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Non-local lattice field theory formulation equivalent  
to the corresponding continuum theory.  
Locality is recovered in the continuum limit. 

No chiral fermion problem 

Symmetries of the corresponding  
continuum theory including SUSY are exactly kept  
however 
gauge invariance is exact only in the limit

If we require exact supersymmetry on the lattice  
  to what formulation we are forced to reach ?



Major difficulties for lattice SUSY

(1) Difference operator does not satisfy Leibniz rule. 

(2) Species doublers of lattice chiral fermion copies appear:  
      unbalance of d.o.f. between bosons and fermions

Let’s consider the simplest lattice SUSY algebra: 

@̂F (x) =
1

2a
{F (x+ a)� F (x� a)}



(1) Difference operator does not satisfy Leibniz rule.

Major difficulties for lattice SUSY

@̂(F (x)G(x)) =
1

2a
(F (x+ a)G(x+ a)� F (x� a)G(x� a))

=
1

2a
(F (x+ a)� F (x� a))G(x� a) + F (x+ a)

1

2a
(G(x+ a)�G(x� a))

= @̂F (x)G(x� a) + F (x+ a)@̂G(x)

= @̂F (x)G(x+ a) + F (x� a)@̂G(x)

cancelation

breakdown of Leibniz rule



 Massless fermion            species doublers

0 apµ

doubling of fermions

Continuum:

(2) Species doublers of lattice chiral fermion copies appear:  
      unbalance of d.o.f. between bosons and fermions

(p0, p1) = (iE, p)

pole in the propagator with a replacement:

For simplicity in Einstein relation:

 ̄(x)i�µ{ (x+ aµ̂)�  (x� aµ̂)}/2a

1

�µ sin apµ
, apµ = 0,⇡



How do we solve these problems (1) and (2) at the same time ?

We claim that these two problems are related ! 

Introduce half lattice structure: 

Change the identification of conserved continuum momentum  

not by the lattice momentum itself but another properly chosen function:

a ! a

2

�(p1 + p2 + · · · ) ! �(�(p1) +�(p2) + · · · )

p ! �(p)

What is the half lattice translation ?

What is the change in the coordinate ?

If not necessary how do we choose the           ?�(p)

Is the continuum mom. same as lattice mom. p ?



Let’s consider the simplest lattice SUSY algebra: 

6= ( (x+ a)� (x))/a

@̂ (x) = ( (x+ a)� (x� a))/2a sin ap

ia
 (p)

eiap � 1

a
 (p)

2a step ?!

symmetric difference operator Hermiticity

Why half lattice structure ?

! sin ap

a
?



@̂ defines lattice translation generator 2a step ?!

We consider that physical states are translational invariant. 

2a
i@̂

a ?

x = na

 = C = constant  0 = C 0(�1)n

species doubler  

in mom. space



Translation on the lattice should be identified  
                as       lattice shift !2a

Introduce half lattice and identify  
    lattice shift     as translation ! a

What is the half lattice shift then ?

half lattice     shift = SUSY transformation a

2

a

2
+

a

2
= a

{Q,Q} = i�(p)

p̂ = �s(p) =
2

a
sin

ap

2

⇣
� ⇡

a
 p  3⇡

a

⌘



translation generator of

half translation generator 

Brillioun zone 

Q2 = P̂ = �(p) =
2

a
sin

ap

2



SUSY transformation from dimensional analyses

1-dim.

How can we realize this structure naturally on a lattice ?



Lattice superfield: SUSY transformation: 

alternating sign key of the lattice SUSY

hermiticity



N=2　lattice SUSY algebra

alternating sign         species doubler

D=1  N=2   Lattice SUSY 



We propose a solution to (1).

