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Route to a Continuous Field



Hubbard-Stratonovich transformation

@ Gaussian A&
[e’s) N 1
I(S) = / (H d¢i> exp Z (—2@/@]-925]- + Silcii@) ’
—%0 \i=1 ij

where K is a real symmetric positive-definite matrix.

® 2|& A& ¢; = h; + s; (note 2 11)

exp (; > silcijsj) / (H dwz-) exp (—; ZW%%)

i

(2m)N 1
=V ek P | 5 2 Ko

i

1(S)




Hubbard-Stratonovich transformation (cont.)

Hubbard-Stratonovich Transformation

1 det 1
exp <2Si’Cij5j> = \/;/ d® exp <—2¢5i’Cij¢j + Si’Cij¢j> :

o d® =[] do:

ol

° t &)
@ discrete variable s — continuous variable ¢

@ s7tO| AT AZS 7t HSAECZE HE.
°

sE ME SHH2E A2l Its.

Einstein convention (BH2E|= indexOf| C{

r




Effective Hamiltonian for the n-vector model

@ Hamiltonian

1
—BH= 5Kysi s;+ hi- sy,
where s; is an n-dimensional vector with |s;|? =

@ n=1:1Ising, n=2: XY, n=3: Heisenberg, -

@ K = K(20045 + 0<ij>.1)
» < i j>=1i,j7tnnO|H 10tL|H 0 2|0[SHC}
> o= K7} positive-definite E0| &| =2 st= 2|9| Zt0|LC},
> |si? =1 (44)0|B2, a2 g2 22|0f| J&S 2| &
@ partition function

rir

Ct.

LS

1
7 = Trexp (2/@7‘81' - 8;+ h; - Si) ;i = H/dn3i5(|3i| —1).



Effective Hamiltonian for the n-vector model (cont.)

@ Hubbard-Stratonovich transformation

det ! 1
o (\/(%7> Tr/dq)eXp —g Kb &+ s (K + h)

—Kijd;
(i) oo
™

x| 5Kl — Kt ) (85 K o) + 30- ()

d n
:( (ﬁ)’i) [ dvexo [—;/cijm-(ﬁﬁhi-m}x

X exp <—;1Cij1hi : hj> Trexp [s; - (Kijo;)]




Effective Hamiltonian for the n-vector model (cont.)

@ surface area S,,_; of (n— 1)-sphere
» solid angle in n dimensions (note 2f11)

n—2

dQ, = [ [ sin* 0xdos = S, -1 = / A = Su_o / sin" "2 0do,
k=0

0

where0< 6y <2rand0<60,<7w(i=1,...,n—2).
» integral (Beta St4=0f| CHSt note 2F11)

T .= / sin""20df(+ z = sin’ 0, dz = 21/z(1 — z)db)
n—2

0

. . PIT(2))  /AT(5sL)
_ An=3)/201 _ ) -1/2 gy — —\2 7 ) _ 2
*./0 (=2 o= "5 NG

Sk 1 27Tn/2
n = 5 =
e H Se—o  D(n/2)



Effective Hamiltonian for the n-vector model (cont.)

@ trace A4t (a; = Kijop;).

/dses'“i5(|s| -1 = Sn_g/ exp(a;cos ) sin™ 2 0d
. 0

_ (27T)71//2a}fn/2]n/271(ai) = Tr---= (27‘(’)”N/2 H wn/Q—l(ai),

7

where I, (z) is the modified Bessel function and

27" T

» = *V]V - - /zcos(i 22U
wy(2) = 2 (2) \/7?1“(1/+1/2)/0 e sin“ (6)dd
> Z2m2—2m—t/

B mZ:O mIT'(m+v+1)

=A,(4)

w_1/2(2) = \/zcosh(z). (Ising model. NB: analytic continuation)



Effective Hamiltonian for the n-vector model (cont.)

@ partition function (v =

Ze3 Ky hihy
(det K)n/2

d® 2 Kobi bthidi H A, (IK504)

dD e~ 3 Kiibi bithidpit 3 In A, (IKi¢b51°)

—

@ effective hamiltonian # and average

7= / d® exp (—H(¢>) + hi- s — %K;jlhi : h,j>

1
H=Ho— Y Ind (Kyos*), Ho= SKibi &5

(O)y = lz/ dO@)e ™



Effective Hamiltonian for the n-vector model (cont.)

