. [14, 15] proposed
the multi-Pomeron exchange potential to obtain three-
body repulsive force on top of the soft core interactions
for having large neutron star mass. Based on quantum
Monte Carlo simulations it was claimed that the phe-
nomenological ⇤NN potential can make the threshold
density for hyperon population much higher than that
of the neutron star core [16]. Hyperon puzzle may also
be evaded by the onset of quark matter in the compact
star. The transition from massive hadron stars to strange
quark stars suggests two coexisting families of compact
stars, and the strangeness of hyperons is dissolved into
the deconfined quark matter [17–19].

The investigation on the role of hyperons to neutron
star mass and radii has a long history starting 1960s [20–
24]. Most of theoretical investigations are based on the

arXiv:1708.01364 
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relativistic mean field (RMF) approach [25–31].1 Due to
the limitations in the observations, however, mainly neu-
tron star mass has been studied and the research focus
was on the change of the neutron star mass. Throughout
extensive studies, both relativistic and non-relativistic
approaches seem to find conditions to fulfill the ob-
served maximum mass constraint of neutron stars [27–
29, 31, 35, 36]. From the recent analyses of the X-ray
burst from neutron star binaries classified as low-mass
X-ray binaries (LMXB), both masses and radii have been
estimated with significant statistics even though it is too
early to make any firm conclusions [37–40]. Firstly, a
small radii of neutron stars were reported by Özel et
al. [37] and by Guillot et al. [40] from the analysis of
X-ray bursts in LMXB. By neglecting the mass depen-
dence, Guillot et al. [40] estimated the radius of neutron
stars to be RNS = 9.1+1.3

�1.5 km with 90% confidence.2

On the other hand, by considering the gravitational
redshift of X-rays generated in the photosphere of the X-
ray burst sources, Steiner et al. [38] suggested that the
radius of neutron stars would be RNS = 12+0.5

�1.0 km. This
estimate is consistent with the experimental and theoret-
ical studies of nuclear matter as described in Ref. [43].
From the analysis of cooling phases of an X-ray burst

source, Sulumeinov et al. [39] suggested a sti↵ EOS that
allows 2.3M� with radius larger than 14 km. However,
such an EOS carries a large density slope of nuclear sym-
metry energy, and thus the direct Urca process may occur
for neutron stars with masses less than 1.2M�. Hence,
such models may be not easy to explain the cooling curves
of neutron stars [44]. Near future, new X-ray telescope
NICER (Neutron star Interior Composition ExploreR)
will be able to provide more reliable data on both masses
and radii of neutron stars [45]. The validity of various
EOS in the literature can then be tested by these new
observations.
The purpose of the present work is to find an EOS in

the relativistic mean field approach which satisfies both
constraints on mass and radius simultaneously with the
existence of strangeness in a neutron star. For this end,
we first set up an SU(2) model that includes only nu-
cleons as baryons as well as the �, !, and ⇢ mesons,
and determine the model parameters to reproduce the
properties of symmetric nuclear matter and pure neu-
tron matter that were obtained in Refs. [46, 47]. The
criteria for SU(2) models was discussed in many di↵er-
ent approaches, such as Monte Carlo calculations [46]
and chiral e↵ective field theories [47, 48]. The e↵ects of
three nucleon forces are also discussed in Refs. [49, 50].

1 One may extend the non-relativistic approach of the Skyrme
force model by including hyperons [32–34] for studying hyper-
nuclei. This approach can also be applied to explore the neutron
star structure as discussed in Refs. [35, 36].

2 A recent estimate on the neutron star radius for a mass of 1.5 M�
gives 10.1 km  RNS  11.1 km [41]. We also note that the
causality limits the maximum neutron star mass to be smaller
than 2.1 M� if the radius is 9.1 km [42].

After developing the SU(2) model, we extend it to the
case of flavor SU(3) and investigate the role of hyper-
ons in the mass-radius relationship of neutron stars. For
this purpose, we adopt several cases for the determina-
tion of coupling constants among hyperons and use the
estimation of Steiner et al. [38] for the radii of neutron
stars. Then the obtained critical density or neutron star
mass are investigated for the hyperon direct Urca process,
which plays an important role in the thermal evolution
of neutron stars in the presence of hyperons.

