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If we require exact supersymmetry on the lattice
to what formulation we are forced to reach ?

v

Non-local lattice field theory formulation equivalent
to the corresponding continuum theory.
Locality is recovered in the continuum limit.

No chiral fermion problem

Symmetries of the corresponding

continuum theory including SUSY are exactly kept
however
gauge Invariance Is exact only in the Iimit



Major difficulties for lattice SUSY

Let’s consider the simplest lattice SUSY algebra:

Q% = H = i — id HF (z) = %{F(m ta)— Flz —a)}

(a : lattice constant)

(1) Difference operator does not satisfy Leibniz rule.

(2) Species doublers of lattice chiral fermion copies appear:
unbalance of d.o.f. between bosons and fermions



Major difficulties for lattice SUSY

(1) Difference operator does not satisfy Leibniz rule.

H(F(2)C(z)) = 2—1a(F(x L a)G(z+a) — Flz — )Gz — a))
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— OF (2)G(z + a) + F(¥— a)0G(z)

Q? = H =id — i
breakdown of Leibniz rule



(2) Species doublers of lattice chiral fermion copies appear:
unbalance of d.o.f. between bosons and fermions

Massless fermion === species doublers

Y(z)ivu{v(z + aft) — ¥(z — aft)}/2a

1
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pole in the propagator with a replacement:

(po,p1) = (iE,p) doubling of fermions

For simplicity in Einstein relation:
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Continuum:




How do we solve these problems (1) and (2) at the same time ?
We claim that these two problems are related !

a
® Introduce half lattice structure: a — B

® \Vhat is the half lattice translation ?

® Change the identification of conserved continuum momentum

not by the lattice momentum itself but another properly chosen function:

p — A(p)
0(p1+p2+-) = 6(Alp1) + Ap2) +--+)
® Is the continuum mom. same as lattice mom. p ?

® If not necessary how do we choose the A(p)?

® \Whatis the change in the coordinate ?



® Why half lattice structure ?

Let's consider the simplest lattice SUSY algebra:

_sinap 0

Q? = H =id — i

symmetric difference operator <«———Hermiticity

— _ _ sin a
oV(zx)=(V(x+a)—VY(r—a))/2a mpq,(p)
2a step 7!
(a : lattice constant)

£ (U(a +a) — U(z))/a el — 1




A

o defines lattice translation generator 24 step ?!

We consider that physical states are translational invariant.
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¥ = C = constant v =C'(-1)"
species doubler

IN mom. space



Translation on the lattice should be identified
as 2a lattice shift !

Y

Introduce half lattice and identity
lattice shift a as translation !

® What is the half lattice shift then ?

'

half lattice g shift = SUSY transformation

1Q, Q) = iA(p)
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Q% = P =i9 —, translation generator of
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SUSY transformation from dimensional analyses

Q? = i0
Q] =L"'—[Q=L""
1-dim. L = Oy + 00, [S] = [[dzL] = L°
Wl=L1° [¢]=Lz

Qo ~ 1, QY ~ ¢

How can we realize this structure naturally on a lattice ?



Lattice superfield: SUSY transformation:

alternating sign key of the lattice SUSY

60(2) = a”2a(-1) (2(z + §) — ®(2))

hermiticij/
bp(o) = 5 (e + ) (- )| — iav(w



D=1 N=2 Lattice SUSY

ela
LS ey e @7 (—)E () =¥ (p+ Z) = —v (p - Z)

alternating sigh ===sspecies doubler

Tx

.:sla

01®(p) = icos Fa¥(p) U(p) —» —i¥ (T —p) 2®(p) = cos —Ba‘IJ(— —p)

——
01¥(p) = —4isin Fa®(p) 02¥ (% — p) = 4sin FLad(p)

N=2 lattice SUSY algebra
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We propose a solution to (1). Dondi & Nicolai

{Q.Q}=iA(p)  s=Ap) =D (~T<p<™)

a a

A

Natural identification of the conserved continuum momentum p is As(p) !

