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Ising model on 2d dynamical triangulations (DT) [Kazakov, 1986]
(1) Continuous phase transition at non-zero temperature T..

(2) Physics around the critical point is described by

2d gravity coupled to Majorana fermion

Our work:

Reconsider criticality of Ising model on 2d DT. [YS, Tanaka 2017]

(1) Introduce a “loop-counting” parameter 6.
(2) Tuning 6, one can reduce T.(6) to absolute zero.

(3) Continuum theory around absolute zero 1s NOT

2d gravity coupled to Majorana fermions



Ising model on honeycomb lattice (T):

ZT(@) — Z H B0 ISing spin:

o(T) <i,7> O; — +1

Exactly solved in the thermodynamic limit:
[Weiner, 1950, Houtappel, 1950]

(1) 2nd order phase transition at

5:607&0

(2) Physics around s . described by

2d Majorana fermion



Ising model on planar lattice (w/ coordination number = 3) (T°):

Summing all planar lattices (w/ coordination number = 3),

{T, T/,T//,T///’ o }

one can construct a solvable model (Ising model on 2d DT).
[Kazakov, 1986]
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Change notation: dual graph
= triangle

.
.
.
.*

.
.
.
‘e

.
.
.
e




Ising model on 2d dynamical triangulations



Ising model on 2d dynamical triangulations (DT): [Kazakov, 1986]

i 1,
200.9) =2_Jrxau)? T Zr(B)

Sum over all connected planar lattices
(w/ coordination number = 3).

v

Order of automorphism group of T.

\ 4

("~ . ) » , |
g : weight for vertices Partition fun of Ising model on T:

U(T) . #(vertices) In T ZT Z H 5%03

- / o(T) <t,7>




Ising model on 2d dynamical triangulations (DT): [Kazakov, 1986]

Definition via hermitian NxN two-matrix model:

Zy(e.g) = [ DDy e VU0

where

Ut 0) = 5 (12 + 02— 2ep) — & (0 +7)

Propagators:
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Ising model on 2d dynamical triangulations (DT): [Kazakov, 1986]

Definition via hermitian NxN two-matrix model:

Zy(e.g) = [ DDy e VU0

where

Ut 0) = 5 (12 + 02— 2ep) — & (0 +7)

Vertices:

trzp+ ~

T
W~ T



Ising model on 2d dynamical triangulations (DT): [Kazakov, 1986]

Definition via hermitian NxN two-matrix model:

Zv(e.g) = [ Doy Dy e MU0

where

Ut 0) = 5 (12 + 02— 2ep) — & (0 +7)

N2—2h h=0 for planar
™~ h>0 for non-planar

In the large-N limit,
planar graphs
become dominant.



Ising model on 2d dynamical triangulations (DT): [Kazakov, 1986]

1
2(8,9) = g cFi
2ty 2 Lo
: 1 ZN<Cv g) :
— ]\;E)noo ﬁ log (ZN(C, O) ) Matrix model
where
g = (2¢”"sinh(23))°g c=e

Exactly solved in the large-N limit:

(1) Continuous phase transition at non-zero temperature.

(2) Physics around the critical point is described by

2d gravity coupled to Majorana fermions



Ising model on 2d dynamical triangulations (DT): [Kazakov, 1986]

1
Z ~ — ~U(T) 50'7;0'3'
T o(T) <i,j>
. 1 ZN(Q g) .
— ]\;E}noo ﬁ log (ZN(C, O)) Matrix model
where
= (2¢ P sinh(25))3§ c=¢e %P

The same critical behavior is obtained by generic potential,
1 - ) i 0
Ut th-) = 503 + 92 —20bip) = > Tt (4 + L)
i=1
(t; = 0)

Universality






Deform the potential,

Uy, ) = % (1@ + % — 20¢+¢_) - % (wi + w?i) [Kazakov, 1986]

l

1 /1 g
U9 (pp, o) = . (5 (07 +o2 —2c010 ) —glo-+ o) - 3 (¢} + %D?i)>

Graphs can terminate to form trees. [YS, Tanaka 2017]
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6 was introduced in one-matrix model [Ambjorn, et. al, 2008]



Remove the linear terms,

1 /1 g
U (pr, 0 )= 5 (5 (P3 + 92 —20p10-) —glp- +o-) =5 (9} + 903_))
. 1—c— 1 —¢)2 — 492
P4 = P4 T Liree (ga C) [Ztree = \/< ) J J
29
~ ~ 1 1 — 292 ree ; ~ ~ ~ o~ g, - ~
UM (p,,0) = . ( ; (B2 4+ PR) — eprp — S (5 + 903_))

Trees are integrated out:




Planar tree generated by U©:
0 Oc

— N\ ——— \_)

N(1—¢?) N(1—¢?)
0 tc

— N\ —— N\

N(1-—¢?) N(1—¢?)

Partition functions of planar tree :
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Planar tree generated by U©:
0 Oc gN

—_— —_— o~ ® ~

N(1—¢?) N(1—¢?) 0
0 tc

— N\ —— N\

N(1-—¢?) N(1—¢?)