This paper is organized as follows. We introduce the
Lagrangian density of nuclear matter in the flavor SU(2)
model in Sec. II. The equations of motion, energy den-
sity, and pressure are obtained and discussed in detail.
In Sec. III, we extend our model to the flavor SU(3) to
include strangeness degree of freedom for addressing the
hyperon puzzle in the RMF approach. We explain how
we control the coupling constants of the model and dis-
cuss the modified equations of motion in hyperon mat-
ter. In Sec. IV, the numerical results for the mass-radius
relation of neutron stars are summarized. The role of hy-
perons in direct Urca process is then discussed in Sec. V.
Section VI summarizes our conclusions. The details on
how we fix the SU(2) parameters to reproduce the prop-
erties of symmetric nuclear matter and those of pure neu-
tron matter are described in Appendix.

II. NUCLEAR MODEL

In order to describe nuclear matter, we start with the
RMF model in the flavor SU(2) sector, which includes
the ⇢ and ! vector mesons in addition to the scalar �
meson. The e↵ective Lagrangian that includes nonlinear
self-interactions of the meson fields reads [51]

L�!⇢ =
X

B=n,p

 ̄B

h
(i/@ � g!B�µ!

µ) � g⇢B�µ~⇢
µ · ~⌧B

� (MB � g�B�) � e

2
(1 + ⌧3)Aµ�

µ
i
 B

+
1

2
@µ�@

µ� � 1

2
m2

� �
2 � 

3!
(g��)

3 � �

4!
(g��)

4

+
1

2
m2

! !µ!
µ � 1

4
!µ⌫!

µ⌫ +
⇣

4!
g4! (!µ!

µ)2

+
1

2
m2

⇢ ~⇢µ · ~⇢µ � 1

4
~⇢µ⌫ · ~⇢µ⌫ +

⇠

4!
g4⇢ (~⇢µ · ~⇢µ)2

+ f(�,!µ!
µ)g2⇢ (~⇢µ · ~⇢µ) � 1

4
Fµ⌫F

µ⌫

+
X

l=e�,µ�

 ̄l

�
i/@ � ml

�
 l, (1)

where MB is the baryon mass,3 ml is the lepton mass, ~⌧B
are the Pauli matrices for isospin, and the field strength

3 Since we are assuming SU(2) isospin symmetry, the proton and
neutron have the same mass MN .
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TABLE I. The fitted parameter sets of SU(2) RMF models. RGCR represents RMF model with GCR5 parametrization and
RDSS represents RMF models with DSS2 parametrization. For comparison, the fitted parameters in other works are also
presented with references.

Parameter RGCR RDSS IU-FSU [52] SFHo [55] GM1 [24] NL3 [56] Unit
m� 2.491 2.491 2.491 2.371 2.491 2.575 fm�1

m! 3.966 3.966 3.966 3.864 3.966 3.966 fm�1

m⇢ 3.929 3.929 3.867 3.902 3.867 3.867 fm�1

g�N 8.005 7.985 9.971 7.536 8.553 10.217
g!N 9.235 9.235 13.032 8.782 10.603 12.868
g⇢N 11.108 11.033 13.590 9.384 8.121 8.922
 6.603⇥ 10�2 6.350⇥ 10�2 1.713⇥ 10�2 7.105⇥ 10�2 2.805⇥ 10�2 1.956⇥ 10�2 fm�1

� �2.900⇥ 10�2 �2.474⇥ 10�2 2.960⇥ 10�4 �2.645⇥ 10�2 �6.420⇥ 10�3 �1.591⇥ 10�2

⇣ � � 3.0⇥ 10�2 �1.701⇥ 10�3 � �
⇠ �3.807⇥ 10�5 �1.088⇥ 10�7 � 3.453⇥ 10�3 � �

⇤s1 �3.788⇥ 10�4 4.467⇥ 10�4 � �3.054⇥ 10�2 � � fm�1

⇤s2 1.810⇥ 10�2 4.267⇥ 10�2 � 1.021⇥ 10�2 � �
⇤s3 1.724⇥ 10�2 �3.597⇥ 10�4 � 8.048⇥ 10�4 � � fm
⇤s4 2.424⇥ 10�3 2.550⇥ 10�4 � 1.072⇥ 10�3 � � fm2

⇤s5 �2.862⇥ 10�3 2.588⇥ 10�3 � 5.542⇥ 10�5 � � fm3

⇤s6 �3.416⇥ 10�8 9.217⇥ 10�8 � 3.606⇥ 10�6 � � fm4

⇤v1 1.131⇥ 10�4 2.220⇥ 10�5 4.60⇥ 10�2 7.616⇥ 10�2 � �
⇤v2 �6.174⇥ 10�4 �8.536⇥ 10�5 � �2.765⇥ 10�4 � � fm2

⇤v3 1.563⇥ 10�5 5.560⇥ 10�6 � 6.861⇥ 10�4 � � fm4

TABLE II. Nuclear matter properties at the saturation den-
sity. In our calculations (RGCR and RDSS), the saturation
density n0, binding energy per nucleonB, and the incompress-
ibility coe�cient K are inputs while the symmetry energy J
and the symmetry energy slope L are computed at n0. For
comparison, the results of other models are presented as well.

