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Prologue: Statistical Mechanics

Matter in our dally life (incl. biological systems)
macroscopic, many constituents many-particle system
e.g., air in this classroom (N ~ 102> molecules)

microscopic description: dynamics (classical or quantum)
(micro) state  {q;, pi} 6N (micro) variables  can't specify

macroscopic description: statistical mechanics in pradie!
(macro) state {p,T,..} afew macro variables

macro variables: collective degrees of freedom

external parameters + (internal) energy

Social system: individual states vs societal variables
(area, living level, technology, organization,...)



HIUE X, &, &€ Energy, Work and Heat

What are these?

Energy levels En depends on external parameters {ya}

(mean) energy E = zn PEn  Pn: prob. for (micro) state n

Change of energy E

via change of {ya} (ie.,,of E):workdone W=-AE
via change of Pn: heat absorbed  Q=AE

Energy transfer bet. two (macro) systems: work + heat

AE=Q —-W  (heat absorbed - work done) by the system



ol E 2 11| Entropy

To a given macro state  (E.{Y})
-~—— many micro states correspond e.g. £=9]
accessible states

number of accessible states Q(E,{y-})
Q >1 = missing information “entropy”

probability for the system in (macro) state (E,{Yy-})
p(E,{y.}) < Q(E,{y.}) postulate of equal a priori probability

macro state 1 (€2; small) ~ macro state f (< large)
Irreversibility

e.g. 4o A ko] & 7] o ut Ql&= e vs LEA HZ A H

P _ VI e

-




entropy S =klogQ (Boltzmann)  function of (macro) state

irreversibility: initial state — equilibrium state (S maximum)
i.e., S—max or AS>0  isolated system

gEzn] S Ayo| HaY

S=—1+1
A H | 29] Al E £ 1] negentropy ’

heat dQ absorbed via a quasi-static process:
dS=dQ/T (can be negative)

Clausius’ definition, but S?, holonomy, T?, very limited

temperature 1 _ 05 = energy E=E(T {y})
T oOE



1st law of thermodynamics

Q =AE +W  definition of heat —>energy conservation

infinitesimal change:  -@Q = TdS = dE + Za X .dy.

Xo=— ok generalized force

OY.

2nd law of thermodynamics

AS >0  Spontaneous change in an isolated system is non-decreasing.

More generally, % =k Q=R 2] (detailed) fluctuation theorem
p(—A

How can life survive the 2nd |aw?
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Thermodynamic potentials
single-component fluid: {y.}=V; Xa=p
ES,V) (< dE=TdS-pdV)
F(T,V)=E-TS (= dF =-SdT - pdV)
H(S, p)=E+pV (= dH=TdS + Vdp)
G(T,p)=F+pV=E-TS+pV (=dG =-SdT + Vdp)

System exchanging energy (work + heat) with environment at temperature T
“W =AE-Q

= AE-TAS+TAS,,

=AF +TAS,, 2nd Jaw

= W <-AF



2"d Jaw of thermodynamics

e Isolated system: S — max
e System In contact with a heat reservoir: F — min
* system In contact with a heat reservoir at constant pressure: G — min

More generally, we have integral fluctuation theorems:
<e‘AS > =1 =(AS)>0 ( <ex> > e<x>)
<eﬂ(W+AF)> =1 or <e/5W > =e ™" = (W)<-AF
W =0: AF <0



System in contact with a heat reservoir A’ at temp. T

environment A’

system A {@m)
2 energy E’
exchange
E+E'=E®
Prob. for system A in state r with energy E,

p, c QEN=Q(EY-E)
0 1
INQ'(E® -E)=InQ(EP)-E —InQY'(E))] =C-BE ==
(E”-E)=Q(E”)-E —-nQ(E) =C-pE  p=i-

_ 1
— poce’™ or p =—e’" e
7 canonical distribution

7 = Ze‘ﬁEr —Tre & partition function
r



Connection to thermodynamics

free energy

F=E-TS=-KTInZ or pf= F —iInZ
NKT N
mean (internal) energy and heat capacity
1 0 oE C 0?
E= E=—)e”’E=——InZ and C=— or c=—=—-kp? f
Zprrzz =3 p= N K o m ()