{Q,Q} = i�(p) p̂ = �s(p) =
2

a
sin

ap

2

⇣
� ⇡

a
 p  3⇡

a

⌘

Natural identification of the conserved continuum momentum      is             ! p̂ �s(p)

Dondi & Nicolai

(A) Identification of species doublers as super partners 
(In one dimensional example)



�1 < p̂ < 1 �⇡

a
 p  ⇡

a

�1 10
0

p

topologically different

cont. lattice:  
angular variable

(di↵. op. =

sin ap

a
)

a ! 0

p̂ = p only in the a ! 0

Should the conserved continuum mom.      be the same as  
                     the lattice mom.     in finite    ?p

p̂

a

It is very unnatural to identify:              p̂ = p

p̂ = �(p) =
2

a
sin

ap

2
natural one is: topologically same

generator of the SUSY algebra



F (p) ?G(p) =

Z
dp1dp2�(p̂� p̂1 � p̂2)F (p1)G(p2)

Momentum:

Coordinate:

�(p̂� p̂1 � p̂2)�(p� p1 � p2) !
p̂ =

2

a
sin

ap

2

p̂(F ?G)(p) =

Z
dp1dp2 p̂(F (p1)G(p2))�(p̂� p̂1 � p̂2)

=

Z
dp1dp2[(p̂1F (p1))G(p2) + F (p1)(p̂2G(p2))]�(p̂� p̂1 � p̂2)

In order that lattice Leibniz rule is satisfied exactly as in the continuum case  

the lattice counter part of the conserved momentum should be modified ! 

(1) Solution to the exact lattice Leibniz rule



return to coordinate representation

F = �̃1, G = �̃2





(1) Lattice Leibniz rule is exactly recovered on the    -product. ?

(2) We can kill the extra d.o.f. of species doublers by imposing: 

�A(p) = �A

✓
2⇡

a
� p

◆
(for all A)

This is possible also for fermions since species doublers chirality is  

same as the particle chirality.

p̂ = �(p) =
2

a
sin

ap

2

We need: �

✓
2⇡

a
� p

◆
= �(p)

In Wess-Zumino model  

this is chiral condition !

No chiral fermion

(B):

dp̂

dp
=

d�(p)

dp
|p=0 =

d�( 2⇡a � p)

dp
|p= 2⇡

a
= helicity



In d-dimension this condition can be given as:

�A(p1, · · · ,
2⇡

a
� pj , · · · , pd) = �A(p1, · · · , pj , · · · , pd)

In the coordinate representation: 

�A(
n1a

2
, · · · ,�nja

2
, · · · , nda

2
) = (�1)nj�A(

n1a

2
, · · · , nja

2
, · · · , nda

2
)

This amounts to consider only in the first quadrant of coordinate space ! 

Since we have introduced half lattice structure,  

truncation of half d.o.f. for each dimension is consistent ! 

x1

x2



p̂i =
2

a
sin

ap

2

1
p^

3
p^

2
p̂

Figure 3: Non-associative phase space region: four solid pentagons framed by thin solid lines
with shaded square bottom located outside of the polygon framed by fat solid lines.

which originates from the limited momentum region of lattice momentum:

−2

a
≤ p̂i ≤

2

a
, |p̂i + p̂j | ≤

2

a
. (7.11)

We show the phase space region where the associativity of (7.9) is not satisfied, in fig. 3.
The breakdown of the associativity for the ⋆-product makes it difficult to extend this

formulation into gauge theory since associativity is crucial for the gauge invariance proof as
we can see in the following :

Φ†(x) ⋆ Φ(x) → (Φ†(x) ⋆ e−iα(x)) ⋆ (eiα(x) ⋆ Φ(x))

̸= Φ†(x) ⋆ (e−iα(x) ⋆ eiα(x)) ⋆ Φ(x) = Φ†(x) ⋆ Φ(x), (7.12)

where all the product are understood as ⋆-product.
One may wonder how this breakdown of the associativity influences to the exact lattice

supersymmetry. There is no ambiguity of defining a product of several fields by ⋆-product.

44

However



Look for a continuum momentum function           satisfying:  
 
1)                              
 
2)     
 
3)            has to cover twice the whole real axis as  
        goes through the        period.  

¢(p)

¢(¡p) =¡¢(p);

a
2¢(p) =

ap
2 +O

¡
(ap2 )

3
¢

¢(p)
4¼
a

¢(p) = ¢(2¼a ¡ p) limp!§¼
a
¢(p) =§1

p

R
dp1

R
dp2~©1(p1)~©2(p2)±(¢(p)¡¢(p1)¡¢(p2))(~©1? ~©2)(p) =

Recovery of associativity and new ＊ product 

¡1 · ¢ · 1

we can recover the associativity if we find a  
derivative operator         which satisfies: 

<<

Associativity is recovered and thus all the difficulties  
 can be solved at the same time  !