RGCR RDSS IU-FSU SFHo GM1 NL3
n0 (fm�3) 0.160 0.160 0.155 0.158 0.153 0.148
B (MeV) 16.0 16.0 16.4 16.2 16.3 16.2
K (MeV) 240 245 231 245 300 272
J (MeV) 32.9 30.7 31.3 31.6 32.5 37.3
L (MeV) 46.8 42.2 47.2 52.9 94.0 118
Reference [52] [55] [24] [56]

The ratios of coupling constants are defined by

x�B =
g�B
g�N

, x!B =
g!B

g!N

, x⇢B =
g⇢B
g⇢N

,

x�⇤B =
g�⇤B

g�⇤⇤

, x�B =
g�B
g�⇤

.
(24)

The scalar and vector densities are

nS
B = h ̄B Bi = 2JB + 1

(2⇡)3

Z kB
F

0
d3k

M⇤
Bp

k2 +M⇤2
B

,

nB
B = h †

B Bi = 2JB + 1

(2⇡)3

Z kB
F

0
d3k ,

(25)

where JB is the spin of the baryon andM⇤
B is the e↵ective

mass defined as

M⇤
B = MB � x�BS � x�⇤BS

⇤. (26)

In this approach, the chemical potentials or the Fermi
energies of baryons and leptons are given as

µB = x!BW + x⇢B⌧3BR+ x�B�+
q

(kBF )2 + (M⇤
B)

2,

µl =
q

(klF )
2 +m2

l . (27)

The energy density and pressure are the same as in
Eqs. (8) and (9) except that the contributions from the
�⇤ and � mesons are included and the summation is now
over all hyperons. We then obtain

E = E 0
�!⇢ +

1

2

✓
m�⇤

g�⇤⇤

◆2

S⇤2 +
1

2

 
m�

g�⇤

!2

�2, (28)

P = P 0
�!⇢ � 1

2

✓
m�⇤

g�⇤⇤

◆2

S⇤2 +
1

2

 
m�

g�⇤

!2

�2, (29)

where the prime in E�!⇢ and P�!⇢ means that the sum-
mation over baryons is extended to include hyperons.

A. Couplings with vector mesons

The coupling constants between baryons and mesons
determine the strength of interactions and thus a↵ect the
EOS of hyperon matter. Following the previous works,
we make use of the flavor SU(3) and spin-flavor SU(6)
relations.5 Starting from the flavor structure, the inter-

5 See, for example, Refs. [29, 57–59]. The general group struc-
ture of meson-baryon interactions can be found, for example, in
Ref. [60].
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FIG. 1. Energy per baryon of pure neutron matter. RGCR
and RDSS are obtained from the Lagrangian of Eq. (1) by
fitting to the results of GCR5 [46] and DSS2 [47], respectively.

for DSS2.
With these information one can calculate the proper-

ties of nuclear and neutron matter, which determines the
coupling constants and other model parameters. The de-
tails can be found in Appendix, and the parameter sets
obtained in this way are presented in Table I. The param-
eter set RGCR (i.e., the RMF model with the GCR pa-
rameterization) is obtained with the GCR5 parametriza-
tion and the set RDSS is with the DSS2 parametrization.
For comparison, we show the energy per baryon of pure

neutron matter in Fig. 1. The small window magnifies
the results in the low density region, 0  n  0.3 fm�3.
The solid and dashed lines show the theoretical results
of DSS2 and GCR5 models, respectively, while the re-
sults of RMF with parameter sets RDSS and RGCR
are presented by dot-dashed and dotted lines, respec-
tively. This shows that, for pure neutron matter, the
RDSS gives consistent results with those of DSS2 up to
n ⇠ 0.5 fm�3 ⇠ 3n0 and the agreement between GCR5
and RGCR goes up to n ⇠ 0.8 fm�3 ⇠ 5n0.
Table II shows the standard nuclear matter properties

for various models considered in this work. In the present
calculation, n0, B, and K are inputs and J and L are
calculated results. For comparison, the corresponding
quantities of other models in the literature are given as
well. These SU(2) models are then used to compute the
neutron star mass. As will be discussed in Sec. IV, these
models can give large neutron star masses. On top of
these models, we introduce hyperon degrees of freedom
in the next Section.