pressure and compressibility

P=——=——7 and KE———:__ _ = .
N vap  vlav) vlov

F:FO—MH:FO—H<Zsi> = m:%<25i>, Z_N—iT [(sisj>—(si><sj>]

flucTuaTuon—dissipaTion thm



Hamiltonian H=H,+U

Partition function 7 =Tre " =Tre Ao

high-temp. limit: SJU — 0  noninteracting system

low-temp. limit: SU — o0 ground state

T—%| noninteracting system

l perturbation expansion: density exp. (no A-exp.)

What is in between? phase fransition

I elementary excitations: collective modes

T—01 ground state solid crystal



Symmetry and Order

Spacetime: Homogeneous and Isotropic

Symmetry of Physical Law: e.g. 82| &= YAl a=F/m

Invariance under symmetry transformation
L=+3] s dtranslation, =Hrotation, A]{F X138time translation
X 5h24 2| charge conjugation, =% parity, A]ZtF E] A1 7|time reversal
ardat-rexchange/permutation

o] X]gauge

S =% condensed matter: A o] A= 7jA 4 Q&
spontaneous symmetry breaking
— ‘J=(2A]) order



Water and Ice: H,O £4=2 ATt

T
water (symmetry: translation, rot) disorder entropy -

T¢ | «— phase transition (symmetry breaking) - free energy
ice (broken symmetry) order energy -

0

Cooperativity among many constituents — emergent property

O M[-T M, 2, 2AKEZ, 27 22, 71 22, DNA ZO0{3, MZE 23 1o
NEZEE, S 28 o2 T, 275 A8, TA EA, H7| B2 33,



Order Parameter

How to specify the broken-symmetry state?

— order parameter

=0 sym. state (disordered)
=0 unsym. state (ordered)

Free energy functional expanded in powers of v  Landau theory

F(y) = F0+a|l,y|2 +b|w|4+---

— |:min

= equilibrium order parameter

a<0

0, a>0 i
v=1 @ o I S NS4
b ¥

Usually w: continuous at transition, i.e., w — 0as T — T,  2nd-order tr.
cf. 15t-order (discontinuous) transition



Discrete vs Continuous Symmetry

Discrete sym.: w may be a scalar (real) variable. Z,: Ising model
Continuous sym.: y has components, phase angle — phase field. U(1): XY model

P = [le’®

Raly

Goldstone theorem: continuous symmetry broken — Goldstone mode (no energy gap, massless)

Mermin-Wagner theorem: Continuous symmetry may not be broken (i.e. no LRO) ind = 2.



Continuous sym. U — 3 infinitesimal transformation U_= 1 + igL; (L;: generators)
UHU'=H = [H,L]=0, L const.of motion,i.e., dL/dt=0

Suppose that L transforms ops. A Into B according to  a: sym -restoring op.
L, A]=—iB, B: sym.-breaking op.

where the average of B is the order parameter v:

w=(B)=TrpB=iTrplA L] =iTr[p,L]A

Ordered state: w = 0 = [p,L] # 0 symmetry broken

p=Zte PH and [H,L] =0 = [p,L] =07??

p « Pe BH restricted ensemble «— ergodicity broken



Linear Response Theory

Perturbation —
ext. field h(r,t)

system H

— Response
phys. quantity 6B(r, t)

H=H,+H/ H’:—Ahz—jd3r A(r)h(r,t)

5(B(rt)=[d°r' [ dt/Ke,(r,rit,t)h(r't)
Kea(r, r;t,t") = i{[B(r,t), A(r',t')]) = Ky (r —r',t—t') linear response function

5 (B(0, ®)) = 754 (0, @) h(q, )

Zea(Q, @) = J'OOO dtjd:”r e T K L (r,t) =_[O°o dte'”K,,(q,t) generalized suscept.