�1 < p̂i = �G(pi) < 1, �1 < �G(pi) +�G(pj) < 1

�(p)

But



¢G(p) =
1
a
log

1+sin ap
2

1¡sin ap
2

¡¼
a

¼
a

2¼
a

3¼
a

p

 
                has to cover twice the whole real axis as  
        goes through the        period 

¢(p)
4¼
a

p

Recovery of associativity and new ＊ product 

^̂p =¢(p) = ¢G(p) =
1
a
log

1+sin ap
2

1¡sin ap
2

a
2¢G(p) = sin

ap
2 +

1
3

¡
sin ap2

¢3
+ 1

5

¡
sin ap2

¢5
+ 1

7

¡
sin ap2

¢7
+ ¢ ¢ ¢

= 2
£
sin ap2 ¡

1
3 sin

3ap
2 + 1

5 sin
5ap
2 ¡ 1

7 sin
7ap
2 + ¢ ¢ ¢

¤

¢G©(x) =
2
a

P1
k=1

(¡1)k+1
2k¡1

h
©
³
x+ (2k¡1)a

2

´
¡©

³
x¡ (2k¡1)a

2

´i

:Gudermannian function 

^̂p =¢G : momentum generator = differential operator 
nonlocal dif. op. 

p̂ = �G(p) =
1

a
log

1 + sin

ap
2

1� sin

ap
2

Gudermannian function

Second step proposal

�1 <p̂i = �G(pi) < 1
�1 <�G(pi) +�G(pj) < 1

associativity OK

�

✓
2⇡

a
� p

◆
= � (p)



We can find continuum equivalent lattice field theory formulation !

How come this is possible ?

(1) Difference operator satisfies exact Leibniz rule on    -product ?

(2) No chiral fermion doublers:  truncation of the doublers d.o.f.  

(3) Associativity is satisfied for the     -product.?



�̂1 ? �2(p̂) =
2

⇡

Z �(⇡
a )

�(�⇡
a )

dp̂1dp̂2�̃1(p̂1)�̃2(p̂2)� (p̂� p̂1 � p̂2)

: �
⇣
±⇡

a

⌘
= ±1

Conventional product in mom. representation: convolution
p̂µ = �(pµ)

Sketch of the derivation

f(p)
1

f(p)

dp̂

dp
�̂1 ? �2(p̂) =

dp̂

dp

2

⇡

Z ⇡
a

�⇡
a

dp1dp2f(p1)
1

f(p1)

dp̂1
dp1

�̃1(p̂1)f(p2)
1

f(p2)

dp̂2
dp2

�̃2(p̂2)� (p̂� p̂1 � p̂2)

f(p) '̂1 ? '2(p) =
2

⇡

Z ⇡
a

�⇡
a

dp1dp2
d�(p)

dp
f(p1)'̃1(p1) f(p2)'̃2(p2)� (�(p)��(p1)��(p2))

Non-local star-product on the lattice with arbitrary f(p) 

'̃(p) =
1

f(p)

d�(p)

dp
�̃(�(p)) � ⇡

a
 p  ⇡

a
p̂ = �(p)

continuum mom.        as a function of lattice mom.p̂ p



r
cos

ap

2

'̂1 ? '2(p) =
2

⇡

Z ⇡
a

�⇡
a

dp1p
cos

ap1

2

dp2p
cos

ap2

2

'̃1(p1) '̃2(p2)

Z
d⇠ ei⇠(�G(p)��G(p1)��G(p2))

f(p) '̂1 ? '2(p) =
2

⇡

Z ⇡
a

�⇡
a

dp1dp2
d�(p)

dp
f(p1)'̃1(p1) f(p2)'̃2(p2)� (�(p)��(p1)��(p2))

('1 ? '2)
(0)(xn) =

a

2

4

X

n1,n2

Kn,n1,n2'
(0)
1 (xn1)'

(0)
2 (xn2)

Kn,n1,n2 =

Z +1

�1
d⇠ J

(0)
�G

(⇠, xn) J
(0)
�G

(⇠, xn1) J
(0)
�G

(⇠, xn2)