III. MODEL FOR HYPERON MATTER

In order to study the role of strangeness degree of free-
dom in neutron star structure, we extend the Lagrangian

of Eq. (1) by introducing the spin-1/2 flavor-octet hyper-
ons. In addition, to study the role of the scalar and vector
mesons with hidden strangeness, we include the �(1020)
vector meson and the f0(980) scalar meson. Therefore,
we have the SU(3)F nonet structure for scalar and vector
mesons [26, 57]. In the following we denote the f0(980)
meson field by �⇤. Then the Lagrangian density reads

L = L0
�!⇢ + L�⇤�, (15)

where L0
�!⇢ has the same form as L�!⇢ in Eq. (1) but

includes hyperon octet such that B = p, n,⇤,⌃±,0,⌅0,�,
and L�⇤� includes the terms concerning the �⇤ and the
�. Explicitly, it reads

L�⇤� =
X

B

 ̄B

�
g�⇤B�

⇤ � g�B�µ�
µ
�
 B

+
1

2
@µ�

⇤@µ�⇤ � 1

2
m2

�⇤ �⇤2

+
1

2
m2

� �µ�
µ � 1

4
�µ⌫�

µ⌫ , (16)

where m�⇤ and m� are the f0(980) and �(1020) masses
and we use m�⇤ = 975 MeV and m� = 1020 MeV. For
hyperon masses, we also use the values provided by the
Particle Data Group [53]. The field strength tensor of
the � meson is

�µ⌫ = @µ�⌫ � @⌫�µ . (17)

Then the equations of motion of the meson fields in
uniform matter can be obtained as

X

B

x�B nS
B =

✓
m�

g�N

◆2

S +


2
S2 +

�

6
S3 � R2 @f

@S
, (18)

X

B

x!B nB
B =

✓
m!

g!N

◆2

W +
⇣

6
W 3 +R2 @f

@W
, (19)

X

B

x⇢B nB
B ⌧3B =

 
m⇢

g⇢N

!2

R+
⇠

6
R3 + 2Rf , (20)

X

B

x�⇤B nS
B =

✓
m�⇤

g�⇤⇤

◆2

S⇤, (21)

X

B

x�B nB
B =

 
m�

g�⇤

!2

� , (22)

where � = g�⇤ h�i and S⇤ = g�⇤⇤ h�⇤i. Here, ⌧3B is
the z-component of the isospin quantum number of the
baryon B and our conventions are

⌧3p = +
1

2
, ⌧3n = �1

2
, ⌧3⇤ = 0,

⌧3⌃+ = +1, ⌧3⌃0 = 0, ⌧3⌃� = �1,

⌧3⌅0 = +
1

2
, ⌧3⌅� = �1

2
. (23)
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action Lagrangian of baryons and mesons can be con-
structed as follows. First, the SU(3) baryon octet can be
written in a matrix form as

B =

0

B@

1p
2
⌃0 + 1p

6
⇤0 ⌃+ p

⌃� � 1p
2
⌃0 + 1p

6
⇤0 n

�⌅� ⌅0 �
q

2
3⇤

0

1

CA .

(30)
Similarly, the vector meson octet can be written as

V8 =

0

B@

1p
2
⇢0 + 1p

6
!8 ⇢+ K⇤+

⇢� � 1p
2
⇢0 + 1p

6
!8 K⇤0

K⇤� K̄⇤0 �
q

2
3!8

1

CA

(31)
and the vector meson singlet takes the simple form of

V1 =
!1p
3

0

@
1 0 0
0 1 0
0 0 1

1

A . (32)

Then the flavor SU(3) invariant interactions between
baryon octet and meson octet can be written as

LV8BB =
p
2g8

�
(d+ f)Tr

�
B̄BV8

�

+ (d � f)Tr
�
B̄V8B

� 
, (33)

while we have

LV1BB =
p
3g1Tr

�
V1B̄B

�
(34)

for the interactions between baryon octet and meson sin-
glet. Therefore, we have three parameters, g1, g8, and
↵V ⌘ f/(f + d), with the condition that f + d = 1,
to completely determine the coupling constants.6 The
physical ! and � mesons are combinations of !8 and !1,
whose quark contents are

|!8i =
1p
6

�
|ūui + |d̄di � 2 |s̄si

�
,

|!1i =
1p
3

�
|ūui + |d̄di + |s̄si

�
. (35)