(A) Identification of species doublers as super partners

(In one dimensional example)



e Should the conserved continuum mom. p be the same as
the lattice mom. p in finite a ?

p=p onlyinthe a — 0

7iN T , sin ap
—0<P< O —>—  —— <p< — (il op.=—"7)
a— 0 a a
%
—00 0 0O &
cont.

\ - lattice:

angular variable
ologically different

' |

natural to identify: p=0p

It is very

2

. R . a .
natural one is: p = A(p) = —sin {l topologically same

a

generator of the SUSY algebra



(1) Solution to the exact lattice Leibniz rule

In order that lattice Leibniz rule is satisfied exactly as in the continuum case

the lattice counter part of the conserved momentum should be modified !

F(p) - G(p) = [ dpidp20(p — p1 — p2)F(p1)G(p2)

F(p)  G(p) = / Aprdpad(p — P — Pa) F(p1)G(ps)

. 2 . ap
p = —sin —
a

Momentum:  6(p —p1 —p2) — (D — P1 — P2)
BF+G)p) = [ dpidpa 5(F(p)G(p2))5( ~ 1 2
— /dp1dp2[(ﬁ1F(p1))G(p2) + F(p1)(D2G(p2))]0(p — p1 — p2)
Coordinate: o(x)-op(x) —  o(x)*od(x)

O(F(z)x G(z)) = OF (z) * G(z) + F(z) » 0G(x)



F=3®,, G=o,
A(p)(®1x®2)(p) = [dp1 [ dpaA(p)®@1(p1)P2(p2)d(Alp) — A(p1) — Ap2))

:/dp1/dpz[(A(Pl)‘il(pl))‘i’z(Pz)+‘51(p1)(A(pz)‘i’z(Pz))]5(A(p)—A(p1)—A(P2))
return to coordinate representation
[ ape™ % [ dpraps((5181(p1)) B2 (p2) +81(p1) (P22(p2)) 18 (F—51—P2)
= ({—i0®1} x B + P x {—i0P2})(22)
(0) (B1 % ) (52) = ({101} % B2 + &1 % {i085})(22)

Exact lattice Leibniz rule on * product



Explicit expression of * product
(P x P2) () =

/ dpe~PT (d1xdy) (p) = / dpe~P7 / dp1dpa®1(p1)®2(p2)d(A(P)—A(p1)—A(p2))

= fclpe—’lp'"‘zcl [ dp1dp- Enl eip%iq)(%&) an eipg@(%&)fd,\eiA(A(p)—A(m)—A(pz))
— f d\ fdpe—i(p%‘l—/\A(p)) an fdple"(m "—‘éi—AA(m))q)(nzLa) an fdpgei(m '—‘%i—z\A(pz))q)(azQ)

2

=D i, K(nym1,m2) @1(75%) P2("2%) non-local product

For A(p) =sin 5 :Bessel function Ju



(1) Lattice Leibniz rule is exactly recovered on the *-product.

(2) We can kill the extra d.o.f. of species doublers by imposing:

2T ) .
(B): (I)A(p) — (I)A (— — p) (fOl" all A) In Wess-Zumino model
“ this is chiral condition !

This is possible also for fermions since species doublers chirality is

same as the particle chirality.

] = . 2 . ap
No chiral fermion p=Ap) = ~sin -
dp — dA(p) dA(ZE —p) .
dp — dp ‘p:O —_— dp ‘p:277-r — h@llClty



In d-dimension this condition can be given as:

2T
(I)A(p17°” 7; — Pjy 7pd) — (I)A(pla”' yPjs e 7pd)

In the coordinate representation:

Pyp(—, - ,_%7... ) = (=DM P (——, e, )

This amounts to consider only in the first quadrant of coordinate space !
)
Since we have introduced half lattice structure,

truncation of half d.o.f. for each dimension is consistent !