J

(0)
�G

(⇠, x

n

) =

1

2⇡

Z ⇡
a

�⇡
a

dpp
cos

ap

2

e

�ixnp+i⇠�G(p)

'̃(p) =
a

2

X

n

'0(xn)e
�ina

2 p
, � ⇡

a

 p  ⇡

a

equivalent to the continuum product: convolution 

f(p) =

s
d�G

dp
=

1p
cos

ap
2

substitute:

Coordinate representation of star product: non-local 

transformation function from lattice to continuum:



�(⇠) =
a

2

X

n

J

(0)
�G

(⇠, xn)'0(xn) '0(xn) =

Z 1

�1
d⇠ J̄

(0)
�G

(xn, ⇠) �(⇠)

¯J (0)
�G,(⌘, ⇠) = J (0)

�G,(⇠, ⌘) =
N

2⇡

Z ⇡
2

�⇡
2

d✓p
cos(✓)

e
iN

⇣
⇠gd

�1
(✓)�⌘✓

⌘

(N =
2

a
, ✓ =

ap

2
, gd�1(✓) =

a

2
�G(✓))

lim
N!1

Z +1

�1
d⇠ J (0)

�G
(⇠, ⌘)�(⇠) = �(⌘)

lim
N!1

J (0)
�G

(⇠, ⌘) = �(⇠ � ⌘)

lattice to continuum continuum to lattice

Invertible !

locality assured

if f(p) =

s
d�G

dp
=

1p
cos

ap
2

continuum limit coordinate

transformation function

eipx $

Na

2
! ⌘ (a ! 0, N ! 1)



lim
N!1

J (0)
�G

(⇠, ⌘) = �(⇠ � ⌘)
-1.0 -0.5 0.5 1.0 1.5 2.0

-0.2

0.2

0.4

Figure 5: Plot of J (0)

�

G

(⇠, ⌘) versus ⌘ at N = 100 and ⇠ = 1.

This can be visualized by plotting with Mathematica J (0)

�

G

(⇠, ⌘) and J (0)

�

s

(⇠, ⌘) for N = 100,
⌘ fixed and set to 1, and ⇠ ranging from �1 to +2. The plots are shown respectively in Fig.3
and Fig.4.

It is also interesting to compare the plot of J (0)

�

s

(⇠, ⌘) at N = 100 as a function of ⇠ at ⌘ = 1,

with the one of J (0)

�

G

(⇠, ⌘) at N = 100 as a function of ⌘ at ⇠ = 1. The latter is reproduced in
Fig. 3: the behaviour is very similar and the two curves are essentially indistiguishable in the
proximity of 1.

Analitically the leading term of the asymptotic behaviour for large N of J (0)

�

(⇠, ⌘) can be
obtained from the standard formula of the steepest descent method:

Z
B

A

X(z)e⇢f(z)dz =

r
2⇡

⇢

X

i

e⇢f(zi)

[�f 00(z
i

)]1/2
(X(z

i

) +O(1/⇢)) , (4.74)

where the sum is over the saddle points z
i

. For the cases in consideration the results can be
summarized by the following equations:

J (0)

�

s

(⇠, ⌘) =

r
2N

⇡

cos
h
N

⇣p
⇠2 � ⌘2 � ⌘ arccos(⌘/⇠)

⌘
� ⇡/4

i

(⇠2 � ⌘2)1/4
(1 +O(1/N)) ⇠/⌘ > 1,

(4.75)

J (0)

�

s

(⇠, ⌘) =

r
N

2⇡

e
�N

⇣
⌘ cosh

�1

(⌘/⇠)�
p

⌘

2�⇠

2

⌘

(⌘2 � ⇠2)1/4
(1 +O(1/N)) ⇠/⌘ < 1, (4.76)

J (0)

�

G

(⇠, ⌘) =

s
2N⇠

⇡⌘

cos


N

✓
⇠

2

log
1+

p
1�(⇠/⌘)

2

1�
p

1�(⇠/⌘)

2

� ⌘ arccos(⇠/⌘)

◆
+ ⇡/4

�

(⌘2 � ⇠2)1/4
(1 +O(1/N)) ⇠/⌘ < 1,

(4.77)

34

J (0)
�G

(⇠ = 1, ⌘)

⌘

transformation function  
leads to delta func. 

