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Contents of my talk

1. General introduction
(summary of important concepts)

2. Tensor network states, extra dimensions,
and holographic geometry

3. Information—geometrical analysis of

the correspondence between
BTZ black hole and finite—T CFT
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Key concepts of this research field
“quantum entanglement” and “holography principle”

Entanglement entropy
» similar to the logarithm of two—point correlator

» scaling formula SCFT

Tensor network states Network geometry & RG

» variational ansatz for quantum—many body system which
satisfies the entropy scaling & Bethe ansatz K, post—K

Holography principle (bulk/edge correspondence) << wavelets

> AdS,, «@ CFT

»classical side behaves as a memory to efficiently storage
gquantum data <Information geometry

P @000

Reconstruction of statistical mechanics and field theory
by the information—theoretical concepts




Total system (superblock, universe) = X+Y

)= Zwx v e|y) §j

Reduced density matrices for X and Y

Px = Try l//><w
Py = Trx W><W

Entanglement entropy

Sx =—Trx (ox 109 py)
Sy =—Try (PY log PY)

Entanglement < information flow across the boundary of X and Y



Singular Value Decomposition (SVD)

SVD of matrix ¥

w(X,y)= ZI:U | (X)\EV| (y)

/A1 :singular value
U, (X),V| (y) : unitary matrices

Py (X)) =D w(x y)y (X, y)=> Ui (X) AU (X)

Py (YY) =D w (X ¥y (% y)=DVi(y) AVi(Y)

Von Neumann entropy for partial systems
= entanglement entropy = Area—law scaling

SXZ—Z/WOQ/M:SY /1|=A|/ZA|
| |



Universal scaling formulae for the entanglement entropy

Scaling formula = criticality, space dimension d, linear size L

<

/Gapped systems = Area Law

S=a "+

S=%CLmHQH:P~

Critical systems = logarithmic formula

C: central charge (d=1)

N

Topological Entanglement Entropy (d=2)

S=alL—y

Finite—entanglement scaling (d=1)

1
g — 0
M 127 ¢ +1 9%




Holography principle

Holography principle

String, black hole physics:
t" Hooft (1974,1993), Susskind (1995), Maldacena (1997)

AdS/CFT correspondence

(d+1)—dim. Quantum system

with conformal symmetry Supersymmetric Yang-Mills
(d+2)—dim. Classical Type IIB string theory
General Relativity on on[AdS5]><[S5]

Hyperbolic Space—time Universal Model-dependent



Gubser—Klevanov—Polyakov(GKP)-Witten relation

N P S
<O(X1)"'O(Xn)>c|:T o 5¢(X1) 5¢(Xn) exp( 2K I(¢(X)))¢¢o

Ryu—Takayanagi formula (2006) v gedesic distance (d=2)

s=2 y =2llogL

4G \

Y : area of the minimal surface

3l
C=——oo
2G

Brown—Henneaux central charge



Quantum—data storage to hyperbolic space

Radial axis (RG flow, scale transformation)
A

Coarse—grained data are here.

\w>=;wn\”> ‘

Quantum data are decomposed
into wavelet—like bases
(+ disentangler) _

SHorttrarjge-{scale data|are stqred arqund hefe.

>
R ZE[E]



Information—theoretical interpretation of AdS/CFT

Long—range scale, IR BTZ black hole

Einstein equation
‘ -+ & embedded data behave -

as a classical field

Short—-range scale, UV

Critical ground state Excitation, finite—T




Tensor Networks States,
Extra Dimensions,
and
Holographic Geometry



Factorization of entangled states: core algorithm for TNS

S=1/2 Heisenberg antiferromagnet (2 sites)
~ 1 + - — o+ Zz
H=§,-§, =§(sl S;+S1S3)+ SIS}

4 )
pases: |11, T4, [41),[44) L 0 0 0
Single ground state (entangled) 0 —i 1 0
o - L(ry-ury) Mol 1
Eo= 2 0O O 0 1
\ 4 )

We would like to exactly transform this non—local state
to a kind of local representation by using extra dimension



Local approximation cannot represent singlet !

V)= Za&\SD@ ZCSZ\SQ
—a CT‘TT>+a Ci‘T\L>+a¢CT‘\LT>+a c¢‘¢¢>

T T_O
0)= L(M)-[41) 2 =0 o soution
V2 T —1/42
Yol =-1//2
v)=1)®[2)

,01:T|'2‘l//><l//‘ :‘1><1‘ S1= —Tr1,01|09 L1~



Vector product state

A =la )
‘W> = ; a™c%|s, 82> — ; AS1C32 S1 82> C32 _ [szj

Local representation, but exact
= Introduction of extra dimension associated with entanglement