Kea (@) =Vi<[B(q,t),A(—q)]>



Goldstone theorem
Linear response function
Kin(a,8) =i{[I(a,1), A(-q)])
K., (q=0, ®) = |j dte ([L, A]) = j dte =27(B)5(w)
= Usually, K, (q,o)= 27z<B>5[a)—a)(q)] with Ll_rg @(q) =0 if no long-range int.
= K (Q,@0) >0 as o — o(d) i.e., collective mode: o — 0 asq — 0

ferromagnet: L =S = [d®r s(r) = (S,, S, S,), i.e, L=S, A=S, B=S, ([S,H]=0)
antiferromagnet: L =S, A and B: comp. of stag. magnetization S = Zsi —Zsi ([S,H]=0)

icA ieB

superfluid: L =N (number op.), A/B: phase/amplitude of field op. ,;(r)

\ generator of gauge sym.



Goldstone mode

1. This mode may not be obvious.
2. It depends on the dynamics of the system. — No general theory.
3. Applicable at T = 0 as well, where (B) represents vac. expectation value. If g.s. (vac.)
breaks conti. sym. ((B) = (0|B|0) # 0), there exist elementary exc. with w—0 as g—0.
no energy gap: massless Goldstone boson
4. Continuous sym. cannot be broken in 2D. Mermin-Wagner theorem
5. Plasma osc. due to the presence of long-range Coulomb int. (gauge field)

Arne? AN

£0 local gauge sym.
m

2 242 2
C()(q) :\/(()p +qu W)C()p =

Thus breaking of local gauge sym. - Goldstone bosons

Instead gauge particles acquire mass. (Anderson-)Higgs [ABEGHHK] mechanism
e.g., gauge bosons in weak int. W', Z0
Meissner effect in superconductivity: gauge particle (photon) gets massive



Examples of Goldstone Modes

1. Lattice (translation sym. broken)
— lattice vibrations (phonons): w o< g time rev. sym. unbroken
2. Magnet (rotational sym. broken)
— spin waves (magnons)
(F) w o< g? time rev. sym. broken
(AF) w oc g time rev. sym. broken, but order parameter not const. of motion
3. Charge-density waves (CDW) (translational sym. broken)
Peierls instability — periodic lattice distortion (PLD) (static — insulator)
CD Ap cceikx+9) energy indep. of ¢ = long-wavelength fluc. in ¢
— phason ¢ ccel@®-o) (¢ — 0 asqg— 0) phonon in the soliton lattice
sliding of PLD — Frohlich conduction
cf. soliton condensation: commensurate-incommensurate (C-1C) transition



Topological Perspectives

Elementary particle («— Field theory)
symmetry, unification, charm, beauty, TOE,...
Condensed matter (< Statistical mechanics)

symmetry-breaking, disorder, randomness, frustration, chaos, ...

Yet best precision comes from “dirty” condensed matter!

voltage standard: Josephson effect v, = (v = 2£<¢> = nZ_Ce" (~107Y)
e

eZ

resistance standard: quantum Hall effect o, = nr (~107")

Why?



Quantum Numbers: Symmetry vs Topology

Symmetry vs Topology

Mug and doughnut: different symmetry but the same topology




Topological Singularities

« Defects in ordered state (— order-breaking, sym.-restoring) can play
Important role in phase transitions (both conti. & discrete sym.)

 Finite energy gap < Goldstone mode (only for conti. sym.)

Discrete symmetry
1D order parameter (e.g., Ising)
domain wall (magnetism, ferroelectricity, CDW)

Continuous symmetry

2D order parameter (XY model) ¢ = |ip|e'?

vortex (supercond., superfluid He%)
dislocation (crystal)

3D order parameter (Heisenberg model)
monopole, vacancy or interstitial (crystal)
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vortex

:2)

point vortex (d

phase configuration (0 < ¢ < 27)

:3)

vortex/flux line (d
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Charge —1: antivortex

charge +1: vortex



dislocation

AVAVAVAN
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pair of disclination
disclinations



monopole

=



Symmetry — conserved quantity Noether's theorem
discrete eigenvalues for the operator quantum numbers
symmetry: fragile, subject to perturbation

broken — mixing of the quantum numbers

Topology — winding numbers
topological charge (quantum numbers)
topology: robust against perturbation

