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I. Phase Transitions and  
Critical Phenomena



phase transition : abrupt change of the system

by the variation of external parameters
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< magnetic transition >

magnet no magnetization c paramagnetic ) for T > Tc
I finite magnetization C ferromagnetic) for TC Tc

alignment of spins ⇒ ferromagnetism
magnetization mT=fz5i n order parameter

"

Two kinds of phase transitions

D continuous phase transition

mnorder parameter is continuous at the transition \
critical phenomena show up To
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!
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at the transition To
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In a conventional transition

order parameter : first - order derivative of free energy

ex , m = -

I m : magnetization , f : free energy density
OH

H : magnetic field

⇒ phase transition : singularity in free energy
some derivatives of free energy is not continuous at transition

critical phenomena : at continuous transition
,
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correlation length B
characteristic decay length for correlation function of order parameters
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< mean - field theory >

Weiss mean . field theory
nearest - neighbor Ising model
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,

si Sj Si -

- It
, cijs : nearest - neighbor pairs

it J -

- o : partition function ZLH ]=
,

The
- B " Si

= L2coshltykizt ) ]N I p=Yk.T )

m= - i3F=ifhT⇒nZLHI=tanhlh¥) mii , # o : H meet ' 'd

Hm
,

= - EH Si #
H= - In Hi Si

,
nm .

 ofi

Hi  = Ht J

Egos
j

 = Ht Jj 's Sj > t Jz#Djs )

neglect fluctuations from mean value
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Hamiltonian H= - HE Si - J j ,
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critical phenomena in mean - field theory
m -
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critical exponents for an . Ising model

mean - field 217 Ising 3-D Ising
d 0 O 0.11
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it I ¥ 1.24

8 3 15 482



II. Landau Theory



< phenomenological Landau theory >

Landau free energy Lcm ] ( m : order parameter )

D L should be
.

consistent with symmetries of the system

② near the transition

L can be expanded in a power series of m

Landau free energy density
L I ¥ = Egan I K

,
T ) m

"

③ find mowhich minimizes L
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Moto : ordered phase I TC To )



< Landau theory for Ising model >
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critical exponents
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if no symmetry on m
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Allow some spatial variation of m

" local order parameter
" MCF )

Landau free energy functional
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correlation function
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< Breakdown of Landau theory >

Ginzburg criterion or
I
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upper critical dimension "

beyond which critical phenomena from Landau theory
are correct



( upper critical dimension >

in general
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III. Scaling Hypothesis and  
Block Spin Transformaton



Scaling Laws for critical exponents d. B ,2
,

S
,

V
, 7

, . . . .

we can derive following inequalities from thermodynamics

D at 2B t 222 : Rush brooke

② Bt 2 Z B 822 - L - B : Griffith

③ 12 - 7) VZ 8 : Fisher

④ dis - 11/18+1122-2 : Buckingham - Gunton

) hyperscaling
⑤ du Z 2 - d : Josephson

( d : spatial dimension )



ex ) Rush brooke inequality
CH = Tf¥ It ,

= - TIFF)
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Cm = - T I 3¥. )m
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dm = I Ifk , dttfff.it ,
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is 217 Ising model : Onsager solution

2=0
,

B - If ,

F- IT ,
f= If

,
V= I

, 7=41 I d=2 )

O Rush brooke : O -12.1ft IT = 2 ② Griffith : It ¥ = f. 15=2- O - £
③ Fisher : 12-It I = ¥
④ B - G : 2. (15-1)/(15-11) = 2 - IT ⑤ Josephson : 2 . I = 2 - o

2) 3D Ising model

2=0.10 , B = 0.33
, 8=1.24

,
8=48

,
V= 0.63

, 7=0.04 ( d =3 )
① 0.101-2-0.33+1.24=2.00 ② 0.33+1.24 = 0.33 . 48 I 2 - 0.10 - 0.33

( 1.57 ) ( 1.6 ) ( 1.57 )

③ ( 2 - 0.04 ) . 0.63 = 1.24 ④ 3. (4.8-1)/(48-11) I 2- 0.04 ⑤ 3. 0.63=2-0.10
( I .