By introducing the mixing angle ✓ the physical states are
constructed as

|�i = cos ✓ |!8i � sin ✓ |!1i ,
|!i = sin ✓ |!8i + cos ✓ |!1i . (36)

Throughout the present work, we assume the ideal mix-
ing, cos ✓ =

p
2/3, between the octet and singlet mesons,

so that the � is a pure ss̄ state and the ! does not contain
the hidden strangeness component.

6 In the present work, we do not include theK⇤ vector meson, even
though the K⇤ can give an extra repulsion, because it should
be treated with kaons in the medium. This may cause kaon
condensation in the core of neutron stars, which is, however,
beyond the scope of this work.

Then by introducing z = g8/g1, one could obtain the
following relations for coupling constants:

g!N =

(r
2

3
� 1

3
(1 � 4↵V ) z

)
g1,

g�N =

(
� 1p

3
�

p
2

3
(1 � 4↵V ) z

)
g1,

g!⇤ =

(r
2

3
� 2

3
(1 � ↵V ) z

)
g1,

g�⇤ =

(
� 1p

3
� 2

p
2

3
(1 � ↵V ) z

)
g1,

g!⌃ =

(r
2

3
+

2

3
(1 � ↵V ) z

)
g1,

g�⌃ =

(
� 1p

3
+

2
p
2

3
(1 � ↵V ) z

)
g1,

g!⌅ =

(r
2

3
� 1

3
(1 + 2↵V ) z

)
g1,

g�⌅ =

(
� 1p

3
�

p
2

3
(1 + 2↵V ) z

)
g1 (37)

and

g⇢N = zg1, g⇢⌃ = 2↵V zg1,

g⇢⌅ = � (1 � 2↵V ) zg1. (38)

Note that g⇢⇤ = 0 because of isospin symmetry.
The coupling constants are constrained to some extent

at free space. For example, ↵V = 1 is favored in the
Nijmegen soft core potential [61] and in the QCD sum
rule analysis of Ref. [62]. However, it is not yet clear
how these couplings would change in nuclear medium, in
particular, in a high density region like inside neutron
stars, which will eventually a↵ect the properties of neu-
tron stars. The purpose of the present work is, therefore,
to see whether one can satisfy the mass-radius constraint
of neutron stars by varying the coupling constant param-
eters, g1 (or g8), ↵V , and z. This would give us another
viewpoint on the hyperon puzzle. To this end, we con-
sider the following four cases.

Case I: In this case, we consider the SU(6) limit, where

↵V = 1, z = 1/
p
6 (39)

as used in Refs. [57, 59]. Therefore, the only pa-
rameter is the overall scale of the coupling, namely,
g1. In this case, we have very strong constraints on
the coupling constants as

1
3g!N = 1

2g!⇤ = 1
2g!⌃ = g!⌅,

g⇢N = 1
2g⇢⌃ = g⇢⌅ ,

g�⇤ = g�⌃ = 1
2g�⌅ = �

p
2
3 g!N , g�N = 0 .

(40)
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|ūui + |d̄di � 2 |s̄si

�
,

|!1i =
1p
3

�
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so that the � is a pure ss̄ state and the ! does not contain
the hidden strangeness component.

6 In the present work, we do not include theK⇤ vector meson, even
though the K⇤ can give an extra repulsion, because it should
be treated with kaons in the medium. This may cause kaon
condensation in the core of neutron stars, which is, however,
beyond the scope of this work.
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at free space. For example, ↵V = 1 is favored in the
Nijmegen soft core potential [61] and in the QCD sum
rule analysis of Ref. [62]. However, it is not yet clear
how these couplings would change in nuclear medium, in
particular, in a high density region like inside neutron
stars, which will eventually a↵ect the properties of neu-
tron stars. The purpose of the present work is, therefore,
to see whether one can satisfy the mass-radius constraint
of neutron stars by varying the coupling constant param-
eters, g1 (or g8), ↵V , and z. This would give us another
viewpoint on the hyperon puzzle. To this end, we con-
sider the following four cases.