— high precision
Condensate wave function
w(r) =y (r)|e”"

$Vg-di=2zn topological charge n > 0: vortex




Quantum Interference

e Moving charge in the presence of vector potential A

— Hamiltonian AB phase acquired

1 e Y e e e
H=—/p+-A =—@pA-dl=—|B-da=—o
2m (p c j Mo = | he nc °
gauge transformation: A — A+ VA = y — yelEh)h
= Bohm-Aharonov effect
* Moving magnetic moment in the presence of scalar potential A,

(moving solenoid in the presence of charge)

— Hamiltonian AC phase acquired
1 1 i e 1

:%(D_EEXHJ ¢Ac:h_cq->AAC'd| (AACEENXEJ

= Aharonov-Casher effect



Persistent Currents

Free electrons in a metallic loop

- BATluX @, =¢A-di=[B-da=fd, (®,=hc/e)

~ ACTIX @, =§A,c-dI :”—:jv.Edaz”—:4mzafAcq>o
(o = £1: spin state; A: linear charge density)

2

2mR?

— Energy level E._= (n+ f)2 (—1/2< f S]/Z) f = fAB+O'fAC

o
— Totalenergy E=) E,

— Charge current Spin current
| = e OE | :i OE _eii
27h Of pg C 4r of . BT |



Superfluids and Superconductors

Condensate wave function  w/(r) =|y (r)[e”"”
Superfluid velocity v, =%V¢

circulation <j§vs dl =£§>V¢-dl _ nﬂ winding number n: topological . number
m

m vortex quantization
Superconductor
: 2e|y| 2e 2¢ 2«
J.=2ey*vy =——| hiV¢——A | =0, inside superconductor = Vg=—A=—A
m C hc D,
hc hc di b
flux ®:¢A.d|:_4§v¢.d|_2nﬂ__nq) winding number n:
2e 2e flux quantization

V- dl=§Vp-di— [Vodi=dz—g (p=d-h)

A-dI=CJ3A-dI— j A-dl=d-— j A-dl

1T

gauge-invariant phase difference ¢ = ¢——IA dl =2n7z - 272'%— 2z(n—1)

0



Phase Transitions: Topological Perspectives

Discrete symmetry: Ising model in d dimensions H = _sti J
(i)
Domain wall in the system of linear size L
entropy S=klog Q =kd log L
(- # of possible positions of d.w.: Q = L9)
energy cost E =2JL4 1 (.- # of spins at d.w. ~ L9°1)

o - — . .
o a— - - -
o a— -a— .— -

— — — — —
— — — — —

Free energy cost AF=E — TS =2JL41-dkT log L
d < 1: entropy dominates, AF <0 = many domains, no order
d > 1: energy dominates below some finite T = ph. tr. into ordered state
Thus the lower critical dim. d, = 1 for the Ising model.



Correlation length

2D Ising model

Divergence of correlation length at T,
— scale invariance



Continuous symmetry: n-vector model in d dimensions (n > 2)

O H=—JZsi-sj (s:: n-dim. Vector)
AN NANANANEN (i)

N A S angle bet adjacent layers = LO/w

energy cost E ~ JwWLY [ 1— cos(6/w)] ~ Iw "1 L4162 > J L4262
entropy S <kdlogL
free energy cost AF > JL426?—dkT log L
d > 2: AF > 0 below some finite T = ph. tr. into ordered state
d <2:7? It turns out that phase fluctuations (spin waves) destroy LRO.
Thus the lower critical dim. d, = 2 for the n-vector model (n > 2).

Mermin-Wagner theorem: Continuous sym. cannot be broken (i.e. no LRO) ind = 2.