V)= Tatls)e Tesls)]

a=1

— (a1 C1 + az )‘ TT> + (a1 Ci + a2 )‘ T\L>
+ (a1 C:1 taz Cz)‘ »LT> + (al ci +az Cz)‘ \L\L>

ai=ci=as=cr=0 ‘W>:‘O> X =2 = exact

azCz 1/\/_ y )
alcl =-1/V2 A=y A =(zw)c (jC”{J

YyZ—XW YZ—XW




Matrix Product State (MPS)

Open boundary condition

)= lslarasax

Sl S2y° " Sn}

1)

(si|=A0 A AL AR AY A% Al AR [so)= A
@@@C@

/A\jj X X X, X:unphysical degree of freedom

3152'°'5n>

S j ZT,\L: physical degree of freedom

Matrix = map from unphysical to physical degrees of freedom

l

What is unphysical degree ? 2 entanglement !

V: product of local matrix € non—local correlation



Periodic boundary condition

\W>— Ztr( '-Aﬁ”)slsz---sn>

81 S2y°

Entanglement entropy

S=2log y

Evaluation of proper X value:

Gapped = LT = const. ", e
Critical = O(L¢/%)

2Iog;(=%logL

c/6

—> Y=L



Equivalence of MPS to the Bethe ansatz

» basis change of Algebraic Bethe ansatz = MPS

» matrix—product Bethe ansatz

M excitations from the highest weight state
V5 (X11"'1 XM ) — Tr(Exl—l A EXz_Xl—l A--. EXM_XM—l_l A EL_XM Q)

M .
A:zAkjE EAkJ:elkj AkjE

j=1
A, Ak,-:O A, Ak|:S(kj’k|)Ak| A,
EQ=c"QE

» simple interpretation

i|(1X2
Y = eik1X1+ik2X2 1+ 0 eik1X2+ik2x1 — (eiklx1 eikle{ 0 1)(6 j

® 0 ) g'kexe



Tensor Product State (TPS), Tensor Network State (TNS)

Projected Entangled Pair State (PEPS)

S, 3
Aab Abcd Age

C
O—@O—O " (——)
d e
Se ASs

<6> ag <5> dfgh <4>Aefl o 0 6:9 f @
i h |
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Entanglement structure of tensor network states

S = Npong |00 ¥ =automatically satisfies the area law

However, large X of order L is necessary for critical systems



Hierarchical tensor networks, entanglement renormalization

Multiscale Entanglement Renormalization Ansatz (MERA)

Long-range correlation

/\ : disentangler

11 2

A

Jl j2 J3 j4 Jl

S4 S3 \.

S1 S2 S3 S,
(a) (b) ‘Holographic’
dimension
‘ W> — ZT 51525354 | 9192 S3 S4>
$1,52,53,54,
‘ > Z Z Z Tii, J J4U sjzsjfU gfsjf S1S2S3 S4>

|1 |2 Jl J4 Siseeey



MERA network = discretized hyperbolic space

A top tensor

T /

sometry “disentangular”
\
\

NN

X
ds* —(dT|Og2) +(2‘”'dx) = 2(dz +dx)

>



ntation of MERA network




Geometric structure of MERA network (causal cone)

seodesic~ 21 In L




Correspondence between BTZ and finite—T MERA

Deformation of geodesic

Event horizon of
BTZ black hole

7 oc fB



Exact Holographic Mapping (EHM)
Xiao—Liang Qi, arXiv:1309.6282
Haal wavelet

Analytic MERA
Glen Evenbly and Stenven R White, PRL116, 140403 (2016)
Disentangler < Daubechies 4—tap wavelet

MERA and Quantum Integrability
H. Matsueda, arXiv
Variational optimization & Bethe equation

Relation with Loop Quantum Gravity and Spin Network
Muxin Han and Ling—Yan Hung, arXiv:1610.02134



Information—Geometrical Analysis of

the Correspondence between
BTZ Black Hole and Finite—T CFT



BTZ black hole and holography

BTZ black hole: vacuum solution of the Einstein equation
in d=2 with negative /\

Dual QFT - finite-T CFT

BTZ black hole




Relative entanglement entropy

Schmidt decomposition of quantum pure states
(Finite—T case is also represented by the same form using TFD)

W(0) =SV @), @0, W Or(E) =X 2,0)-1

©@: canonical parameters (function of model parameters)

Relative entanglement entropy
(Entropy is a measure of difference between two quantum states)

D(0)=->"1.(0)10og 1,(0)+>_ 1.(6)log 1,(6+d0)

:%gw (H)d g'd g’ +--- Entanglement spectrum
72(0)=~10g 1.(9)
Fisher metric

0,.(0)= % 4,(0)2182O21098:0) 5, 5.~ (5,0,7)




Purpose of this study

v (6)) = 2 @), @) (w(0)w(0)) = 2 (0)=1

an(0)

ynw)——mgzn(e/ \

Entanglement entropy Fisher metric
S(0) = _Zin(‘g)log/ln(g): <7/> g,ul/(g): <6ﬂyav7/> = <auav7/>

Once the Schmidt coefficients of a quantum system are
determined, both of the entanglement entropy and the classical
geometrical quantity are calculated simultaneously !