Partition functions of planar tree :
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Normalize quadratic terms,

Wl

(1 ﬂﬁ))

1 /1
U (pr, 0 )= 5 (5 (2 + 0% —2cpyp ) —glo- +p_) —

O+ = P+ + Ztree(ga C)

\
o 1 (1 —29Zivec , ~ L g, . ~
UM (p,,0) = 5( ; TG+ PP) — PP —g(sOiJrsO?i))

. v
T \/1 T 29Ztree wi
\ 4

U(Q) (¢+7 %b )

(V3 4+ 2 — 2caphpap_) — gt (¢+ +2)
g Og

M|H

C p— p—
where cdt 1~ 2070e gat 1= 2970

The linear terms are not important when 6 ~O(1)



6 -dependence of planar graphs generated by U©,

1 /1 g
UO(ps,0-) === (0L + 0% —2cpr0-) —glo- +p-) — = (o3 +¢*)
0\ 2 3

When 6 <<1, loops are suppressed and trees become dominant.

clarified first in one-matrix model -
[Ambjorn-Butt, 2013, Ambjorn-Butt-Watabiki, 2014]



For a fixed 6, obtain critical point (CP) of Ising on 2d DT,

(ce(0),9.(0)) [CPoflsing on 2d DT when 6 ~O(1)]

l 00— 0
(ce(0) = ¢4, g.(0) = g4) [CP of Ising on tree when 6 = 0)]

Ising model on tree can be critical only at the zero temperature.
[Ambjorn-Durhuus-Jonsson-Thorleifsson, 1993]

In fact, CP of Ising model on tree computed by Z,,..(C.,g) Is
c, =0, g.=1/2
Therefore, one expects that

tuning 6 — 0, critical temperature approaches absolute zero.



CP where fluctuations of spins and graphs are divergent:

2(9) L B 9 92/3 N 31/391/3<2439 . 80) 4 H2 3
e _ 4 % 103/2 1 % 302/3H
1/3n1/3 5
ce(0) = i@l/S B 9 02/3 N 31/391/ (2430 — 80) + H
51/3 4 % 103/2 1< 30251
where (0<6<1.01378---)

1/3
H= [81(40 — 816)6 + 80(90 + /3100 + 3(2510 — 51036)9)]

Small-6 expansion gives, In the small-6 limit,
1 1 : 1
2 ~ —|_ /3 4 ... 1 —
gc(e) 4 4 % 51/39 ™ 01—I>I(1)56 (6) 0

Criticality at absolute zero

CP of Ising on tree, g (co(B) =: e 2P(0))



Critical lines (CL):

6—1

CL where fluctuations of
graphs diverges

CL where fluctuations of
graphs and spins diverge

O
CP at absolute zero



Critical lines (CL):

—1
B A CL where fluctuations of
A graphs diverges

CL where fluctuations of
graphs and spins diverge

O
0 >
B1 CP at absolute zero

Jx

Continuum limits for 6 ~O(1) :

Al: Gravity coupled to fermions [Kazakov, 1986]

B1: Pure gravity



Critical lines (CL):

—1
6 A CL where fluctuations of
graphs diverges

CL where fluctuations of

A2 graphs and spins diverge
— >g ©
0 57 CP at absolute zero

B2 (x«
Continuum limits for 6 <<1:

A2: A continuum matrix model [YS-Tanaka, 2017]

B2: Generalized CDT [Ambjorn-Loll-watabiki-westra-Zohren, 2008]



Critical lines (CL):

—1
B A CL where fluctuations of
graphs diverges

CL where fluctuations of
graphs and spins diverge

C O
0 s CP at absolute zero

Continuum limits for 6=0:

C: 2d projectable Horava-Lifshiz gravity
[Ambjorn-Loll-Watabiki-westra-Zohren, 2008]

[Ambjorn-Glaser-YS-Watabiki, 2013]



- A continuum matrix model [YS-Tanaka, 2017]

Tuning coupling constants,
) = O3 (e : lattice spacing)
g° = g2(0)(1 — Ae?) = i (1 — 57 1/391/3¢ - AsQ) + .-
c=c.(0) =2""x 5 L/3@ 3z 4 ...

obtain the continuum theory described by the matrix integral:

In(A, ©) = / DB, Do e NuV(@ i 20)

where

1

V=—
O

A 1 eL/3






Summary (1/2)

Considered two-matrix model w/ the potential,

> (1 +¢?i)>

1 /1
U (pr,0-) == = (02 + 92 —2cpr0-) — glp— +¢p_) —
9

Wl

Reduced critical temperature to absolute zero by 6 — O:

(66(9)790(‘9)) —_ (C*ag*) — (07 1/2)

CP of Ising on tree

Continuum theory defined around

Is a two-matrix model w/ the potential,
o

1 /A 1, 5 4 el/3
V_@(2(c1>++<1>_)—6(<1>++<1>_)—2X51/3c1>+c1>_




Summary (2/2) Al

A critical exponent (string susceptibility): AD
2_’73tr O © ® ¢
Z ~ (g:.(0) — g) B1 B2
Vstr = _1/2 Vstr = _1/3 Vstr = 1/2
B1 Al A2 B2 C

Future work:

Introduce magnetic fields .
to see back-reactions of graphs on Ising spins. [YS, Fraser]