However
® Breakdown of associativity

(01 % (P2 % 93))(p) # ((¢1 % P2) * ¢3)(p) 52 n P
§ = —sin—
(h1 % (P2 % ¢3))(p) = [ dp1dgo1(p1)6(p — p1 — §)
X ([ dp2dpspa(p2)P3(p3)d(q — p2 — Ps3))
(1 * d2) * ¢3)(p) = | dpsdq( | dprdp2¢1(p1)p2(p2)d(§ — p1 — P2))

| | X ¢3(p3)0(p — G — P3)
Integration region

(A) pi| < a, P2 + P3| < %, p1 + P2 + 3, < %

(B) [pil < 20 |pr+p2l <2, |pr+pe+psl, <2

Since ¢,,¢0, and ¢; are different fields,
associativity is broken



But we can recover the associativity it we find a
derivative operator A(p) which satisfies:

3) A(p) has to cover twice the whole real axis as p
goes through the %= period.

A(p) = A(Z —p) lim,_,+= A(p) = £o0

Associativity is recovered and thus all the difficulties
can be solved at the same time !

—00 < p; = Ag(pi) < oo, — 00 < Ag(pi) + Ag(pj) < o0



Second step proposal

a cap | 1 (i aP\S 1 (i aP\? |1 (i ap\” ) ! 1+Slna2p
gAg(p):SIIlQ——Fg(SIHT) —I—g(smT) —|—7(81n7) + P:AG(p):Elogl_SinaP
2

:2[sin2p :1,)81n3ap+ sm%—%smer ]

Gudermannian function

k+1
Ac®(z) = 2 Zk; 1 (2]? Ir {(I) <x+ (2k:;1)a> _$ (:1:— (2kgl)a>}

nonlocal dif. op. Ac(p) = Llog

associativity OK .

SHE

—00 <p; = Ag(pi) < o0
—00 <Ag(p;) + Ag(pj) < o©

A(p) has to cover twice the whole real axis as P
goes through the 4z period




We can find continuum equivalent lattice field theory formulation !

How come this is possible ?

(1) Difference operator satisfies exact Leibniz rule on *product
(2) No chiral fermion doublers: truncation of the doublers d.o.f.

(3) Associativity is satisfied for the *-product.



Sketch of the derivation

Conventional product in mom. representation: convolution

v

]5“ = A(pu) AN (:l:—

)::I:oo
a

) 9 [AG) T o )
P x Po(p) = ;/( )dpldp2@1(p1)q)2(p2)5(p—p1 — P2)
A(—T

dp 2
dp

1 dpr~ ,. 1 dps =
f(p1) dp,

f(p)——<I>1 * ®a(p) =

f( )dp /_% dpldp2f(p1)

Non-local star-product on the lattice with arbitrary f(p)

£ (p1)@1(p1) £(p2)@2(p2)8 (A(p) — Alpr) — Ap2))

continuum mom. p as a function of lattice mom. P

1 dA(p)
f(p) dp

p = A(p) P(p) = ©(A(p))

Qlﬂ

<p<

SHES



equivalent to the continuum product: convolution

10) 6700) = 2 [ o S F00)1(01) S02)2(62)3 (59) — A1) - Aa)

substitute: f() = dpr: !

o3

ap
2

a d - N p
\/ COS Ep ©1 * P2(p / P2 @1(p1) @2(p2)/d§ e £(AG(p)AG(p2))

= 1 /cos 2PL \/cos oL

a

COS

> nNa 7-‘-
— <p<
a

20) = 5 > eolan)e” 0, -

SHS

Coordinate representation of star product: non-local

(1 *902)(())(5571) = 1 Z n,m1 n2901 (mnl)Spg )(xnz)

ni,n2

e o) (0) (0)
Kn,nl,ng :/ df JAG (Saxn) JAG (S?wnl) JAG (gvxnz)

— 00

transformation function from lattice to continuum:

1£d

_= /Cos % < Jcos &
a

J(O) (é-’ xn) _ —za:np—FiSAg(p)



lattice to continuum continuum to lattice

=53 s el = / de T (1, €) B ()

. , dA g 1
| G
Invertible ! if f(p) o cos I
transformation function
6ip:13 o J(O) N /5 do eiN (§gd_1(6)—n6)
( €)= (f n) = o —z y/cos(0)
e )
lim d& Jn.(&m)x(§) = x(n) 2 ap .4 a
—00 J_ oo (NZ p 0 = 5 gd (9) — _AG(H))

_ Na

locality assured 5 a7 0N =)

lim JO (6.n) = 6(¢ — | o .
N5ao a3y S} continuum limit coordinate



transformation function
leads to delta func.