Hessian Geometry and Entanglement Thermodynamics

Exponential family form
(environment=>finite—T effect, def. of canonical parameters)

v(0) = X2 @), @),

1
An (9) =g ¥ = exp{eﬂ Fnu— W(g)}“ = ge‘g

'an,,u

w(0)=logZ

Hessian Geometry

y(0)=w(0)-60"Fn, 9,,0)={0,0.7)=08,0.w(0)

Thermodynamics law for the entanglement entropy

S(0)=(r(0)) =y (0)-0“(F,) =y (0)-0"5,w(0)

$

TS=-F+E



Geometry of Gaussian Distribution

1 (X-p)

ds’=9,,d0"do" = (aﬂavt//)daﬂdev =

Wave function of
harmonic oscillator

— 1 2
 Fa=—3X
1
— 62
d/,l +2d02

2
O



Information—geometrical representation of BTZ black hole

_o __ 1 e e ,_ 1
T T e — Coa e T iy

& _ 7
g°—a l—az?

Time near the event horizon: t =
Hesse potential that exactly derives the BTZ metric
1
v = N0*~a)loglg’~a)- g logo?}+ 72— 2 2~

Entanglement entropy
S = Y — 005 aa 74

B SR | 90)2
= 4alog(g) a) Za(ez—a
1




Derivation of Ryu—Takayanagi Formula

Entropy formula derived from information geometry (1
1
S=—lo
4 g

S= ilog(zosinh(L
2 Zo




Duality by the Legendre Transformation and Bulk/Edge

Dual parameters: 7,= 0o ¥

eV

1—ge’

v :—4a(772+%(770)2—%(’71)2j

0°=a

1 2
— v771’ 0 =a

1
Cgt=-a

Dual potential = entanglement free energy for bosonic system

3 1 1 1 1 2
Qp==0"1n,~Vy :—Zlog(l—ev)+zloga+zv +§a(’70)



Summary

Reconstruction of statistical mechanics and field theory
by using information—theoretical concepts

Informaion theory & CFT, integrability, geometry, ---
(1) Entanglement entropy scaling
(2) extra dimension and tensor networks

(3) Network structure + RG concept = discretized geometry

(4) Information—geometrical interpretation of AdS/CFT






AdS metric z: radial axis, z=0: boundary

ds?=g,,d x"d xv=?(d 2mdxidxi)  ds ~I;dz

s~1llogz

Infinitesimal trans.

z—>0 l'l

d 5? =g, dx"dx"
=ds’ +(5i§j+aj§i_2§77ij)d x'd x’

Isometry trans. = conformal Killing equation at z=>0

Boundary of AdS,,; = GCFT,




XTI rOE—%Et2EAETEDAA—D

o @ L@ IR L TIXIELIAY,
B phase MERIGIEEIIKREELS.

® ZFO—AT, L IFHERLED
IEEE (FiZ<THLRICYEE
AfEICELTL S,




Monte Carlo Simulation of the 2D Ising Model

Classical Ising Spin Model: H =—J ZO-,Z o ol =%1
(i.1)

Snapshots at various temperature

.-... E R T

(@) T =3.02J T ~=T17,.=2.277 (c)T =1.52J
2J

- =2.2692J
log(1++/2)

L =256 Te



FRIE- TSV FIVE LR E
PRTEA DL R

H=-3Y 060

FERETHDARAFT YIS gvk
> TSRV REIEE

HETHEHEN=TA2RDES
S>ETORESSZIELMICRT

A typical snapshot of

the Ising model
256x2956, T=2.26J

R R TODIMDORTFT YT avbe RS EIFIZRILERE




Density matrix of a snapshot

A snapshot determined by Monte Carlo simulation

X

4
(-1 1 1 1)

1 1 -1 -1
1 -1 -1 1

-1 1 1 -1,

Oy =WYW py=wy

Matrix product = trace over partial degree of freedom



Singular Value Decomposition (SVD)

Singular Value Decomposition of matrix ¥ (Snapshot Data)
w (X, ¥) =D Ui (X)VAIVi(Y)
I

A :singular value (non—negative, uniquely determined)

U, (X),V,(Y) : (unitary matrices, various choices)
Py (X, X) =D w (X y)p" (X, y)=DU, () AU (X)
y |

Py (YY) =D w (X y)w" (% y)=DVi(y) AVi(Y)

Snapshot Entropy = boundary law (not extensive)