Case I: In this case, we consider the SU(6) limit, where

↵V = 1, z = 1/
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6 (39)

as used in Refs. [57, 59]. Therefore, the only pa-
rameter is the overall scale of the coupling, namely,
g1. In this case, we have very strong constraints on
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1
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FIG. 4. Mass and radius of neutron stars using relativistic
mean field models without hyperons. RGCR and RDSS mod-
els are the results of our calculation and the other models
are explained in Table II. The horizontal lines indicate the
observed neutron star masses of Ref. [3, 4]. The brown and
green shaded areas show the allowed region of the mass-radius
constraint of Ref. [38] at the 1� and 2� level, respectively.

TABLE III. The maximum mass of neutron stars (in units

of M�) in each model using U (N)
⇤ = �30 MeV, U (N)

⌃ =

+30 MeV, U (N)
⌅ = �18 MeV and U (⌅)

⌅ = U (⌅)
⇤ = 2U (⇤)

⌅ =

2U (⇤)
⇤ = �10 MeV. Note that SFHo and IU-FSU have non-

vanishing ⇣ thus the maximum mass of neutron stars in case
of II and III is not physical.

Model z ↵V RGCR RDSS IU-FSU SFHo GM1 NL3
SU(2) — — 2.22 2.07 1.94 2.06 2.36 2.78

Case I 1p
6

1 1.78 1.71 1.67 1.70 1.93 2.25

Case II 1
2
p
6

1 2.03 1.90 (1.93) (1.88) 2.15 2.26

Case III 1p
6

1
2 1.98 1.91 (2.03) (1.88) 2.14 2.51

the SU(6) case. The fourth row of Table III shows the
results of case III by with ↵V = 1

2 . Compared with the
SU(6) models (case I), it is evident that the models with
SU(3) symmetry (cases II and III) are less constrained by
the group structure and the degree of the hyperon puz-
zle is reduced very much. In fact, the models of RGCR
and RDSS can meet the mass condition of neutron stars
when we use the SU(3) relations and varying the values
of ↵V and z. In principle, one cannot simply apply the
SU(3) relations in case of IU-FSU and SFHo models be-
cause of non-vanishing ⇣. Since the values in Table III
are obtained by applying the SU(3) relations, they are
given in parentheses. Therefore, the maximum masses of
neutron stars in case of II and III are subject to change
by more realistic calculations.

More detailed results on the dependence of the max-
imum neutron star mass on the couplings are shown in

FIG. 5. Maximum mass of neutron stars as a function of z in
case II with ↵V = 1.

FIG. 6. Maximum mass of neutron stars as a function of ↵V

in case III with z = 1/
p
6.

Figs. 5 and 6. The results of case II are presented in
Fig. 5 with varying the value of z from 0 to 1. Those of
case III are shown in Fig. 6 with 0.3  ↵V  1.3. We find
that the maximum mass of neutron stars decreases as z
or ↵V increases in case II and case III, respectively. This
observation confirms the results of Ref. [29]. To achieve
2M� for the neutron star mass, we need z  0.3 in case
II and ↵V  0.5 in case III for the RGCR model. The
RDSS model requires even smaller values for z and ↵V .
In Figs. 5 and 6, we also show the results with and with-
out �⇤ to find that the presence of the �⇤ reduce further
the maximum mass of neutron stars.

For case IV, where we vary both z and ↵V , the results
are presented as a contour plot in Fig. 7 for the RGCR
model and in Fig. 8 for the RDSS model . The horizontal
dashed lines represent ↵V = 1 and correspond to case II,
while the vertical dashed lines denote z = 1/

p
6 corre-

sponding to case III. As expected from the results shown
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SU(6) models (case I), it is evident that the models with
SU(3) symmetry (cases II and III) are less constrained by
the group structure and the degree of the hyperon puz-
zle is reduced very much. In fact, the models of RGCR
and RDSS can meet the mass condition of neutron stars
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of ↵V and z. In principle, one cannot simply apply the
SU(3) relations in case of IU-FSU and SFHo models be-
cause of non-vanishing ⇣. Since the values in Table III
are obtained by applying the SU(3) relations, they are
given in parentheses. Therefore, the maximum masses of
neutron stars in case of II and III are subject to change
by more realistic calculations.