02

Jim L) (€,m) = 6(¢ — n) L

the relation between the lattice and cont. wave func.

P0) = £ g PAW) ~Zep<l
(D) = \/ dAcg?ip“@u) _ 1 %&m(m)

doublers identified !

-02r




We can construct continuum equivalent lattice field theory as follows:

(1) Write down the momentum representation of continuum action.
(2) Replace the continuum derivative operator by Agx(p)

(3) Replace the continuum wave function by the lattice wave function as:

Pj(pj) = \/AG(?‘j)éj(ﬁj) S ®;(p;)

apj
A / COS 5

(4) Then we obtain continuum equivalent non-local lattice action.

Continuum theory

Non-local lattice field theory
but local In the [Imit

so far no regularization yet |



How do we regularize the non-local
lattice theory 7

Possible regularization >> cut off theory

()N _ 2 1“1/ . 2z
AG (p) - CLgd (ZIZ,Z) (Z _ 1 —|—Z2)
_ 1 14+ Zsinx _ 1 1+ sinx
1 A 1
= —1] d = —1
gd (@, 2) 2Z °5 1 —Zsinx (g () 2 Ogl—sin:c)

extrapolation between local and non-local difference op.

N . . . a
Z—0: sinx:symmetric difference operator(x = _p)
2
1 1
Egd_l(%,()) = - sin % — (go(na + g) — p(na — g)) /a
s 1. , L.
z=1: Inverse Gudermannian o a4 %971) L Ago(z)
1 1+ 2
5 = |AG) < ] __ p(cutoff)
pl=1Ag" (p)l = —log-—— =p

For a given momentum two parameters: a and 2



Blocking transformation (block spin) from continuum to lattice:

oa(n) = / daf(nl — ) 4(x) +—> @o(2y) = / de T (,€) B(E)

e :/D(DA H H H5 (q’A(A(p»“ d (fiuo ) SOA(p)) e~ %t(®)
M pu=—§ A Hu:l dpuM
d a
:H cos& for A = Ag
p=1 2
Regularization
- A - 1 -
Pi(py) = j(p”)q)j(pj) — = (p;)
Pj COS%



Example 1

Regularization for Wess-Zumino model (4-dim.)

Coordinate representation: continuum

S — / die (iU1570, — 9P 3*5,B) (@) = (0, —")
5.D = €U, 5.0 = T ut
6V, = —i(ct€") 00,9, 56\112 = i(ec")50,P*
Momentum representation:

1 ) ) ) ) ~ o T
(27)4 /d4p1d4p2 0" (P1 + P2) {_‘I’T(Pl)aupgq’(m) +plﬂq’(p1)p5qﬂ(p2)}

Regularized lattice action:

S =

1 % ~ 2 ~ z ~ z ~
5 = — / 'y d'pa TT0 (u + po) |~ 0 ()5 A (02 b (p2) + AZ (1) 3 (01) AS (95)8" (p2)
T a M

The corresponding cut off continuum:

1

() _
7=

/I o diprdips 62 (p1 + P2) {—@T(ﬁl)ﬁpﬁgﬁ!(ﬁg) +]51M§)(]31)25/5§)T(]52)}
ﬁu Sﬁ cuto

SUSY exact even with interactions !

vacuum energy can be exactly vanishing !



