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In this talk

= | emphasize that noncommutative (NC) spacetime necessarily
Implies emergent spacetime If spacetime at microscopic scales
should be viewed as NC.

= The emergent gravity from NC U(1) gauge theory is the large N
duality and the emergent spacetime picture admits a background-
Independent formulation of quantum gravity.

= Cosmic inflation in this picture corresponds to the dynamical
emergence of spacetime.

= In order to understand NC spacetime correctly, we need to
deactivate the thought patterns that we have installed in our brains
and taken for granted for so many years.



What we have learned from quantum mechanics

Quantum mechanics is a prominent example of NC space whose coordinate generators
satisfy the commutation relation

[xi,pj] = ih5ji, (i,j=1,-,n). (1)
_ x'+ip; t _ xi-ip; ' _ ip ol 11 —
a; =~ a; === [x‘,pj] = lfl5jl = [ai,aj] = 6ij.

Ar=~ NC phase space (1) introduces a separable Hilbert space H = {|n)| n = 10,1, -+, 0o}
and physical observables become operators in A acting on the Hilbert space .

B NC algebra A3 admits a nontrivial inner automorphism 2,
fx +a) = Ug f(x) U 2)
for f(x) € A,and U, = e”"» € Uy. This means that every points in the NC phase space

are unitarily equivalent. Thus the concept of classical (phase) space is doomed and a
quantum algebra (H, A3) plays a more fundamental role and the classical (phase) space

Is derived (emergent) from the quantum algebra (', Aj).




What we have learned from quantum mechanics

Cr The Hilbert space H has a countable basis which is orthonormal, (n|m) = §,,,,, , and
complete, Yo, [nXn| = I3 . Since a physical observable f(x,p) € A is a linear operator
acting on the Hilbert space #, it can be represented as a matrix in End (H) = Ay:

Lnm=o [MXn|fCx, p) ImM{m| = Xpm=o fum|n) (m].

Therefore the map Ay — Ay is a Lie algebra homomorphism where N =dim (H) — oo.

D= Infinitesimal generators of the inner automorphism 2 form an inner derivation Dy,.
., 0 ., 0
For example, p; = —lhﬁ or x'=ih po Recall also that angular momentum operators

pDi

in quantum mechanics can be represented by differential operators in T'(T'S?).
In general, any dynamical variable in A5 can be represented by a differential operator in Dy,
by the adjoint map

c’qfl - Dh:f(x;p) = adf — [f(x,p), ] ] = 17f (3)

The adjoint map A, — Dy is also a Lie algebra homomorphism:

A~ A~

Ve, Vgl for f(x,p), g(x,p), [f,gl(x,p) € Ap (4)



Heuristic Example
Consider the SU(2) Lie algebra: [J;,J;] = igijx Jx € An,  i,j,k =123

(1) Matrix representation: A, — Ay, €.9. spin-1 representation (J;) jx = —i &k,

0O 0 O 0 0 -1 0 1 0
J1= —i<0 0 1) J,=—-1{0 0 0 ) Jz=-I (—1 0 O),
0 -1 0 1 0 O 0 0 O

(2) Differential operator representation: A, — D;,e.0.J; = ]{"% e I'(TS?), x*= (6, ¢),
d

., 0 ) 0 ., 0
J1 = sing Y coté cosg %%’ Jo, = —cos¢ T cotf sing EYy J3= 99’

1 0
g =3LJfl=(g 1 ) = g=do?+sin?0dg?,

sin? 0

So we can derive the underlying geometry from the SU(2) Lie algebra using
the duality chain : A, = Ay = Dy.




NC spacetime as a’-quantization

Lesson from gquantum mechanics:

Classical world Is a coarse graining description of quantum world,
so emerges from the guantum mechanics in a specific limit 4 — 0.

Suppose that nature admits a new physical constant a’ whose physical dimension is of 2.
It is important to notice that a new physical constant such as A and «' introduces

a deformation of some structure in a physical theory. For example, A deforms the
algebraic structure of particle phase space from commutative to NC space.

An educated reasoning motivated by the fact that [a'] = (Iength) x (length) leads to
a natural speculation that o’ brings about the deformation of the algebraic structure
of spacetime itself such that

xy—yx=0 = xy—yx=ia. (5)

Since the mathematical structure of the NC space (5) is essentially the same as
antum mechanics, we will consider the deformation (5) as «’-quantization.



NC spacetime as a’-quantization

Lesson from gquantum mechanics:

Classical spacetime is a coarse graining description of quantum geometry,
so emerges from the NC spacetime in a specific limit ' — 0.