Phase fluctuations in two dimensions (d =2) ¢(r) = [(r)[e'*®

Order parameter || = 0: no long-range order < no broken (continuous) symmetry

spin-wave excitations Correlation function

I(r) =(w(Ny*0)) = <e‘¢(”e“¢(°)> superfluids/supercond

} 1 1 } 44

f ; 'f ‘1‘ ‘!‘ b4 (s(r)-s(0)) | magtnits

I : ; f T ; % E ! : </OG(r)pei((zlzfe'e-'[u(f)U(O)]>_ (Dyebye_v\/a”er facton
bodoy {, f Ijr I ps(r)=e with R(r) =r+u(r)

b ; 4 ; ; 1" 1‘ In the limit r — oo,

k } 1 ; ; I t 44 Spinvl!?rv)efX{:ir@ottemeﬁLRo

Ry I ; ; ; : : : I'(r) ~ rv€ " algebraitSQBERO) “critical”

= algebraic (« o-ftn) Bragg peaks



Examples of 2D phase fluctuations

Superfluid 4He films
third sound, oscillating substrate
Superconducting films
type Il (effective penetration depth large), ac impedance measurement
transverse magnetic field = Abrikosov flux lattice, 2D melting
Superconducting arrays
precise realization of the XY model
Liquid crystal films
Lipid monolayers floating on water
Adsorption (e.g. Xe, Kr on graphite)
Incommensurate melting (IC (floating) solid - IC fluid)
Electron systems (e.g. MnQO films)
disorder-driven M-I transition



Berezinskii-Kosterlitz-Thouless Transition

2D Superconducting Arrays

1

superconducting islands
weakly coupled by
Josephson junctions

 Described by the 2D XY model
o Study of low-dim. physics
 Related to a variety of systems

e.g. superconducting networks

tight-binding electrons
high-T¢ superconductors

quantum Hall system



Ginzburg-Landau Description

o GL free energy
F=Y (aly,| +blw.|) + <Z>c
i I,j

Two transition regions

2
Wi_Wj|

BT = Tpcs
(a=0)

R

R#0

s



Lower transition region: Phase fluctuations only
amplitude fluctuations: negligible (only slight renormalization)

Y(r) = [P|eP™ with [yp| = const. or P, = |P|e?:
= F =Y (ay[ +bly[") + c%\wi ;| =N(a+b)+clyf %\e‘<ﬂ‘¢j) —1\2
I ] ]
= |:o —JZCOS(@ _¢j)
(i)
spin-wave excitations (continuum system)
cOs(dh -~ ¢)) *1— (4~ )" =1 (V)

- J 2 2
:>F~F1+E_|'d r (Vo)



Correlation function
I(r) = <l//(l’)l//*(0)> _ <ei¢(r)e—i¢(0)> o %J'ch(r) o= AF gilé(N-4(0)]
1 ik-r J 2| 4 |2
FT: 4(r) Eﬁzkle ¢, F :Ezk:k 4|
= spin-wave theory

r(ry=(e")= e 2" A=¢(r)-¢(0)
1/, 1 2 2\ kg
(A >_vzk:(1—cosk-r)<|¢k| ) {lad )=

1 1 cosk r d’k 1-cosk-r 1 %dk

= '[ ; = j +const.
KV ” (27) K K 27K 3,
1 r

:_|0g _
27K LaOJ

G . 1 kT |
r(r)~e = %/ M with n(T) = =B algebraic decay (QLRO)

27K 27



Susceptibility

z~jd2rr(r)~jd2r r” ~_[dr r=" —>{ finite for 7> 2

o forp<?2

Phase transition at # = 2 or kgT, = 42J ?

spin-wave excitations — QLRO (at low T)
{ another type of excitation: vortex excitations <_|5V¢-d| =27n
— disorder (at relatively high T)?



2D XY Model

H=-3)s;'s, «s,=(S,,S,)=|si|(cosg,sing) XY spin

=—E, Y cos(¢,—¢4,) 2D XY model
(i.1)
Excitations {SPin wave : Golds’rone mode
vortex : topological defect

S e a o aanmmm e ..
® o< Teoworticesas gy - 220 000
jjjjj:‘“IQe:btaucdecayo‘ft:orrélatjdns~r M orsescmmnesas
m > If@} :dils;s;)c:slatlon of l?qupé?i)élirsi%—%free Vé)l(t;oe?e ‘
vy sexponential decay of correlations ~ e TR 11T
Pyl In =R #0for 2D superconductars v