More detailed results on the dependence of the max-
imum neutron star mass on the couplings are shown in

FIG. 5. Maximum mass of neutron stars as a function of z in
case II with ↵V = 1.
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Figs. 5 and 6. The results of case II are presented in
Fig. 5 with varying the value of z from 0 to 1. Those of
case III are shown in Fig. 6 with 0.3  ↵V  1.3. We find
that the maximum mass of neutron stars decreases as z
or ↵V increases in case II and case III, respectively. This
observation confirms the results of Ref. [29]. To achieve
2M� for the neutron star mass, we need z  0.3 in case
II and ↵V  0.5 in case III for the RGCR model. The
RDSS model requires even smaller values for z and ↵V .
In Figs. 5 and 6, we also show the results with and with-
out �⇤ to find that the presence of the �⇤ reduce further
the maximum mass of neutron stars.

For case IV, where we vary both z and ↵V , the results
are presented as a contour plot in Fig. 7 for the RGCR
model and in Fig. 8 for the RDSS model . The horizontal
dashed lines represent ↵V = 1 and correspond to case II,
while the vertical dashed lines denote z = 1/
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6 corre-

sponding to case III. As expected from the results shown
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FIG. 7. Contour plot of the maximum mass of neutron stars
as a function of z and ↵V in the RGCR model with case IV.
The horizontal and vertical dashed lines are ↵V = 1.0 and
z = 1/

p
6, respectively.

FIG. 8. Contour plot of the maximum mass of neutron stars
as a function of z and ↵V in the RDSS model with case IV.
The horizontal and vertical dashed lines are ↵V = 1.0 and
z = 1/

p
6, respectively.

in Figs. 5 and 6, small values for z and ↵V are needed to
allow for massive neutron stars. Our results show that if
the ↵V ratio of the vector meson couplings is the same as
in the free space, the coupling ratio between octet vec-
tor meson and singlet vector meson should change from
1/

p
6 ⇡ 0.4 to about 0.3. On the other hand, if the cou-

pling ratio is kept as 1/
p
6, the value of ↵V should be

reduced to below 0.45. It is interesting to note that this
value is close to the ↵ value of pseudoscalar mesons, of
which free space value is estimated to be ↵PS = 0.355 in
Ref. [61]. More rigorous investigations on the change of
couplings in dense nuclear matter are, therefore, highly
desirable, in particular, for both ↵V and ↵PS.
Since the purpose of this article is to see the role of

the mass-radius constraint for neutron star models, we

FIG. 9. Mass and radii curves with the variation of ↵V con-
strained by g�N = 0 in the SFHo model with case I. Smaller
↵V gives smaller maximum mass of a neutron star for given
EOS.

now explore the model-dependence of the predicted mass-
radius region of neutron stars of each model. We vary
either ↵V or z and denote the range of the obtained mass-
radius curves by blue shaded areas in Figs. 9–13. Since,
as shown in Fig. 4, the GM1 and NL3 models in the
SU(2) case cannot satisfy the empirically allowed mass-
radius region and the maximum neutron star mass of
the IU-FSU model is smaller than 2M�, we focus on the
SFHo, RGCR, RDSS models in the followings.

Figure 9 shows the mass and radius curves from the
SFHo RMF model with hyperons. Its parameters in the
SU(2) sector are given in Table I. The blue region is ob-
tained with the variation of ↵V constrained by g�N = 0.
This shows that, although the SFHo model can pass the
criterion for the radius, the predicted maximum mass
cannot achieve 2.0 M�. Since the � meson gives a repul-
sion between baryons, the condition that g�N 6= 0 may
give a larger mass for neutron stars. However, since the
SFHo model barely satisfies 2.0M� condition for the neu-
tron star mass within the SU(2) configuration, the mass
reduction from the hyperons does not allow the model to
fulfill the maximum mass criteria in any SU(3) models.

Shown in Fig. 10 are the area of mass-radius of neu-
tron stars obtained in the RGCR model by varying the
value of z as 0  z  1 while keeping ↵V = 1, which
corresponds to case II. On the other hand, Fig. 11 shows
the results with 0.3 < ↵V < 1.3 while keeping z = 1/

p
6.

Therefore, it corresponds to case III. The results pre-
sented in Figs. 12 and 13 are obtained with the RDSS
model for case II and case III, respectively. Because
g�N 6= 0 and the maximum mass is greater than 2.0 M�
in the SU(2) case for the both models, the predicted
mass-radius curves have a chance to fulfill the empiri-
cal constraints on the mass and radius of neutron stars.
These results indicate that it would be possible to have
hyperons in the core of neutron stars by satisfying the
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FIG. 7. Contour plot of the maximum mass of neutron stars
as a function of z and ↵V in the RGCR model with case IV.
The horizontal and vertical dashed lines are ↵V = 1.0 and
z = 1/

p
6, respectively.