Suppose that a U(1) gauge theory is defined on RY@~1 x RZ™ where RZ" is the NC space
whose coordinate generators obey the commutation relation

[y2,yP] = i99P, (a,b=1,-,2n) (6)

where ()% = a'(I,, ® io?) is a 2n x 2n symplectic matrix and the NC space (5)
corresponds to the n = 1 case.

Let us denote the NC -algebra generated by R3"™ by A, = A, and the NC *-algebra
on RY4~1 x RZ" by AG = Ag(CP(RV41)) = €*(R¥1) Q Ap.
Note that the U(1) gauge theory on RV4=1 x R2™ takes values in AZ.



B %,

We solve

problems by using
the same kind of
thinking we used
when we created
them.



Lesson from quantum mechanics

George Santayana (1863-1952)

Since Ay = Ay, let us apply the propositions (A~D) in quantum mechanics to the U(1)
gauge theory on RV¢=1 x R2"™ which takes values in A3.

A NC space (6) introduces a separable Hilbert space H = {|n)| n =0,1,-:-, 00} and
dynamical variables become operators in cflg acting on the Hilbert space H..

Br= NC algebra A% admits a nontrivial inner automorphism A4
floy+d) = U] f(x,) Uy (7
for f(x,y) € A% and U; = e??? € A% and p, = By, y” with B = 671,
This means that every points in the NC space RZ™ are unitarily equivalent. Thus the

concept of classical space(time) is doomed and the space(time) is replaced by a quantum
algebra (H, Jlg) and the classical spacetime is derived (emergent) from the quantum

algebra (7, AZ) in a specific limit.




Lesson from guantum mechanics

In the presence of NC U(1) gauge fields which appear in the form of background-
independent variables ¢, = (iD,, ¢,) where D, = 9, — iA,(x,y) and ¢pg = pg + A4 (x, ),

one can covariantize the inner automorphism with U; = e!%44” € %% by introducing
open Wilson lines. (See, Ishibashi et. al.; Das & Rey; Gross et. al.)

C= The map Aj - AY = Ay(C*(R¥41)) = ¢°(R¥ 1) ® Ay isa Lie algebra
homomorphism where N =dim (H) — oo:

Ynm=o [P0 (x, y) ImKm| = X7 m=0 fam(X)|n) (M| (8)
for f(x,y) € A% and [f(x)]pm € AS.

D= For any dynamical variable, e.g. ¢, (x,y) € AZ , we can associate a differential
operator, the so-called polyvector fields in DZ, by the adjoint map

Af = Dg: pax,y) = adg, = [palx,y), - 1=V, 9)

he adjoint map A% — DY is also a Lie algebra homomorphism.




Physical consequence from (A U C)

Using the matrix representation (8), the D = (d + 2n)-dimensional NC U (1) gauge theory

on RY4~1 x RZ™ is exactly mapped to the d-dimensional U(N — oo) Yang-Mills theory on
]Rl,d—l:

1 1, -~
S = — /d”}’-(ag — Bug)?
1 i 1 | — | .
— _E ' d ITT(ZFPUF + ED;J@&D Qg — 1[@&:« @b] ) (11)

where G2, = 2m)™|PfO| g7y and Byg = (8 BO )
ab

We emphasize that the equivalence between the D-dimensional NC U (1) gauge theory (10)
and d-dimensional U(N — o) Yang-Mills theory (11) is not a dimensional reduction but
an exact mathematical identity although they are defined in different dimensions with
different gauge groups.

What is a physical consequence of this mathematical identity?




Physical consequence from (B U D)

In a large-distance limit, i.e. |8] — 0, one can expand the NC vector fields I/, in Eq. (9)
using the explicit form of the Moyal x-product. The result takes the form

My 0 - rarap O .. 0 d (12)

1‘.»-'1_1.»11 [\T-.y_]a_x-_al.! _;LA (I"y}"yﬂl ayﬂ-” E"j:} '
where XM = (x*, y%) are local coordinates on a D-dimensional emergent Lorentzian
manifold M. In general, the module of derivations D is a direct sum of the submodules of
horizontal and inner derivations:

D§ = Hor (AF) @ D(AF), (13)

where horizontal derivation is locally generated by a vector field k*(x,y) % € Hor (cflg).

Thus the Taylor expansion of NC vector fields in Dg generates an infinite tower of the
so-called polyvector fields. Note that the leading term gives rise to the ordinary vector
fields that will be identified with a frame basis associated to the tangent bundle T™M
of an emergent manifold M.