Sx =—>_ A4loga =Sy A=A A
| |



A F T a3vbk-SVDIZRE N =W i Y Z8 ] 48 1

i11>:|—7‘-“4>/7|“_ HM, Phys. Rev. E85, 031101 (2012)
v, Y) =YY xy) v y)=U0JAIVI(Y)
=1
2560 — g — l//(l) (X’ y)

2050

@ (x,y)

1540

1030

52.00




Tensor—product construction of scale—invariant systems

Sierpinski carpet = fractal structure EEE-ERSEF-E-

h X h(=3 X 3) unit cell

H=

(1
1
|1

1_1)

01

1 1)

Factorized form
M=H®®H®---®H OH

H®H =

1

=

P P PR R RPR R
RO, |OFrRF O

1 111
1 1]0/1
1 11 1
1/0 0 O
1/0 0 O
10 0 O
1 111
1 1]0/1
1 111

I N N e N

P lO PR O FRF O R

Yl =

Fractal image
— L X L matrix
—> N different scales

L =hpN



SVD spectrum of Sierpinski carpet

M=H®H® --QH®H Ny -

M2:H2®H2®'”®H2®H2

¢
3

Two non—zero eigenvalues of H2 : T, = 4+24/3

1
Normalization of [ : 7/i=§ % y =1-y,

Eigenvalues of M2 : 4, - 7+ yh e 7i(1—7+)N_j (Degeneracy : N C. )

Snapshot entropy & entanglement entropy of 1D free fermions

N

S=->.C;(1iIn1;)= ( Z%'Wj ( Zy.lnyjlnl'

=0 Inh

C.H.Lee, Y.Yamada, T.Kumamoto, and HM, JPSJ 84, 013001 (2015)



SR aDERIEHRZTIEEFEHROFITERIT &

T DI RE R

M (X1 y): ;Un(x)\/ AnVn(y) [Eﬁ%ﬁ,'ﬁ’élil}
2 B 47 51| (RS RS %0) An < n”
P(X,X)=>"U, (XU, (X) An

E AR R THD D A (MellinZE #2)

5}

. A _ o0 e—Z|X—X'| B
F —n')= d ' n-1
n'lirnrlo x —x'|" =11 n'llrrp—o IO ‘ (z‘ X— X' )” i
Un(X)Un(X) c e " noc &
n n (n‘x B X, )77, 5



How to identify the canonical parameters ?

Is the exponential family form really a reasonable assumption =2 yes!

A % a=1

<€ > € >
L N—-L
Tight—binding model on 1D lattice Carrier density O
N Total carrier number n
H :_Z(C;FCi+1+C;L+1Ci ):Zé‘kCICk 521
i=1 k

N

s =—cos(ka) = _1+§(ka) (usual CFT: & =0)

The ground—state properties of this model are completely
characterized by L and O.

= L and O are relevant model parameters.
(Be careful that they are ‘not’ canonical parameters)



Partial density matrix and entanglement spectrum (t=0)

puresl Toabom| Sl
Scaling relations for the entanglement spectrum

¢ (L,8)=Lf(5,x) [ f(5.0)=

=g B 1 < f'(5,0)>0

=L TS i x)=—f-5.x)

71(9) V2 (‘9)

aa(0)=e7@ =explo” F, . —w(0)}
y.(0)=w(0)-6"F., Pacudorferm §

7/1(6’)S 7/2(0)S
Y2 (9)_7/1(0): 6" (Fl,u_ FZ,u)
7,(0)—y,(0)=Lf(51/L)= £'(5,0)+

f "(5,0) f"(s, o)
2L 6] °




very small constant

Numerical results suggest j

72(0)=7.(0)=Li(51/1L)=|1'(5,0)

 £7(5.0)

£"(5,0)

[

only weak O dependence

We can identify two of canonical parameters as

(91’ 92):( f ”(5’0),

L

1
2

28U




Resolution of entanglement spectrum for finite L systems
Truncated quantum state

\W>~\wz>=§x/7n

Two scaling relations (area law and finite—entanglement scaling)
for the entanglement entropy (£ : finite—entanglement exponent)

NNy, =A==,

6
~ E d-1 -1
:>;(~exp(g|_ ) =>&=L=0~=~¢

The parameter X is related to how many states are necessary
to keep numerical accuracy of the optimization of V.

Thus, the inverse of X is roughly the resolution of

the entanglement spectrum.

O~ 41 A 4 0 =e""(d=2)
~ ~exp| ——L"
X P - crK



9,.(0)=(8,8.7)~8,8,5(0)

One of B control the energy scale of the entanglement
spectrum, and this should be related to L.

Owing to the positivity of the Fisher metric, we require (d=1)

S(@)z—xloge,ﬁzivjs = xvlog L,geezﬁz

L 0

Then, the warp factor of AdS naturally appears and the entropy
coincides with the logarithmic violation formula.

d=2 case = area law scaling can be reproduced

S(0)~-xlogd,0=e?'"=S=alL,g,,~

K
Py

0
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