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1.	  IntroducIon	
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a.	  What	  is	  APS	  index	  theorem?	  	

4	  

• 	  GeneralizaIon	  of	  AIyah-‐Singer	  Index	  theorem	  on	  
a	  manifold	  with	  boundary.	  

• 	  Key	  noIon	  in	  bulk-‐edge	  correspondence	  for	  
insulators	  in	  symmetry	  protected	  topological	  phase.	  
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AIyah,	  Patodi	  and	  Singer	  “Spectral	  asymmetry	  and	  Riemanian	  
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AIyah-‐Singer	  index	  theorem	
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Index	  theorem	  for	  massless	  Dirac	  op.	  	  

on	  even-‐dim	  manifold	  without	  	  boundary.	  
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Index of D4D =
1

32�2

�
d4x�µ���tr [Fµ�F ��]

Can	  be	  derived	  by	  Fujikawa’s	  method	

lim
���

Tr�5e
D2

4D/�2

Simple	  1-‐loop	  calculaIon	  	  
InserIon	  of	  complete	  set	  of	  plane-‐wave	  states	



APS	  index	  theorem	  	
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x4 = 0

Index	  theorem	  for	  massless	  Dirac	  op.	  	  

on	  even-‐dim	  manifold	  with	  boundary.	  
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Index of D4D =
1

32�2

�

x4>0
d4x�µ���tr [Fµ�F ��]� �(iD3D)

2

�(iD3D) =
reg�

�

sgn(�) � : eigenvalue of iD3D



Proof	  of	  APS	  index	  theorem	  	
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A4 = 0 gaugeD4D = �4(�4 + H), H = �4�iD
i

With	  non-‐local	  boundary	  condiIon	  	  (APS	  b.c.)	

1
2

(H + |H|) �

����
x4=0

= 0

•  Quite	  technical	  
•  Proof	  is	  given	  only	  for	  the	  case	  

•  Non-‐local	  boundary	  condiIon	  is	  imposed	  

F4i = 0 near the boundary



b.	  Symmetry	  protected	  topological	  phase	
•  Insulator	  with	  T-‐symmetry	  can	  have	  nontrivial	  
topology	  (SPT	  phase)	  
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Zbulk = |Zbulk| exp
�

i�
1

32�

�
d4x�µ���tr [Fµ�F ��]

�

Z �
bulk = |Zbulk| exp

�
�i�

1
32�2

�
d4x�µ���tr [Fµ�F ��]

�

= |Zbulk| exp
�

i�
1

32�2

�
d4x�µ���tr [Fµ�F ��]

�

= Zbulk
AIyah-‐Singer	  index	  =	  integer	  !	

T-‐invariance	  holds,	  	  but	  nontrivially,	  
owing	  to	  AIyah-‐Singer	  index	  theorem.	

ParIIon	  funcIon	  acer	  integraIng	  massive	  fermion	



What	  happens	  if	  there	  is	  a	  boundary?	
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P	  can	  no	  longer	  be	  integer	  	  ViolaIon	  of	  T	  symmetry!	

Y X

Bulk-‐edge	  correspondence:	  	  Massless	  edge	  modes	  can	  
appear	  at	  the	  boundary	  of	  insulator	  in	  SPT	  phase	

Zbulk � |Zbulk|ei�P

P =
1

32�2

�

x>0
d4x�µ���tr [Fµ�F ��]
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Bulk-‐edge	  correspondence:	  
addiIonal	  massless	  edge	  mode	  can	  appear	  on	  Y	  	  	

Se� =
�

Y
d3x�̄D3d� + · · ·

Det(D3d) =
�

i

�i

�i + i�
= |Det(D3d)| exp

�
�i

�

2
�(D3d)

�

AddiIonal	  T-‐anomaly	  in	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  from	  T-‐violaIng	  regularizaIon	

�(D3d) = lim
s�0

�

k

sign(�k)|�k|�s : �-invariant

�i : eigenvalue of D3d

Det(D3d)

Y XLow	  energy	  	  3-‐dim	  effecIve	  acIon	  on	  Y	

In	  3-‐dim,	  (Pauli-‐Villars	  regulator)	  mass	  term	  always	  breaks	  T-‐symmetry	



17.9.21	 11	

Full	  theory	  is	  invariant	  under	  T	  symmetry	  
 Anomaly	  cancelled	  between	  the	  bulk	  &	  boundary	  ?	  
Does	  this	  really	  happen?	  	  YES!	  (Wiken)	

Argument	  based	  on	  low	  energy	  effecIve	  theory	  
	  Wiken	  “Fermion	  path	  integrals	  and	  topological	  phases”,	  Rev.	  Mod.	  Phys.	  88	  (2016)	

J = APS index = integer Recovers	  T	  symmetry!	