'̃µ(pµ) =

s
d�G(pµ)

dpµ
˜

�µ(p̂µ) =
1q

cos

apµ

2

˜

�µ(p̂µ)

✓
'̃A(

2⇡

a
� p) = '̃A(p), '(�na

2
) = (�1)n '(

na

2
)

◆

the relation between the lattice and cont. wave func.

doublers identified !

'̃(p) =
1

f(p)

d�(p)

dp
�̃(�(p)) � ⇡

a
 p  ⇡

a
f(p) =

s
d�G

dp
=

1p
cos

ap
2



We can construct continuum equivalent lattice field theory as follows:

(1)  Write down the momentum representation of continuum action.  

(2)  Replace the continuum derivative operator by  

(3)  Replace the continuum wave function by the lattice wave function  as:  

(4) Then we obtain continuum equivalent non-local lattice action. 

�G(p)

'̃j(pj) =

s
�G(pj)

dpj
˜

�j(p̂j) =
1q

cos

apj

2

˜

�j(p̂j)

Non-local lattice field theory 
but local in the limit

Continuum theory =

so far no regularization yet !



 Possible regularization >> cut off theory 

gd

�1
(x, ẑ) =

1

2ẑ

log

1 + ẑ sinx

1� ẑ sinx

�(z)
G (p) =

2

a

gd�1(x, ẑ) (ẑ =
2z

1 + z

2
)

ẑ = 1 : Inverse Gudermannian

ẑ ! 0 : sinx : symmetric di↵erence operator(x =

ap

2

)

extrapolation between local and non-local difference op. 

1

a
gd�1(

ap

2
, 0) =

1

a
sin

ap

2
!

⇣
'(na+

a

2
)� '(na� a

2
)
⌘
/a

1

a

gd�1(
ap

2
, 1) ! �G'(x)

|p̂| = |�(z)
G (p)|  1

aẑ
log

1 + ẑ

1� ẑ
= p̂(cuto↵)

✓
gd

�1
(x) =

1

2

log

1 + sinx

1� sinx

◆

How do we regularize the non-local  
lattice theory ?

For a given momentum two parameters:      and ẑa



'A(n) =

Z
dxf(nl � x)�A(x)

e�S�('̃) =

Z
D�̃A

Y

µ

3⇡
aY

pµ=�⇡
a

Y

A

�

0

@�̃A(�(p))� F (p)���
Qd

µ=1
d�(pµ)
dpµ

���
'̃A(p)

1

A e�Scl(�̃)

=

dY

µ=1

r
cos

apµ
2

for � = �G

Blocking transformation (block spin) from continuum to lattice:

Regularization
'̃j(pj) =

s
�G(pj)

dpj
˜

�j(p̂j) =
1q

cos

apj

2

˜

�j(p̂j)

'0(xn) =

Z 1

�1
d⇠ J̄

(0)
�G

(xn, ⇠) �(⇠)



Regularization for Wess-Zumino model (4-dim.)

S =

Z
d

4
x

�
i †

�̄

µ
@µ � @

µ�?
@µ�

�

�✏� = ✏ , �✏�
? = ✏† †

�✏ ↵ = �i(�µ✏†)↵@µ�, �✏ 
†
↵̇ = i(✏�µ)↵̇@µ�

?

S =
1

(2⇡)4

Z
d4p̂1d

4p̂2 �4 (p̂1 + p̂2)
h
� ̃†(p̂1)�̄µp̂

µ
2  ̃(p̂2) + p̂1µ�̃(p̂1)p̂

µ
2 �̃

†(p̂2)
i

(�̄µ) = (�0,��i)

Coordinate representation: continuum  

S(z) =
1

⇡4

Z ⇡
a

�⇡
a

d4p1 d4p2
Y

µ

� (p1µ + p2µ)
h
� ̃†(p1)�̄

µ�(z)
G (p2µ) ̃(p2) +�(z)

G (p1µ)'̃(p1)�
(z)
G (pµ2 )'̃

†(p2)
i

S(z) =
1

(2⇡)4

Z

|p̂µ|p̂(cutoff)

d4p̂1d
4p̂2 �4 (p̂1 + p̂2)

h
� ̃†(p̂1)�̄µp̂

µ
2  ̃(p̂2) + p̂1µ�̃(p̂1)p̂

µ
2 �̃

†(p̂2)
i

Momentum representation:

Regularized lattice action:

The corresponding cut off continuum:

SUSY exact even with interactions !

vacuum energy can be exactly vanishing !