= BKT@pnsitionat T =T,  (b) (c)
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vortex at r = 0: ¢(r) = 4(r)

Vg=10 [V xV¢=275(r)z]
9 I
- cIVy P=clyf (V) =2E, =
0 (9 4 4 9 J r 2

energy of a single vortex

1 2 o 1 N R row
ElV_EEJId r (Vo) _EEde r— =7E, |n(§ > 00

free energy change asso. with free vortex formation
R

AF = AE —TAS = 7E, |n§— ko T INQ = (7E, —2k,T) |nE
T < T, = zE, /2k: bound pairs — algebraic decay
T > T, : free vortices — exponential decay
T =T, : ionization of vortices — BKT fransition
topological (no sym. breaking)



Effects of Magnetic Field

Field induced vortices (repulsive) (+ thermally excited ones)
— tend to form reqgular flux latticeat T =0

Competition between flux lattice and underlying array periodicity

- ] — commensurate

AT B . -incommensurate effects

as magnetic field is varied

[\
o
e
—2_
A

resistance (m£2)

f—
o
T

= frustrated XY model

-.1 0 1
frustration




Frustrated XY Model
H = _EJ <Z>COS(¢i _¢j - Aij)
1)

A E%fA-dl, 3" A, = 220/, = 2
P

(f : gauge-invariant frustration)
e Only frustration effects («»> spin-glass)

enter in a controllable way («— magnetic ficld) complex systems

* Discrete symmetry Z, in addition to continuous U(1) symmetry
— possibility of LRO in 2D (vortex + domain wall)

« Duality transformation — Coulomb gas of (fractional) charges

H =2rE; ) [ng — fIG(R,R")[ng. — f]
(RR)



Symmetry depends on f in a highly discontinuous fashion
f = 0 (unfrustrated XY model): U(1), BKT transition (<— RG analysis, Kosterlitz)

T < T,: critical, power-law decay of phase correlation
f =% (fully frustrated): U(1)xZ,
ground state: doubly degenerate (discrete) — Z, (Ising)

L

=

/ \ — ferromagnetic
Y Y '
- — - / :-—/ — antiferromagnetic
N N | \
e y

Y Y
Chirality q(R, t) = sgn Y.psin(¢; — ¢ — Al-j) = +1



f = irrational (irrationally frustrated): glass transition? (T, — 0 as L — )
unit cell itself is infinite — intrinsic finite-size effects
successive orderings (corresponding to rational approx. of f) at larger length scales

f = random (gauge glass, random A;;): frustration + randomness
(quasi-)glass transition at finite temperature T.=0.21 = 0.03
T <T,: algebraic glass order

glass order parameter g = U<ei¢i >H 0

correlation function of glass order parameter

o ffe -




Dynamical Properties

I I I I:I Lx L SQ array
O uniform applied currents
: I = (Sx,l _SX,L)
9

current conservation — equations of motion
' h d - ex
Z [ZER dt (¢ _¢j _Aij)"' I Sm(¢i _¢j _Aij)+77ij:| = I, t
A\ 2KT

noise current <77ij (D7, (t )> = ?5(1: t )(5|k5 é‘iléjk)
| = 0: relaxation toward equilibrium
| = 1, IV characteristics, current-induced unbinding, coherence resonance
| =1, cos Qt: dynamics transitions, SR
| = 1,+ I, cos Qt: mode locking, melting transition

%

0 j
R resistively shunted junction (RSJ)

S
I



Relaxation to Equilibrium

f=0
number of vortices

10*

3 '
107 | N

= 102 t \\&\xk\\
=~

10" ¢

10° t

10° 10’ 102 10° 104
t

N, ~t™ (« y =finite)

1/2

vortex separation & ~t"° —>z=2

phase correlation function

1

08 - %

0.6

Cq(t)

0.4 r

0.2

r/Ls(t)
C, (1) =r"Cq (1)
n=0.083(#0: QLRO)
(= 77, zT/27Z+T2/47Z)



f=1/2

chirality autocorrelation function

Cltt) =5 (et +1)8. 0] aRO=san Y, sin(d 4, - A)