This	  is	  the	  reason	  for	  the	  stable	  existence	  of	  edge	  modes!	

c.	  f.	  	  Metlitski	  15,	  Seiberg-‐Wiken	  16,	  Tachikawa-‐Yonekura	  16,	  
Freed-‐Hopkins	  16,	  Yonekura	  16	

Zbulk = |Zbulk| exp
�

i�
1
32

�

x4>0
d4x�µ���tr [Fµ�F ��]

�

Zedge = |Zedge| exp
�
�i�

�(iD3D)
2

�

ZbulkZedge = |ZbulkZedge|(�1)J

J =
1

32�2

�

x4>0
d4x�µ���tr [Fµ�F ��]� �(iD3D)

2
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UnsaIsfactory	  points	  in	  Wiken’s	  argument:	  

 Reasonable	  argument	  but	  not	  derivaIon	  
	  Imposing	  theoreIcal	  consistency	  :	  	  
	  “symmetry	  (microscopic)	  =	  symmetry	  (low	  energy)”	  
	  Similar	  to	  anomaly	  matching	  condiIon	  

 	  Why	  APS	  index	  ?	  
-‐ 	  massless	  4d	  Dirac	  op.	  does	  not	  appear	  in	  DW	  fermion	  
-‐ 	  appearance	  of	  APS	  index	  in	  T-‐anomaly	  looks	  just	  accidental	  
-‐	  APS	  index	  theorem	  do	  not	  deal	  with	  localized	  edge	  modes	  
-‐ 	  Non-‐local	  b.c.	  in	  APS	  ??	  local	  b.c.	  in	  DW	  
	  Physics	  of	  “APS	  index”	  and	  “DW	  fermion”	  are	  quite	  different	  

 	  Simple	  and	  Direct	  DerivaIon	  like	  Fujikawa’s	  method?	  



C.	  Our	  goal	

We	  directly	  compute	  the	  index	  for	  domain-‐wall	  fermion.	  
If	  successful,	  
 Microscopic	  derivaIon	  of	  the	  determinant	  phase	  of	  the	  Domain-‐

wall	  fermion	  in	  a	  "physicist-‐friendly"	  way,	  similar	  to	  the	  Fujikawa	  
method.	  

  Beker	  understanding	  of	  anomaly	  descent	  equaIons.	  	
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Our	  main	  result:	  	  
 	  index	  for	  domain-‐wall	  fermion	  =	  APS	  index	  
 	  T-‐anomaly	  cancellaIon	  using	  Fujikawa’s	  method.	  
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2.	  Index	  for	  domain-‐wall	  Dirac	  operator	



a.	  Determinant	  phase	  of	  Domain-‐wall	  Dirac	  op.	

Domain-‐wall	  fermion	  in	  4-‐dim	  with	  3-‐dim	  boundary	  

det
�

D + M�(x4)
D �M

�
Domain-‐wall	  with	  kink	  mass	

Pauli-‐Villars	  regulator	

Defining	 HDW = �5 (D + M�(x4))
HPV = �5 (D �M)

Phase	  can	  be	  evaluated	  as	

det
�

D + M�(x4)
D �M

�

=
����det

�
D + M�(x4)

D �M

����� exp
�

i�

2
(�(HDW)� �(HPV))

�
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2.	  Index	  for	  domain	  wall	  Dirac	  operator	



Det.	  should	  be	  real	  if	  properly	  regularized.	

HDW,HPV : Hermitian4-‐dim	  Hamiltoinan	

We	  propose	  to	  define	  this	  quanIty	  	  
as	  “the	  index	  of	  Domain-‐wall	  Dirac	  op.”	

JDW
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1
2

(�(HDW)� �(HPV)) = integer � J DW



ComputaIon	  of	  eta-‐invariant	  	

�(H) = lim
s�0

�

k

sign(�k
M )

| �
M |s

= lim
s�0

Tr

�

��
H
M�

H2

M2

1+s

�

��

= lim
s�0

1
�( 1+s

2 )

� �

0
dt t

s�1
2 Tr

�
H

M
exp

�
�t

H2

M2

��
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Computation of �(HPV)

CalculaIon	  of	  trace	  using	  plane	  wave	  gives	

Does	  not	  contributue	

EssenIally	  the	  same	  calculaIon	  as	  Fujikawa’s	  method.	  	
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�(HPV) = lim
s�0

� �

0
dt

t
s�1
2

�( 1+s
2 )

e�tTr
��
��5 + �5

D4d

M

�
exp

�
�t

(D4d)2

M2

��

�(HPV) = � 1
32�2

� �

��
dx4

�
d3x�µ���tr [Fµ�F�� ] + O(

1
M2

)

HPV

M
= ��5 + �5

D4d

M
,

H2
PV

M2
= 1 +

(D4d)2

M2

b.	