23 ) ( 1.97 ) C 1.96 ) ( 1.9 ) C 1.90 )

3) mean - field exponents
4=0 , B=I

,

2=1 ,
8=3

, V=I ,
7=0 I D= ? )

D Ot 2. It 1=2 ② It I = I. 3 = 2 - O - It ③ ( 2 - O ) . I = I

④ 4. (3-1)/(3-11)=2 - o ⑤ 4 . It = 2 - o

Equalityholds for all known solutions



( Static Scaling Hypothesis > I B. Wid om
' 651

met .

h ) = TB Fmt I ht to ) for t > oI
c - TP Fm

-

cha - tf ) for too

= It IB Tim Chatto ) : scaling
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met .

h ) = TB Fmt I htt ' ) for t > o

( Scaling Laws from Scaling Hypothesis > the
. tp Fm

-

chic - tf ) for too

D time - reversal symmetry met ,
h ) = - met

,

- h )

⇒ Fini ( X ) = - Tim I - X ) :  odd function
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.
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I ftp.cmst for to

⇒ Tant to ) = o
, Fnicx ) → const as X - so
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- °

Fini
'

( 0 )

⇒ - f =p - O D= Btf
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- to Griffith

⇒ p - 10=0
,

D= 48 D= p . f



< Scaling

Hypothesis

for Free Energy >

f sit ,
h )

=L
-

tf
- d

Ff

Ihh
-

tf
) c too )

t singular part of free energy

D heat capacity : CH - - T (3¥)h=onttt : Tyco ) = const

② magnetization m= - fifty -

I .tf- d- off'f¥o )
h → o : 2 - d - O =p

③ susceptibility Xt = IFT - I - the
. d - 20

Ff
"

fFfp)

2- d - 20 = - f

⇒ Lt 2ft 8=2 Rush brooke

pf -
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< Scaling Hypothesis for Correlation Function >

Air
,

th ) =pd. Fa ( Fitt
, )

" FIE
XT - f GIF , ddf '

n §
- ed -2+7

?
gd n 32-7 - Hive-7 )

J = V ( 2 - 7 ) : Fisher

dimensional analysis Cfs ] =L
- d

⇒ gf÷
,

-5
- d

- it Iud :
.
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g ¥Iffy = ⇒ dS =D ÷ = If .cz -21=2-2 : B - G

Griffith Fisher Jotsephson



( block

spins
)

argument for scaling laws I L
.

P
.

Kadanoff ' 66 )

block spin transformation

.

}l
Isi }

- BHr= K sisjthz.si
( K BJ , h=pH )

SI -

- f I Li EI
,

Sit )

ex ) majority rule
, Sz=sgn( ¥ ,

Si )

I SII

- pHe=ke¥ , ,
Sass the ESI

( KEK
,

heh )

Assumption I : interaction types remain the same



by block spin transformation

Isil : N spins → ISIS : Med c block ) spins

correlation length : E -

- Ee . a = Ee . la ⇒ Be = Et 's 3 ,

external field HE Si  = he ESI or HE ,
Si  = hes 't

⇒ h . med = he

free energy density fete ,
he ) = fit ,h ) . ed

Assumption It : te = test

§ the-

- heth
^

g , h
block spin transformation feces ,

⇒ Hel > HI%\ the > Ihl

⇒ Yt > O
,

YPO

ti te
'

t



free energy density fsct
.

h ) = l
- dfs C test

,

he Th )

set l = Itt
- Ytt  

⇒ fsct ,
h ) = It ldttt fs I ± I

,
hit ithttt )

recall scaling hypothesis f sit ,
h ) =

Itf
- d

FIThttp
)