Physical consequence from (A~D)

NC U(1) gauge theory on R 11 x R2"

Matrix representation

U(N — oo) Yang-Mills gauge theory on R4

Inner derivation

Quantized frame bundle

Large N duality

Classical limat

D = d + 2n-dimensional Einstein gravity

Figure 1: Flowchart for emergent gravity




Large N duality

The large N duality is still a conjecture, not proven yet. But we can use the emergent
gravity from NC U (1) gauge theory to verify the conjectural large N duality by realizing
the equivalence between the actions (10) and (11) in a reverse way.

It is based on the observation that there are two different kinds of vacua in Coulomb branch
If we consider the N — oo limit and the NC space (6) arises as a vacuum solution of the d-
dimensional U(N — o) Yang-Mills theory (11) in the Coulomb branch.

The conventional choice of vacuum in the Coulomb branch of U(N) Yang-Mills theory is
given by
(G0 Ollvnc =0 = (fa)wae = ding((aa)1, (@a)2, -, (ea)y)  (14)

fora = 1,---, 2n. In this case the U(N) gauge symmetry is broken to U(1)".
If we consider the N — oo limit, the large N limit opens a new phase of the Coulomb
branch given by

[{.f)a: ';f)b”ifac — _iBab = <¢'a>vac — Pa = Bﬂbyb (15)

where the vacuum moduli y¢ satisfy the Moyal-Heisenberg algebra (6).



Large N duality

The vacuum (15) will be called the NC Coulomb branch.

Note that the Moyal-Heisenberg vacuum (15) saves the NC nature of matrices
while the conventional vacuum (14) dismisses the property.

Suppose that fluctuations around the vacuum (15) take the form
D, =0, —iA,(x,y), P = Do + Aq (x,¥) € Ajf. (15)
The above adjoint scalar fields now obey the deformed algebra given by

[ba, p] = —i (Bap — Fap), Fap = 04Ap — 0pA, — i[Ag, Apl,

with the definition 9, = —i ad, = —i[p,, - |. Plugging the fluctuations (15) into

the d-dimensional U(N — oo) Yang-Mills theory (11), we finally getthe D = (d + 2n)-
dimensional NC U (1) gauge theory (10) . Thus we arrive at the reversed version of the
equivalence:

. 1 [ L1 L
S = — > d .TTI'(—F yFPH +=D @ED“QH — —|Q@a, P 2)
Gy s - 4" 2 F 1" |

1 1 (16)
- - d°Y = (F4p — Bap)*.
Giu / 4




Flowchart for large N duality

(N — oo) Yang-Mills gauge theory on R4—1!

NC Coulomb branch

NC U(1) gauge theory on RY-1:1 x R2"

Large N duality

D = d + 2n-dimensional Einstein gravity

Inner derrvation

Classical linut

Differential operators as quantized frame bundle

Figure 2: Flowchart for large NV duality




Equivalence principle for electromagnetic force

If general relativity emerges from a symplectic or NC U (1) gauge theory, it is necessary
to realize the equivalence principle and general covariance from the U(1) gauge theory.
Now | will try to elucidate why NC spacetime requires us to take a radical departure from

the 20t century physics.

Consider a general open string action defined by
1
S=—J; 1dXI*+ [; B+ [;4, (17)
where X: £ > M, B(Z) = X*B(M) and A(0X) = X*A(M). o

The string action (17) respects two local gauge symmetries:

(I) Diff(M)-symmetry: X - X' = ¢(X) € Diff(M),

(I1) A-symmetry: (B,A) - (B —dA, A+ A),
where the gauge parameter A is a one-form in I'(T*M).

The A-symmetry is present only when B + 0. When B = 0, the symmetry is reduced
to A - A + dA, which is the ordinary U(1) gauge symmetry.




Equivalence principle for electromagnetic force

Suppose that B € T(A*T*M) is a symplectic structure on M, i.e., a nondegenerate,
closed two-form. The symplectic two-form defines a bundle isomorphism

B:TM - T*"MbyX —» A=14xB.Then F = dA = LyB where Ly = diy + 1xd IS the
Lie derivative with respectto X € I'(TM).

B + F € T(A*T*M) is a gauge invariant quantity under the A-symmetry, but we have
the relation B + F =B + LyxB = (1 + Ly)B ~ e*x B. Note that a vector field is an
infinitesimal generator of local coordinate transformations, in other words, a Lie algebra
generator of Diff(M). Thus there always exists a diffeomorphism ¢ € Diff(M) such that
®*(B + F) = Bwhere ¢* = (1 + Ly)~! = e~*x. Actually this statement is precisely
the Darboux theorem or the Moser lemma in symplectic geometry.

