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- We introduce a “distance between configurations”
which satisfies desired properties as distance

- This definition is universal for MCMC algorithms
that generate local moves in configuration space

- The distance gives an AdS-like geometry
when a simulated tempering is implemented 
for multimodal distributions
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 We first would like to establish a mathematical framework 
 which enables the systematic understanding of relaxation

Preparation 1: MCMC simulation (2/3)
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Preparation 2: Transfer matrix (2/2)
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Preparation 3: Connectivity between configs (1/3)
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Preparation 3: Connectivity between configs (2/3)

normalized connectivity (“half-time overlap”):
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Preparation 3: Connectivity between configs (3/3)
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Definition of distance
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Alternative definition of distance
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Universality of distance (1/4)

The above distance is expected to be universal
for MCMC algorithms that generate local moves in config space.

"universal" in the sense that differences of distance 
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Universality of distance (2/4)

This expectation can be explicitly checked using a simple model.
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Universality of distance (3/4)
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Transfer matrix for Langevin

Langevin equation (continuum)
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Example 1: Unimodal distribution (Gaussian)
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Example 2: Unimodal dist. (non-Gaussian)
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Example 3: Multimodal dist. (double well) (1/2)
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Example 3: Multimodal dist. (double well) (2/2)
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Simulated tempering (1/3)
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Simulated tempering (2/3)
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Simulated tempering (3/3)
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Distance for simulated tempering

The introduction of tempering should be seen
as the reduction of distance.

In fact,

10 39.1
50 19.2
100 16.9
500 13.2

1,000 11.7
5,000 8.46
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26.5
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2.78 x 10^(-8)
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w/o tempering w/ tempering

rapid decreasing

[MF-Matsumoto-Umeda1]



Emergence of AdS-like geometry (1/3)

In MCMC simulations,
the most expensive part is the transitions
between configs in different modes,
and thus, configs in the same mode can be
effectively treated as a point.

This leads us to the idea of "coarse-grained config space" 

We would like to show that

 when the original config space is multimodal 
 with high degeneracy, 
 the extended coarse-grainined config space  
 naturally has an AdS-like geometry

× 

x

x
1− 1+

1− 1+

[MF-Matsumoto-Umeda1,2]



Emergence of AdS-like geometry (2/3)

0 0
2( ; ) cos1action: xS x πβ β  

−  =  
  

= original config space:

x

( )S x

coarse-grained config space: 
   (1D lattice with cutof )  f = 

 sim temp+

[ ]{ ( , )}
extended coarse-grained config space: 
     (1D lattice with cutoff )aX x xβ× = = ∈  

x



Emergence of AdS-like geometry (3/3)

( )2 2( , ), ( , ) const.n x x dx dxd β β β+ =

If we set

( )2 2( , ), ( , ) ( )nd x x d f dβ β β β β+ =

( )2 2

2 2

( , ), ( , )
(. )

then we hav

          cons

e
     

t
nds d x x dx d

fdx d
β β β
β β β

≡ + +

= +

2( ) 1/If (#) is scale invariant (i.e.,  ),
this gives an AdS metric:

f β β∝

---- (#)

( )
2 2

2 2 2 2
2 2. .const const dds dx dx

z
dzββ

β
= +=+

 ( )21/ zβ ∝

We find:

x

β

0β

(This is actually an AdS BH)

∞

horizon

boundary

xx dx+x



AdS geometry as a result of optimization (1/2)

/

0
0

( 0,1,..., )

,

  is chosen as

      

 direction

If 

one can show that geometry in becomes 
scale invariant, so that we will obtain an AdS geometry,
as we saw in the previous sl .

 

ide

a
a A

A
a

a Aβ

ββ β
β

β

=

 
=  

 
------------------- (##)

One can actually confirm that (##) is the best choice
for minimizing the distance in simulated tempering:

0 1 2 3 4

aβ

a

obeying (##) !2 20
0

1

1 2 3 4

2

2
0 0

( ; ) 1)
2

{ , , , }
(( 1, ), ( 1,

(

))that minimize 

Consider the action : 

   

Search for 

n

xS x

d

µ
µ

β
β

β β β β
β β

=

 
 
 
 
 
 
 


=


  

−

− +

∑
( )3

0 10β =

[MF-Matsumoto-Umeda2]



AdS geometry as a result of optimization (2/2)

That is,

( ) ( )

/

0
0

2 2
2 2 2 2 2

2 2

( 0,1,..., )

. . 1/

 

 AdS metric :

  

 optimize  s.t. the distance is minimize

  const cons

d

t  

a

a A

A
a

dz

a A

dds dx dx z
z

β

ββ β
β

ββ β
β

 
= = 

 

= = ∝+ +


This is the first example of the “emergence 
of AdS geometry” in nonequilibrium systems.



Plan

1. Introduction
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- preparation
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Conclusion and outlook
What we have done:
- We introduced the concept of “distance between configs”

in MCMC simulations
- The distance satisfies desired properties as distance
- This may be used for the optimization of parameters

Future work:

- Establish a systematic method for optimization
- Investigate whether such distance can also be introduced

to systems with complex actions
- Extend the framework to general nonequilibrium systems,

and compare the obtained dynamics with GR.

[ ](such as )aI β

“What if our world is in the process of relaxation
of some unknown dynamics, and if we recognize 
distance as the extent of difficulty of communication?”



Thank you.
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