DW	  fermion:	  feels	  	  	  	  	  	  	  	  -‐dependent	  potenIal	  at	  the	  origin	

Computation of �(HDW)
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HDW

M
= �5�(x4) + �5

D4d

M
,

H2
DW

M2
= 1 +

(D4d)2 � 2M�4�(x4)
M2

Complete	  set	  of	  plane	  wave	  states	  should	  be	  modified!	

�4

C.	
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��,�k
o (x4) =

1�
4�

�
ei�x4 � e�i�x4

�
ei�k·�x

�
�
0

�
,

��,�k
e (x4) =

1�
4�(�2 + M2)

�
(i� �M)ei�|x4| + (i� + M)e�i�|x4|

�
ei�k·�x

�
�
0

�
,

�edge
e (x4) =

�
Me�M |x4|

�
�
0

�
,

��
�,o(x4) =

1�
4�

�
ei�x4 � e�i�x4

�
ei�k·�x

�
0
�

�
,

��
�,e(x4) =

1�
4�(�2 + M2)

�
(i� + M)ei�|x4| + (i� �M)e�i�|x4|

�
ei�k·�x

�
0
�

�
,

Taking	  the	  basis	  
and	  solving	  eigenstates	  for	  the	  free	  part	  of	  	  H2

DW

H2
DW = ��2

4 �
3�

i=1

�2
i + M2 � 2M�4�(x4)

Complete	  set	  of	  states	

�4 =
�

I 0
0 �I

�



CalculaIon	  of	  (1)	  using	  complete	  set	  of	  plane	  wave	  states	  gives	

Also	  contributue	  due	  to	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  	  	  	  	  	  -‐dep.	  complete	  set	  of	  states	

EssenIally	  the	  same	  calculaIon	  as	  Fujikawa’s	  method.	  	
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�(HDW) = lim
s�0

� �

0
dt

t
s�1
2

�( 1+s
2 )

e�tTr
��

�5�(x4) + �5
D4d

M

�
exp

�
�t

H2
DW

M2

��

(1)	 (2)	

�4

�(1)(HDW) =
1

32�2

� �

��
dx4

�
d3x�(x4)�µ���tr [Fµ�F�� ] + O(

1
M2

)



CalculaIon	  of	  (2)	  using	  complete	  set	  of	  states.	  
	  	  	  by	  differenIaIng	  &	  integraIng	  over	  gauge	  field	  
	  	  	  (	  integer	  part	  can	  be	  dropped	  )	  

	  Acer	  technical	  calculaIon	  	  
using	  gaussian	  integral	  and	  error	  funcIons	  
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�(HDW) = �(1)(HDW) + �(2)(HDW)

=
1

32�2

�
d4x�(x4)�µ���tr[Fµ�F�� ] + 2

�
��(D3d)

2
+ mod(integer)

�

�(2)(HDW) = 2
�
��(D3d)

2
+ mod(integer)

�



Combining	  PV	  and	  DW	  contribuIons,	  we	  obtain	
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J DW � 1
2

(�(HDW)� �(HPV))

=
1

32�2

�

x4>0
d4xtr[�µ���Fµ�F�� ]� �(D3d)

2
(mod integer)

This	  agrees	  with	  the	  result	  by	  APS	  index	  theorem!	  	

Direct	  macroscopic	  derivaIon	  of	  	  
Domain-‐Wall	  fermion	  determinant	  phase,	  

No	  ficIIous	  massless	  Dirac	  op.	  needed	  as	  a	  mathemaIca	  tool.	  

d.	  Final	  results	



We	  also	  confirm	  that	  domain-‐wall	  index	  

Is	  idependent	  of	  mass,	  

And	  stable	  against	  change	  of	  gauge	  fields	  
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J =
�(HDW)

2
� �(HPV)

2

�J
�M

= 0

�J
�Aµ(x)

= 0.



3.	  Summary	
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3.	  Summary	
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I(D4D)|APS boundary = �(H4D(m))|SO(3) symmetirc boundary

=

�

x4>0
d4xF � F � �(iD3D)

2
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• 	  We	  have	  succeeded	  in	  direct	  derivaIon	  of	  the	  
determinant	  phase	  for	  Domain-‐wall	  fermion	  using	  
Fujikawa’s	  method.	  	  
• 	  We	  reformulated	  APS	  index	  theorem	  with	  
domain-‐wall	  Dirac	  op.	  	  
• 	  T-‐anomaly	  cancellaIon	  was	  understood	  from	  
microscopic	  theory.	
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	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  What	  is	  next?	  
1.  GeneralizaIon	  to	  Shamir-‐type	  domain-‐wall	  fermions	  

2.  GeneralizaIon	  to	  odd	  dimensions	  

3.  Non-‐perturbaIve	  formulaIon	  of	  APS	  index	  theorem	  
on	  a	  lapce	  

4.  ApplicaIon	  to	  6D	  formulaIon	  of	  lapce	  chiral	  gauge	  
theory.	