Kadanoff 's argument  

⇒ scaling laws

if 2- D= dlyt
,

0=-1Ynlyt
,

fs I II. X ) = Fft ( X )

correlation function
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,
he ) I C Ss Ss > - C Ss > c So > Fe = T 'll

SI - heh Ey,
Si ~ l

- Th

Fez Si

⇒ Girl
,
te

,
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,
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,
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Gert ,
t

,
h ) = l

- old - Th ) Guile
,

tett
,

heth)

set e= it ,

- ' Ht

Gert
,

th ) = Itf
'd - Th ' Ht

G ( Fitt 'Gt
,

It
,

hit I

- That )

= path - d)
( r , titty

'd - Th )
G ( Fitt 'Gt

,
It

,
hit INTL )

= raid- th , Fat ( rt tilt
,

hit I

- That )

recall Gl F. th ) =pd-Fat Fitt
, )

they are consistent if
v = Yyt

, o=Yh/yt ,

2 Cd - Yh ) = d- 2+2



remarks for Kadam offs argument
1) it does not give informations for the values of Yt and Ln

the form of scaling functions

2) only

two
independent exponents Yt and Yh

D= 2 - dat
,

p = I d - Y hyyt ,

f- - I d - 2 Yhllyt

f= -3kd - yn ,
V = YA

,
7 = d - 2 Tht 2

yields allscattinglaws

3)
"

coarse graining
"

,

elimination of short-range fluctuations
⇒ renormalization of coupling constants It

,
h ) → c te

.
he )



IV. Renormalization Group 
Transformation: Basics



s Renormalization Group Transformation >

←
interaction operators

general Hamiltonian IT I - BH = En KanOn CSI c K = I ki.kz
.

.
.  . t I

coupling constants

renormalization group transformation I RGT )

[ K
' I = Re LK ] I l > is Re

, e. LK ] = Real Re
,
[ KD

partition function Z , Ck ] =Trek( K.ISit )

"

free energy density
"

81kt IT en Zack ]

e

KTKilSID
= Trgsi ,

etc
Kitsis ) = Tris ,

Ill Sis
, ISI 's ) etc Kitsis )

projection operator

ex ) majorityrule Ill Sit
, ISI 't ) = It SCSI - sgniz ,

Si ) )



properties of projection operator

it Ill Sis
,

ISIS ) Zo ⇒ e Elk's Iss 'D
zo

lil E is
,
ISIS ) should reflect symmetries of system

in l If ,
ICI Sit

,
ISIS ) = I

⇒ Zwick 's = Tris ; ,
e

'T ' " 'S it '
= Tr

, Tyg ;fI Isis
, ISI 's ) etc Kitsis )

-

= Zack ] "
I

g I K ' I = ¥ In ZN ' Lk ' I =

, l n Zack ] = ed g Ck ]

K
' n'

= Rel K
' " '

] = . . .  = Rem
'

I K ]

KIK
" '

→ K
' ' '

→ K
" '

→ K' ¥. . .
 : a flow in parameter space



( Fixed Points >

fixed point I

FP
) of RG transformation

k* = Re I K 't ]

for any K' = Reck ]
,

Elk ' ] =3 [ kill

at Fl? k* Elk
't ] = Elk 't Ill ⇒ 51kt ) =p, co

trivial FP tri tical FP

basin of attraction : a set of initial conditions which flow to a given FP

critical manifold : basin of attraction of critical FP

for a point K in critical manifold

Elk ] =L ELK " ' ] = . . .  =L
" Elkin

'

]

n →  as : K ' n'
→ Kt

, § I K
't ] =D → Elk ] =D

ex ) nearest neighbor Ising model Cd 221

• a c a • s  >  > •
three Fps

-1=0 To -1=0

3=0 5=0 3=0



( Local behavior of RG flows near a fixed point >

kn = Knit t fkn I n -

- I
,

2,3 ,
. . .