Therefore the A-symmetry can be identified with a coordinate transformation generated
by a vector field X € I'(TM). As a result, the electromagnetic force can always be
eliminated by a local coordinate transformation as far as U(1) gauge theory is defined
on a spacetime with symplectic structure, in other words, a microscopic spacetime
becomes NC.




Emergent geometry and quantum entanglement

DBI action: Diff(M) @ A-symmetry
gc+Kk(B+F)->g.+k(B+LxB) = ¢*(g. +x(1+ Lx)B) - G+ kB
where G = ¢*(g,) & ¢* = (1 + Ly)™! = e™*x : exponential map

gif dP*lx,/det(g. + k(B + F)) = gif dP*1y,/det(G + kB) (18)

= Gisf dp“y\/det(go +k(F —B))
dx® 9xb

where Gy, () = 3275 gap (x) and ¢:y* = x4(y) = y* + 0% 4, (y).

We remark that NC gauge fields 4, (y) are locally defined by quantizing the Poisson
algebra on a local Darboux chart, so the quantum algebra (H, «Ag) defining the NC
gauge theory is locally defined. Therefore, we need to glue these local data on Darboux
charts to yield global vector fields which will eventually be identified with gravitational
fields, i.e., vielbeins.

Question: What is the operation of the gluing from the Hilbert space point of view?
Answer?: According to Raamsdonk, it may be a quantum entanglement for locally
wdefined Hilbert spaces on overlapping Darboux patches.



Emergent spacetime from large N duality

Let us start with a one-dimensional matrix model, a.k.a. BFSS matrix model, with a bunch of
N x N Hermitian matrices, {¢p, € A}V|A = 1,---,d}, whose action is given by

S = J dt Tr(=5 (Dopa)? + 5 [da, $517) (19)

where Dyp4 = g;“ i[Ag, $4]. Consider a translation invariant vacuum defined by

<A0>vaC: & ﬂNxN1 <¢a>vac Pa = Bap y € "qN» (Cl, b=1,--, 2n)1 (20)
<¢i>vac= diag((¢l)1’ "y (¢1)N) =aq; € CAN» (i =2n+ 1:"';d),

where [y%, y?] = i1, and [ai, aj] = 0. The above vacuum is a consistent
solution of the theory (19). Introduce fluctuations around the vacuum

0 .
DO = a_ lAO(try)r ¢a = DPa +Aa(t'Y)’ ¢i = + (pl(tiy)

The action (19) for these fluctuations is given by
2
§=——[ d?X (= FyyFN =2 (Dyed)® +5[enes]’), (@)

9y m
where XY = (t,y%), Ay = (Ao, 4g), M =0,1,--,2nand Fyy = Byy — Fyn.




Emergent spacetime from large N duality

Therefore the fluctuations around the NC vacuum are described by the (2n + 1)-
dimensional NC U (1) gauge theory with (d — 2n) adjoint scalar fields.

In this case, the emergent geometry are determined by applying the flowchart

In Fig. 2 to the action (21) and takes the form of a (2n + 1)-dimensional Lorentzian
manifold embedded in RV4. But, let us set ¢;(t,y) = 0 for simplicity.

Then the time-dependent vector fields VA (t) € D take the following form

) b
_ 9 Y, N p1-pp ¢ ..

l(]{f,:' = 5 + Ayt y)=— § , Ay \Z; y‘ldym Oyke’

. D J J

F — 1 7H —_— Hi-Hp “

1&“] 1.1'.', Lt y:' (r_}y“ E 1 Lt E’” dypl t}y#p ’

p=2

Let us truncate the above polyvector fields to ordinary vector fields given by

d
x(M) = {V, = VI(t,y) 525 1AM = 0,1,,2n |,




Emergent spacetime from large N duality
The orthonormal vielbeins on TM are obtained by the prescription
Vo, Vo) = (Ey, AEy) € T(TM) or (e° e%) = (% %) e I(T*M). (22)
The conformal factor A € C* (M) is determined by the volume-preserving condition
Ly v =W V44 @2 -2n)V,In2) =0 with v, = 22dt Avt A-- AV,

If the structure equation of vector fields V, € I'(TM) is defined by [V, Vg] = —g45° Ve,
the volume-preserving condition can be written as

s’ =V4In A2, (23)

In the end, the Lorentzian metric on a (2n + 1)-dimensional emergent spacetime manifold
IS given by
ds*> = Gun(X)dXM @ dX"Y = nape* @ e
: 2 , 24
= =" @0" + X @0 = —dt® + Nojul(dy” — A¥)(dy” — AY) (24)

where AH: = AL (¢, y)dt.