R

aging

1072 10° 10° 104 104




Ce(D)

Ce()

V5-1

2
T=018
-1
10 ¢
u._,.m?.-;w'-\zg - L: 5 8
\\ 8 -
\W “‘“V“*
10‘2 \""H o
“x-w¢.‘
3
10 I
1101 )
10 r
‘K\\
\%%h
) =
107 I
10’ ‘
t

- Irrational golden number

T <T.(L)

-algebraic
slower as L1

T >T.(L)

-exponential
faster as L1

intrinsic finite-size effects

f = random: gauge glass

long-time regime: algebraic

10-3 L

\\

2,

10"

C.(t)~t™m,

163 16" |
t

031, T=0.10
“10.45, T=0.15

dep. on T — algebraic glass order



DC Driving

IV characteristics (f=0)
Voal? (asl— 0)
T>T,: a=1 (Ohmic)
T—->T,:a=3 (a=z+1)
Effects of driving

Langevin equation of motion
— Fokker-Planck equation for P({¢},1)
stationary sol. P({#.}) o« exp(—£H[4])

— effective Hamiltonian H[¢] (washboard pot.)

1/4

TC(I)z|:1—[Ilj } T.(1 =0) current-induced unbinding

c



AC Driving

Dynamic Transitions: f =1

m(t) 0

-5

Chirality

Staggered magnetization

Dynamic order parameter

Einls
L L

IR

0

5 10 15 20
t

25

q(R,t) =sgn ZpSin(¢i _¢j - A”)
m(t)=L?) (- q(R,t)
Q = (©/27)|§dt m(t)‘

1

IO = 098, 103, 150’ 20 S 05 L !;_,.
from above |,
Q21 = 0.08 (T = 0)




'R H0DE

—> Phase diagram

Q/277=0.08(), 0.16(A)

Dynamic order parameter

VS temperature

l,=0.3 (), 0.5(0), 0.8(A)

3

r: N
25

2 jt_____""‘“-'-h,_ Q =0

tr’"& ____E%
I, 15% N

| F————a_ \\

D L. i i i i
0 0.1 02 0.3 04 0.5



Scaling Relation

Q=L (T -T,)L™)

1.5

{Q}' LE‘ AY

05 |

Fo g
i
Id-?.. .
.-..:.._ I',L i
r:"ﬂ ﬁ:n-{'h-.-f_ﬁ DOy A
0 5
]_ !
(T-T YL

10

,=0.3

£=0.09; v=0.82

Same universality class as the equilibrium Z, transition in the

FFXY model



Power spectrum

l,=0.8; Q/27=0.08
(Q>0atT=0)

v" Sharp peak at even harmonics
v' Broad peak at odd harmonics

l,=1.2; Q27=0.08
(Q=0atT=0)

v' Sharp peak at odd harmonics
v’ Broad peak at even harmonics

P(w)

P(w)

/L
|
SR
WAL
Wi og |
o 2 4 5 8



Stochastic Resonance (SR)

SNR = 1o|oglo[§} signal S : power spectrum peak at €2
N N : background noise level

l,=0.8; QU27=0.08:Q>0(noosc.)atT=0

/\ v" SR phenomena
/ % peak only at T >T,

/ N (= double peaks around T,)

A = 71— o0 at T<T,

0 0.1 0.2 0.3 0.4 0.5



I, =1.2; QA/21t = 0.08: Q = 0 (osc. with freq. Q) at T =0

First harmonics Q Second harmonics 2Q
B0 12
. |
40 |
e
; 5 ¢
20
3 L
ol : : - . ol : .
n 01 (1! 03 04 05 0 01 02 n3 04 0.5
T T

v No SR at 1st harmonics v" SR at 2nd harmonics



|, =2.0; /2t = 0.08: Q > 0 (osc. with freq. 2Q) at T =0

SNR

Second harmonics 2Q Third harmonics 3Q
60 15
12 +
40 |
2
N
20 r 6 L i
3 ! ! ! !
0 : : : : 0 0.1 0.2 0.3 0.4 0.5
0 0.1 0.2 0.3 0.4 0.5 T
T
v" No SR at 2nd harmonics v' SR at 3rd harmonics