,
D ) D : dimension of parameter space

near a fixed point H = A *
t SH

RGT : K
'  

= Re I K ]

kn
'

I Knit t Skin = Kick # t Ski
,

Kitt Sk
. ,

. . . ]

= Kitt En3¥I
#

8km + qccgtjyneglect

Ski = Em Mnm 8km I Mnm '=3¥mlk* )

linearized RGT near a given FP

assume IM is a symmetric matrix ( not in general )

⇒ eigenvectors E 't '

. eigenvalues hit
'

IM
'll E 0 '

= he
" ' E ' n



IM
'll E 0 '

= he
" ' E' ' a

Re Re .  = Ree . ⇒ IM
' "

IM
" "

= IM
'll
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⇒ he
" '

he? '
= nie

'
. .

. p

from hit
'

=L
,

we can show he
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= lb
T

cpf. ) I ,
D ⇒ he

" '

Net
"

= d nie
'

set e' =L → hi "
'

NI
'

= the
"

, Fenner '
= et ni

"

rio '
-

- I → en he 't n .

" '
'

en e → he
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= emi
"

Into
t

expand SEin terms of 1 Erl
f I

'
= I act ' E' ' o ' at t '

= EM SE

linearized RGT

SIT
"

= IM SIT = za
't ' IM eto '

= E a' " No ' E ' o '
= gain

'

E r

a' T "
= Nagin
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Nfl
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i ) Neo
'

71 : yo > o →
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'

as l T " relevant "

lil NIKI: Treo →
lait'µ as l# T

" irrelevant "

iii. I A
" ' =L : you → a

' n does not change
"

marginal
"



( Types of Fixed Points >

C codimension of basin of attraction of FP = number of

irt
directions

relevant
3 : correlation length
1) sink ( G- o

, 5=0 ) stable bulk phase

2) discontinuity FP ( C -

- I
,

E -

- o ) coexistence plane
phase boundary ,

discontinuous transition

3) continuity FD ( C -

- I
, f- o ) bulk phase

phase boundary ,
continuous Variation

4) critical Ff I C -

- 2
, 3=0 ) critical manifold

Has .

n .
n

. Ising ( d > 2)
5) triple point ( C -

- 2
, 3=0 )

,

n

innitisieiti:
'

.si?n:::i:ii:.s=o ,

H -

- O • s s • > > s •

-1=0 To T 's



( Case of one relevant variable >

temperature T or K=J/kBT
RGT T

'
= REIT )

,
fixed point

 T *
= Rett )

near Tt T
'

- T 't
= Re I T ) - REITH = he I T - T 't ) t O ( T - T 't )

'

reduced temperature f  

=
T - T *

he = 3¥. htt

TT

t '  
= t . eat

,
t ' "

-

- tutti after n iterations

correlation length
Ect ) = l Ect 's = . . .

 = In § ( t . Inst )

set t . l
" 'tt=b or I = ¥1

' kntti

Both I ⇒
' At

qb ) - t
- Ht

⇒ u -
- Yyt

free energy fit , = e
- d fit , = . . .  = e

- nd f I t . Litt )

⇒ fit , -

- fbtldtttfcb ) n t
Htt

⇒ Hye = 2 - d

du = 2 - d



( Case of two relevant variables with diagonal RAT >

T
'

= Ret IT
,

H )
\

H
'

= Re
" IT

,
H )

fixed point
T 't = Rett T 't

,
Ht )

(
H 't

= Rett I T 't
,

H* )

near I T 't
,

H 't ) OT = T - T 't
,

OH = H - H
't

⇐it .info: ,

my :: 3¥19.tl#....=lIienl=le:te:n )
" diagonal RGT

"



correlation length q it
,

h ) = l "
31 lntt . t

,
lath . h )

I bltjttt 31 b. o ) n t
- Ytt

for h -

- o
, 3 It , ol

-

- l
"