Example 1



Associativity is again broken when regularized !
(�1 ? (�2 ? �3))(p123)

=

Z
dp23

Z
dp1

Z
dp2

Z
dp3�̃1(p1)�̃2(p2)�̃3(p3)�(p̂23 � p̂2 � p̂3)�(p̂123 � p̂1 � p̂23)

6=
Z

dp12

Z
dp1

Z
dp2

Z
dp3�̃1(p1)�̃2(p2)�̃3(p3)�(p̂12 � p̂1 � p̂2)�(p̂123 � p̂3 � p̂12)

= ((�1 ? �2) ? �3)(p123)

dp1dp2dp3�(p̂23 � p̂2 � p̂3)�(p̂123 � p̂1 � p̂23) 6= dp1dp2dp3�(p̂12 � p̂1 � p̂2)�(p̂123 � p̂3 � p̂12)

1
p^

3
p^

2
p̂

Figure 3: Non-associative phase space region: four solid pentagons framed by thin solid lines
with shaded square bottom located outside of the polygon framed by fat solid lines.

which originates from the limited momentum region of lattice momentum:

−2

a
≤ p̂i ≤

2

a
, |p̂i + p̂j | ≤

2

a
. (7.11)

We show the phase space region where the associativity of (7.9) is not satisfied, in fig. 3.
The breakdown of the associativity for the ⋆-product makes it difficult to extend this

formulation into gauge theory since associativity is crucial for the gauge invariance proof as
we can see in the following :

Φ†(x) ⋆ Φ(x) → (Φ†(x) ⋆ e−iα(x)) ⋆ (eiα(x) ⋆ Φ(x))

̸= Φ†(x) ⋆ (e−iα(x) ⋆ eiα(x)) ⋆ Φ(x) = Φ†(x) ⋆ Φ(x), (7.12)

where all the product are understood as ⋆-product.
One may wonder how this breakdown of the associativity influences to the exact lattice

supersymmetry. There is no ambiguity of defining a product of several fields by ⋆-product.
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�p̂(cuto↵)  p̂i  p̂(cuto↵), |p̂i + p̂j |  p̂(cuto↵)

=

1

aẑ
log

1 + ẑ

1� ẑ



�†(x) ? �(x) ! (�†(x) ? e�i↵(x)) ? (ei↵(x) ? �(x))

6= �†(x) ? (e�i↵(x)
? e

i↵(x)) ? �(x) = �†(x) ? �(x)

Gauge invariance is only exact at the limit : ẑ = z = 1

Gauge invariance is not exact in the regularized formulation ! 



�4 -Theory 
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G (piµ)
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d�(z)
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2

1� z2 sin2 apµ

2

z!1�! 1

cos

apµ
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(cut off formulation)

d4p̂1�
(4)

(p̂1 + · · · )˜�(p̂1) ! d4p1�(p1 + · · · )
4Y

µ=1

s
cos

ap1µ

2

1� z2 sin2 ap1µ

2

'̃(p1)

replace cotinuum mom. by regularized lattice mom. 

replace continuum wave func. by lattice wave func. 

regularized momentum derivative:

from continuum to lattice:

Example 2
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Lattice:

Regularized  
continuum:

A more general regularization with 

cut o↵ for p̂1µ > 1/
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D(↵)
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I↵(p̂) = c0 log(1/2� ↵) + regular terms
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mass renormalization

similarly coupling constant renormalization



Conclusion and Discussions

Continuum equivalent lattice field theory is defined.  
It defines non-local field theory but locality is recovered  
in the continuum limit

Symmetries of continuum theory are kept exactly; Poincare symmetry,  
supersymmetry, … and no chiral fermion problems.  

In the regularized version associativity is broken and thus  
gauge invariance is recovered only in the limit.  

Finite box regularization: � (�G(p12)��G(p1)��G(p2))

Perfect action for regularized version !