SR also present in dc driven system («— vortex motion)
— coherence resonance (CR)



Mode Locking, Melting, and Transitions

actdcdriving I =1+ 1, cosQtatT=0

— voltage quantization: giant Shapiro steps (GSS)

25 | ]
2 1 f=00 V)=n"22 |Gss
e | 2e
V
(V) 1 . f = r/s: <V>:E—LhQ FGSS
0.5 - 5 2
0 SEIC. cf. devil's staircase

- mode locking < topological invariance
» chaos



Quantum Properties

Macroscopic Quantum Phenomena
H :2e2<Z;[ni —q](:i;l[nj —q]—EJ%cos@i -4, —AJ.)
1) 1)
-

 Cooper pairs on the it grain
charge 2en; (charging energy) <> phase ¢ (Josephson energy)
canonical quantization [n;, ] = -15; = MQP
* Magnetic field B — gauge field A;— magnetic frustration f
 Gate voltage (electric field) V — gauge charge Q — charge frustration g
= Q/2e

thermal fluctuations <> quantum fluctuations
magnetic frustration <> charge frustration




Quantum phase transition (S-1) at T = 0 «— quantum fluctuations
Ec (= 4e°/C) « E; : phase ordering — superconductor
Ec > E;: charge ordering — (Mott) insulator

T >0 (f =g =0): BKT transition
vortex unbinding (S-N) at T,
charge unbinding (S-I) at T,

T .
" free charges/vortices
U TC

vortex dipoles charge dipoles

o =/Ec/E,

Oic
(self-dual)



Topological Quantization

« voltage — charge motion — current
current — vortex motion — voltage

 E. < E; acdriving — voltage quantization

fol. (V>:EL§—Q Giant Shapiro steps (GSS)
S s 2e

« E.> E,: acdriving — current quantization (Bloch osc.)
r n L2eQ
=—: (l)Y=—
| S < > S 2rx
« E.~E; E./E, provides K.E. of vortices/charges, destroying lattice structure
— quantum fluid — conductance quantization
quantum vortex: boson with hard core (*." Berry’s phase)

— fermion with gauge field (via Jordan-Wigner transformation)

2
= O, = m% (m =even) Quantum Hall effect (QHE)

Giant inverse Shapiro steps (GISS)



Non-simply Connected Geometry

 Interference effects
charge moving in magnetic field: Aharonov-Bohm effect

2e ok

— persistent current h of

vortex moving in gauge charge field: Aharonov-Casher effect

1 oE

rsistent voltage V =——
—s persistent voltag % 0

e Coupled Array

— charge transport via excitons
(pairs of excess and deficit Cooper palirs)

— Interesting phase transition and transport properties



Vortex Current

Annulus-shaped array with induced charge Q,,, = —2€q
on the inner boundary

— N vortices = Laughlin-type wave function

— persistent vortex current _COJE
' 2e0q

v

— persistent voltage v =_-—
C

—> spontaneous voltage

NE, aNE, |
= |1t
n°e Ane” In(R,/R,)

4

Vv

S

a: thickness



Epilogue

Symmetry, Topology, and Phase Transitions

Paradigmatic system: XY model and Related Systems — rich physics

NaBBbRH e PhEEe HieeSHBs N -
Z %‘aﬂﬁcﬁrﬁ‘.”ﬂ’iﬁﬂ&%!”gg“if’ﬁxﬁéﬂééﬁ'%&8}1'&%éﬁ%ﬂ%‘.tBﬂﬁc%ﬁtqu%F&aﬂé't'0”’ T=0

glass transition, algebraic glass transition . _
theoretical discoveries of topological phase transitions and topological phases of matter

Dynamic relaxation and responses
anomalous relaxation and coarsening, roughening transition, aging, nonlinear IV
relations and mode locking, current-induced unbinding, dynamic transition, SR

Macroscopic/mesoscopic quantum phenomena
quantum fluctuations and dissipation, guantum phase transition, charge-vortex duality,
quantum vortex, persistent current and voltage, topological quantization, exciton
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