El lntt . t
'

O ) I enyt . t  

± b v =
' Ht

for to
, Eco .

h) =L " 510 ,
lnthh ) = I bln)%h } co ,

b ) n h - 4th

Tenth he -
- b

free energy density

f it
,

h ) = l
- nd

f I lnttt
,

lnthh )

set lntt . t  

= b → f- I bit ) Knott )

fit
,

h ) = tdttt ( b- dfcb ,
hltthttt ]

consistent with scaling hypothesis by 2- D= daft = du
\ O = That

RGT ⇒
D derivation of scaling law

\ ② quantitative calculation of critical exponents



In the presence of irrelevant variables

t
,

h Ks
,

Ky
,

°o°

- -

relevant irrelevant

net . nisi ni "
.

.

. . . ch

It ,Th 70 Y ,
,

Ly
,

o  u  o C 0

f It
,

h.kz
,

ooo ) = l
- nd

f I lntt t ,
lnthh

,
K , Into

,

ooo )

= tht b
- d f ( b

,
ht

- that
,

k , t
- Htt

,

. . . )
t - so

f- it
,
h

, Ks ,ooo ) = tdltt b- d f ( b
,

ht
- That

,
o

,

ooo )

irrelevant variables are not important
when f is analytic at Ks -

- o

dangerous irrelevant variable

free energy is singular at Kz -

- o

fit ,
h

,
Ks ) - KIM Fit

,
h ) as K

,
→ o

it can affect scaling laws



( non - diagonal RGT >

in general ,
IM is not symmetric

T

right eigenvectors ME 're = tree
,

lefteigenvectorsIMEL
=MEI

it ME '
-

- ni '
co : det I IM - AI) = det HMT - A1 ) ,

but EE 't Er 'D

ill orthogonality EE 'T
. Fr " '

= o for No 't n
't "

I °o° E in TIM EIn = No ' E it 't
. Er

' "
= no ' E it 't

. Er " '

( N "
- N "

s E it 'T
. Er

" '
= o

if '
* N "

,

EY 'T
. Err

'
=  o ,

SE = Eat
' E'I

o '

,

a' o '
= E ItT.SE

Then the remaining formulation is the same as diagonal RGT



( RG in  a differential form >

date = Lino Knee- Fe
= Bike ] coupled differential eq .

fixed points BY k* ) = o

initial conditions at l -

- I : coupling constants of physical systems

teens IIe : fixed point corresponding to physical system

of
.

) we may use I = In l

ddk = BTI'tI I : o →  as



I example ) ID Ising model - decimation

E  
= - pH = KII Si

Saith
'ESi ( Suis . )

S , s . s , so,

Projection operator
o . ri T . ri RIM ,T ) = II fue .FIv  v

Mi µ . partial trace over ITH

I ) H=o anti wk

e
't 'M

= E.,Fq ,
ekTETHIM.rj-E.E.gekEFTHTI-ittbpcn.rs

= II ¥ ,
e

KTI 'M -  ' TM ) =¥II2cosh[kMutMzD)

205hL KIMI - ites ) ] = A @
K' MI - Ilk

Mz - i=Mz=tL : 2 cosh ( 2K ) = Aek
'

Mz . i=Mz= - I : 2 cosh C - 2K ) -

. Aek
' tf same

A  = geek
'

>

e-
2K '=

zoos
"hL2k

)Mz - I
= -92=-21 : 2 = A e

- K '



RGT with 1=2

e-
2K '= costhczk

,
or K' = Itn ( cosh C 2K ) ]

fixed point e
- 2k¥ jho → k*=o

,
as

2W
WE e

- 2K

, W' = WEW- I
=

w 't I

For KE co I ferromagnetic FP )

( T *
=  o ) ( critical )