Origin of flat Minkowski spactime

The large N duality in Fig. 2 says that the gravitational variables such as vielbeins in general
relativity arise from the commutative limit of NC U (1) gauge fields. Then one may ask
where the flat Minkowski spacetime comes from. Let us look at the metric (24) to identify
the origin of the flat Minkowski spacetime.

It turns out that the flat Minkowski spacetime is originated from the NC vacuum (20) since

in this case (V,)yac = 64105, 50 A = 1 according to (23). Thus the inverse vielbeins and the
metric for the vacuum geometry are given by

E? =y = (at aya ds? = —dt?+dy-dy.  (25)

We emphasize that the NC Coulomb vacuum (20) is responsible for the emergence of the
Minkowski spacetime (25), but this vacuum has a nontrivial vacuum energy density caused
by the condensate (20). We can calculate it using the action (21):

1 2
= 7o 1Ba . (26)

A striking fact is that the flat spacetime is originated from the uniform vacuum energy (26)
known as the cosmological constant in general relativity. This is a tangible difference from
Einstein gravity, in which T, = 0 in flat spacetime.

pvac




Cosmic inflation from time-dependent matrices

However, since we have started with the matrix model (19) in which any spacetime
structure has not been assumed in advance, the spacetime was not existent at the
beginning but simply emergent from the vacuum condensate (20) . Therefore the
Planck energy condensation into vacuum must be regarded as a dynamical process.

It is not difficult to show that the dynamical process for the vacuum condensate
Is described by the time-dependent vacuum matrices given by

(Pa(t))vac = pae%t: (Ag())yac = f do dy (J) pq(0), (27)

where the open Wilson line is defined along a path parameterized by the curve
y4(o) =y§ +{*(o)with0 <o <landy%(c =0) =y§, y* (o =1) =y?

Using the formula _
) : d 3} (o)
Ay J, do

K (y(0)) = 6K (y)

for some differentiable function K (y), it is easy to check that the time-dependent matrices
in (27) satisfy the equations of motion, D3¢, + [¢p, [Dg, Pp1] = 0, as well as the Gauss
constraint, [¢,, Dy¢,] = 0. The constant H = (n — 1)k will be identified with the
ationary Hubble constant.




Cosmic inflation from time-dependent matrices

The (2n + 1)-dimensional basis for the time-dependent vacuum (27) can easily be calculated
using the map (9):

_ 9 _K,a 9 _ o5 0

Vo= 72Y a0 Ya=e2 50

Kt

where y& = ez y® and 1 = ™, Finally, the time-dependent metric for the inflating
background (27) is given by

= eV =dt, e?=eltdy? (28)

dSz - _dtz + 62Ht d)_}t . d}_}t (29)
Note that the conformal vector field Z = %y“ aia In EQ. (28) is known as the Liouville vector

field in locally conformal symplectic manifolds and generated by the open Wilson line (27).
It obeys L,B = kB, so B(t) = e**B. This explains why the volume of spacetime phase
space whose symplectic two-form is B exponentially expands.

Since ¢, (t = 0) are operators acting on a Hilbert space, this means that the inflationary
vacuum (27) creates a spacetime of the Planck size and evolves to the inflation epoch unlike
the traditional inflationary models that describe just the exponential expansion of a
preexisting spacetime. This picture is similar to the birth of inflationary universes (Hawking,
Moss, Vilenkin) in which the universe is spontaneously created by quantum tunneling from
nothing into a de Sitter space.




Emergent spacetime, Quantum gravity and Cosmic inflation

The cosmic inflation arises as a time-dependent solution of a background-independent theory
describing the dynamical process of Planck energy condensate in vacuum without introducing
any inflaton field as well as an ad hoc inflation potential.

The large N duality in Fig. 2 also implies that cosmic inflation triggered by the Planck
energy condensate into vacuum must be a single event.

Thus the emergent spacetime is a completely new paradigm so that the multiverse
debate in physics circles has to seriously take it into account.

An underlying idea must be clear although it has been dormant so far.

In order to understand NC spactime correctly, we need to deactivate the thought
patterns that we have installed in our brains and taken for granted for so many
years. However, if it is understood correctly, its impact must be huge as we have
described in this talk. Therefore | hope an underlying idea of this talk has not

been hindered by too restricted concepts and traditional prejudices.