FIG. 8. Contour plot of the maximum mass of neutron stars
as a function of z and ↵V in the RDSS model with case IV.
The horizontal and vertical dashed lines are ↵V = 1.0 and
z = 1/

p
6, respectively.

in Figs. 5 and 6, small values for z and ↵V are needed to
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p
6 ⇡ 0.4 to about 0.3. On the other hand, if the cou-

pling ratio is kept as 1/
p
6, the value of ↵V should be

reduced to below 0.45. It is interesting to note that this
value is close to the ↵ value of pseudoscalar mesons, of
which free space value is estimated to be ↵PS = 0.355 in
Ref. [61]. More rigorous investigations on the change of
couplings in dense nuclear matter are, therefore, highly
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Since the purpose of this article is to see the role of

the mass-radius constraint for neutron star models, we
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FIG. 9. Mass and radii curves with the variation of ↵V con-
strained by g�N = 0 in the SFHo model with case I. Smaller
↵V gives smaller maximum mass of a neutron star for given
EOS.
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as shown in Fig. 4, the GM1 and NL3 models in the
SU(2) case cannot satisfy the empirically allowed mass-
radius region and the maximum neutron star mass of
the IU-FSU model is smaller than 2M�, we focus on the
SFHo, RGCR, RDSS models in the followings.
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cannot achieve 2.0 M�. Since the � meson gives a repul-
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give a larger mass for neutron stars. However, since the
SFHo model barely satisfies 2.0M� condition for the neu-
tron star mass within the SU(2) configuration, the mass
reduction from the hyperons does not allow the model to
fulfill the maximum mass criteria in any SU(3) models.

Shown in Fig. 10 are the area of mass-radius of neu-
tron stars obtained in the RGCR model by varying the
value of z as 0  z  1 while keeping ↵V = 1, which
corresponds to case II. On the other hand, Fig. 11 shows
the results with 0.3 < ↵V < 1.3 while keeping z = 1/
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Therefore, it corresponds to case III. The results pre-
sented in Figs. 12 and 13 are obtained with the RDSS
model for case II and case III, respectively. Because
g�N 6= 0 and the maximum mass is greater than 2.0 M�
in the SU(2) case for the both models, the predicted
mass-radius curves have a chance to fulfill the empiri-
cal constraints on the mass and radius of neutron stars.
These results indicate that it would be possible to have
hyperons in the core of neutron stars by satisfying the
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FIG. 10. Mass and radii curves with the variation of z with
↵V = 1 in the RGCR model, i.e., case II. The red solid line is
the result of the model in the SU(2) case and the dashed line
is that of case I.
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FIG. 11. Same as Fig. 10 but with the variation of ↵V with
z = 1/

p
6 in the RGCR model, i.e., case III.

maximum mass criteria when a proper nucleon EOS, i.e.,
in the SU(2) model, is used. They also imply that the
understanding of the changes of ↵V and z couplings in
nuclear matter and hyperon matter would shed light on
resolving the hyperon puzzle. Our results also show that
the case III, Figs. 11 and 13, predicts a narrower area of
mass-radius curves compared with case II, Figs. 10 and
12. This means that the z-dependence of the mass-radius
curve is more sensitive than its ↵V dependence.

V. HYPERON DIRECT URCA PROCESS

The hyperon direct Urca process plays an important
role in the thermal history of a neutron star [67–69] be-
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FIG. 12. Same as Fig. 10 but in the RDSS model.
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FIG. 13. Same as Fig. 11 but in the RDSS model.

cause the appearance of hyperons allows the hyperon
direct Urca process at a relatively small proton frac-
tion [70]. Various types of hyperon direct Urca are al-
lowed according to the number of hyperon species [70].
The EOS with small L (< 45 MeV) may not allow nu-
cleon direct Urca process even with the maximum mass
of neutron stars [44] because the proton fraction does not
increase fast enough to turn on the direct Urca process as
the baryon number density increases in the core of neu-
tron stars. However, inclusion of hyperons might change
the situation for direct Urca process both for nucleons
and hyperons through

B1 ! B2 + l + ⌫̄l
B2 + l ! B1 + ⌫l,

(52)

where B1 and B2 are baryons and l denotes a lepton and
⌫l is the neutrino associated with the lepton l.

Table IV shows the critical baryon number density and
mass of neutron stars for the hyperon direct Urca pro-