W 't 2W
,

nW= 2=21 (
1=2 o > > > o

Yw -
- I K¥0 K*= O

( T*=o ) ( T *
=D )

ee ,
no

} I W ) = 2 El 2W ) ~ w
' '

n e
2K

agree with exact result at low temperature



ii ) HFO

e

KTM
]=

,
@

KIIITIIMI-itMII-h.EC Fetus )

=I¥L2coshlkcuutuzsythjezhltk-itms.SI
ITIL A e

K' Mulk -1 IHIMI . HMI )]
Me -

- Ms ,
-_ t I : 2 cosh ( 2K th ) eh = A @

K' th '

o  o  o ①

Me -
- Ms ,

-_ - I : 2coshf2kth)e-h= Aek
'

- h '

o  o  o

②ME - Met - IL : 2 cosh ch ) = Ae
' K '

o  o  o ③

X= e-
 4K

, y = e
- 2h

② Ip ; y
'

= e
- 2h Costel -2kt h )

=
y ( Xty ,

cosh ( 2kt h ) I txt

costich )
=

XII -125
③%Dx②)

: X' =

joshlzkth) coshlskth ) ( XTLHHXF )

④ xDx② ; A4=
1611+8141-1 Xy ) ( Xty )

Xy
-



x.  
=

X11 -145
y

, =L ( Xt 't )
x e-

 4K
, y = e

- 2h

I XTLHHXF ) I t XL

fixed points of Xfl
,

Of Y El

( OST Cos
,

co >h2o )

X=0
, Y -

- o : -1=0
,

H -

- W

X ' o
, Y = I : -1=0

, H=o ferromagnetic FP

X= I
, El : fixed line I T = as ) paramagnetic

i ) X*=Y*=o

x' effy ,
y '=YlXtY )

ya
1-1=0

⇒ X
'

. y
'

= Xf

Lai
. >  > >

Ii ) X*=o , y*=1 #x ,=¢× c y×⇒ ,
, yeyzzcy.gg , yy= , , to * •

iii I X*=l V
u

X '
- I = - IX - 15L

,
Y' =L

•

. > > > >
O H = A I X



< 217 Ising model in triangular lattice >

TIS

IS
,

' Tz = I Ss
'

,

S
,

'

,

S
,

'
I

majority rule

SL
s

,
=  t I Tjtt I t t + 'sTHIS

i

TIES

.

' I t t - s

I t - tf
I -  t + 's

e kiss! -¥,
EKITI Sz = - I Tst 't- -  - s

I - - + 's
↳ sum  over Talk )

I -  t - g

i ) h -

- o It - - is

I = Kott
,

Ko = KE e ,

Si Sj ,
T -

- K
, i jessi Sj

< is  j >

ektszk-z.ie 'T 'T
= set >

o Er.se
z.my/sZoCkJ=g-#s,eKCSiSz+S2S3tS3SD=e3k+ze-K



perturbation theory .

cumulant expansion
lncltx ) = X - IX -

t OcX3 )

Ince = Inc it CVT.  + ¥ CVT.
t . . . )Ects .

+ IKE>
.

- CTE ) + Ocp )

⇒ IT = Fln ZEKI t CJ >
o

t I ( CVS
.

- CJ >;)

D= KE
iEje ,

Si Sj ,

Cho = KE , ,

2 His ocsj >
o

'

y ;
( I , ] > l I

< is  j > xe3kte-k.gg I ECK ) SL
.

( Sn )
o

=

e
3K

+3 e
- K

⇒ CV > o
= 2K Elk 5¥ , ,

SI Ss

. : Etsy = Fln Zollo -1K¥ ,

SIS ,
+ OCT )

K' = 2 KICK )
'



Fixed Points

k*= 2K 't ECK 't )
'

⇒ K¥0
,

is
,

and E C Kc ) = rt
↳ KE # lull -1252 ) = 0.34

At = d I

,⇐k .

= 2 Elka 't 4 Kc Elke ) It( Kc ) = 1.62

of
. ) exact results : Sinh I 2K ) = Jj → Kc =  fln 3=0.27

l -

- B and v -

- I → At =D =/
.