Associativity Is again broken when regularized |

(®1 % (P2 x P3))(p123)

:/dp23/dp1/dp2/dp3é1(p1 g T

VP2 (p2)P3(p3)d(Pas — P2 — P3)d(P123 — P1 — DP23)

#/dpm/dpl/dpz/dm&)l(pl ¢ g

)P2(p2)P3(p3)d(P12 — P1 — D2)d(D123 — D3 — P12)
= ((P1 * P2) x P3)(p123)

dp1dpadpsd(Pas — P2 — P3)0(P1as — P1 — P23) 7 dp1dpadpsd(Pi2 — P1 — P2)0(P12s — D3 — D12)

| o - 1. 1+
_p(cutoff) S Di S p(Cutoff), |pz ‘|'p]| S p(CutOff) = — log 1 — 2




Gauge invariance is not exact in the regularized formulation !

O () % D(z) — (BT (z) * e @)Y & () & B(2))
£ BT (2) % (7@ ¢ ®)) 4 () = BT (2) * ()

Gauge invariance is only exact at the limit: z=2 =1



Example 2

* -Theory (cut off formulation)

ﬁ(cutoff) ~ B 5 _
S = o d*prd*ps 6 (p1 + p2) [—ﬁ’f@(ﬁlm@(m) + m?)@(ﬁl)@(ﬁz)]
—p cuto

ﬁ(cutoff) 4

+ Ao Hd4pz 6 (P1 + P2 + Ps + Pa) ©(P1)D(P2)P(P3)P(pa)

p(cutoff)

replace cotinuum mom. by regularized lattice mom.

D = AG (pi)
replace continuum wave func. by lattice wave func.
2 20(p
(AL (p,)) = — 22

dAg) (Pu)
p dpu

regularized momentum derivative:

dA(é)(pM) B cos “L e 1
dp,, 1 — 22sin” “e " s o

from continuum to lattice:

dp1 0@ (1 + - )D(P1) — drpr6(pr + - \/(j 5 aplu 95(201)

22 sin




A more general regularization with «

1
(z=1, a— )

A~ A~ T dA(Z) 1 ~
d*p10W (1 + - )(P1) — d*p1d(p1 + - <| || i) (Piy ) o(p1)
ar

s

S :/ d*p1d*ps H 0(p1u + P2p)
| attice: E =

+ )\O /_a1 H H (Z AG pz,u ) ( a];i'u) @(pl)gb(p

* cut off for p;, > 1/ (— — a)
2 ~ ~
— P4 Pop + 7o /1 20} O (p1)P(p2)

Regularized (T, cosh 252

- oo 4 A X
continuum: T AO/ TTd"5: 69+ o + s+ r) — T PIPEIPE)PP1)
—00 i1 (H [1;_, cosh ap“)

~Ac(pr)Ac(p2u) +my (H oS apglﬂ> ] P(p1)@(p2)

o

2)P(p3)@(pa)

§le) — / d*prd*ps 6 (p1 + p2)




P

i) P2

One-loop correction to the propagator.

(a) (b) ()

One-loop corrections to the four point vertex.



II 5(ﬁ1u‘+jbu)

200—1
3, i+ (I, cosh 252 ) m?

mass renormalization
H/J 5 (ﬁl/J, + ]52/,L)

. 2a—1
Z P D1y + <HM cosh ‘”’%) (mé 4+ Mola)

| 2
I, =by (a(1/2 — a)) + by mg log(1/2 — a) + regular terms

similarly coupling constant renormalization

Ao — Ao+ Mg (In(P1 + P2) + Ia(P1 + P3) + Lo (p3 + P2))

I,(p) = colog(1/2 — a) 4 regular terms



Conclusion and Discussions

Continuum equivalent lattice field theory is defined.

It defines non-local field theory but locality is recovered
INn the continuum limit

Symmetries of continuum theory are kept exactly; Poincare symmetry,
supersymmetry, -+ and no chiral fermion problems.

In the reqgularized version associativity is broken and thus
gauge Invariance Is recovered only in the limit.

Finite box regularization: 0 (Ag(p12) — Ac(p1) — Ac(p2))

Perfect action for regularized version !