73

in h to

fixed point h*=o ek 't Se ]
= Ej e

KTM

near the fixed point

e ITCSI ] -18K
' CSD

= ,zj,EKITI ] t SEND

SIT = SHE I TI ' 't Tj "
+ Tj " ) due to small field Sh

SIT '
= Sh '  ES ,



e ITCSI ] -18K
' CSD

= ,zj,EKITI ] t SEND

up to linear  order in Sh

e
'T 's 'll , + SE

'

Lsd ) = je
'T

( It FELON )

⇒ sees . , =
Erie

" ' " '

felon Seca ,

ekta ,
=

Iie
Icon

Fai ekta ,

up to zeroth order in J

Sh
'

} Sz = C SKI = 8h } CTI
' 't Te

"
t Tj "

% = 8h . 3 Elk ) Ess

⇒ Sh '
=3 ECK ) Sh

Ah =3 Elka ) = # = 2. I ( exact value
.

Ah = lTh=lB%= fzt.tt/1=z.g)



phase diagram
his

i ) C I K '
- Kc ) a

{
Ate 1.62

, Tetro . 88 n

¥ K
µ=2 .

I Yh= 1.4 Is s  a  a

c
>  >  > 7

v 4 F

ii ) I ( K -

- o )

✓

At = 2¥10 ) 't 4. o . Eco ) E' co ) = I. Lte -1.3

I
Ah -

- 3¥10 )=z3
,

YEO. 74

iii I FCK -

- as )

At  
= 2¥10 )44fgjkEtk ) E' Ck ) = 2

, ft 3

\
Ah = 3 ECO ) =3

. Yh=2



< discontinuity fixed point >

Hi
, magnetization Mlk

' " I = ffyh=o+=tdd§L hot^

^ first - order tr
.

discontinuity
. I.  . ⇒.

, , ,I =tdd¥h°§k thot
If T

ACK I Tmc kg
✓ C

✓

mlk
" 't Mlk " 'I=¥Toaleka mfkiit

"

]

for T
' "CTc

,
Too )=o

,
ME To ? h -

- Ot ] = I

mck
" 't Mlk " 't II : nonzero and bounded

u : likes = I ⇒ 31hL
discontinuity Fe

-

- ld
.

Yh=d

" Nienhuis - Nauen berg criterion "



( crossover phenomena >

fs -

- Itf
- d

If
't '

I Http )

for h=o
, fs= It 12

-

DFF 't '
C o ) - Itf

- das t  → o

X ,
- Itt

- t I - 8=2 - d - 20 )

for small field htto )

as too
,

Http → as 1h40 > > Itt )

Ftlhlitio ) - that " "
I Tm - Iff - HH )

: . fs - His
- d - ° - old

. hi At '
- hi Htt

⇒ Xt - 3¥ - h 't - '
n const

for hi " settled
,

X - Itt
- t

I h=o
ha http I

X ^ donst

small t '

,

"

crossover behavior "

h
. t ,Ext - Itt

- t field t ,

I '

> t I
'

-

ttlnhoo
'

Itt



( Finite - size scaling >

for the system of finite size L

fs ( Ck ]
,

I
' ) = l

- dfs I I K
'

I
,

l L
"

) : YE I
' fsllk ] ) = tiffs ( Lk ]

,
lit

,

⇒ fsct.LT = Itt
'  - d Fit ( L

- ' HIYA ) I Yyt -

- u )
-

Ff( ENL ) -

- F '

I Itt Ltu )

specific heat Cct , L
-

y = HI
- d

Fil L
- ' Hiu ) = Ld " DH Itt L

' " I

= LA D It Lk ) Dix ) =/
- DTA ) x > o

D- ( X ) No

is bounded - LA

it Tell ) = Tc
,

at A L
- Yu

: peak temperature
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