@ (spontaneous) magnetization

o _ 10z
"= 70k,

= (Pa)n.

h=0

@ two-point correlation function (tensor)

162

h=0

’Cu Eli—j > 10|# 2p&pHo2 ZAFO2 (note 2H1),
TH|A (critical point) 22{0j| A= Of2HQf ZH0| 2AFEE 4~ QIC},

2

Gij ~ (Didj)

@ ¢ = order parameter2 7t3g 4~ QUCt



Saddle point approximation and mean field theory

@ Saddle point analysis (Let ¥, = > Kinpn)

oH _ W’k|) , _
8¢ ’C’Lj¢] 22 A \1# | ) zklcknd)n - hz

@ A =A,.,/20|22, ;= h; Mi@ :
+1/20 P +Z A, ([6e]) Kk
@ homogeneous solution for h =0 (set Wi = o)
v~ ot g - Dyt 4 o)
2
- Ke= n(a+d)’

@ K. dependsona?



continuum limit of #,,

@ ddimensional lattice with index i = z = (1,. .., z4).
o WOl N2 =42t SHAL

@ Fourier transformation

— zka: k

_FZ :T(nl"”’nd)

N-1 N-1
n; = — goeey

2

n



continuum limit of %, (cont.)

@ effective Hamiltonian in the wavevector space

d
1 )
Z Kayty = — Z e* 2o |[2Ka + QKZ COS(ki)}
Y Y N k i=1
=Ao (k)

1
HO - 5 Z IC:c,y¢:c : ¢y

T,y
1 1 . ’
I . , o i(k+K') -z
=5 kgk, @k i Do(k) 5 gm e

1
:§ZA0( Pk P—k= ZAO )|l
K

@ K= positive definite 20|82 (o > d), Ho= L4

12



continuum limit of %, (cont.)

@ Ok o, 7t kOf| CHEH M58k (?1) 2,
2Hy = NdizAO(k)Wk‘Q ~ Nd/w o gl k)|oxl?
N

—r (2m)°
. A d K A()(a()li) 2 B A ddk
- /_A (2m)*  af ‘ oV Vi _/ (27T)dAf(k)\‘Pf(k)|2

lattice constant, A = w/qqg : cutoff, rename: k = k/ay — k

A
V= Nad, A.(k)= o(aok)

612 ) (Pf(k) = aO\/T/ZPaok
0

0 ORI} fi= (ML) BHAAS 2R 517| Q5H 2 (L0 A7)

o (k)2 2 (k)] = A2 = 1 4

13



continuum limit of %, (cont.)

@ real space field

1 " v [T A%
z: /Z T ~ N Z xr
o} VN 2 e ey, 7(%) Pk
A d A d
~ d/2 a’k gz —14d/2 Ak 4.,
= V / /A (271—)d k Soflok: (]O T / /A4(27T)dek Sof(k)

@ Defining ¢¢(x) = “0 4/2 D2/ a0 (z— x/ag), we get

A d o
60 = [ Gaet e, o) = [ dlae g

@ ¢i(x) 2| A [pp(x)] = A~ 1HFY2 = 1 4 g



1. ps(k)E ALES0ICH? 0] Lo| 0|0, Z AIAOIIM @(k) 7t
ol AL09| contributionO| dominanta}Ct= 2|0|0|C},

O = (a priori) & 4 11, ALZLIL S2[dAS
B0 NHH 2= (a posteriori) TS 4~ 8rof| giCt,

| = AL ME (k) 7t HEQ! S4Bt 2 SHHESH0 ZE
A4&kstn, 1 o] measureE Dot & Zi0|Ct,

|5t HEFO| A |k 7t 22 QL0 M Z A|£t0l| dominant
contributionO| L}2CtD 7H45HH,

>.
g'ﬂ

Ag(k) ~ f%(kz + 2K(a + d)

2 AR 4= UCEH O] ZASHOIA cutoff A BHEA| 7/gp 2t T &
4= AA Z|0f, continuum limitO| A 2] cutoff= 2|7} & 4~ 9
U= 7HFoHoFgE St

=
S
=y

15



continuum limit : interaction term

@ asymptotic behavior of —In 4, (2?)

4
Z 6

2
const— — + +0(2°) |7« 1

2n  4n?(n+2)

—|2| + O(In | 2]) |2 > 1

0 |7t 2 4 A= 1n A ~ || 0|22 Hy 7t dominant.
@ 2 term

2
= ZAO *leonf®

1 7 ).z
ey Py| = N Z AO(k)AO(k,)e ) Pk Pr

xz,k,k’




continuum limit : interaction term (cont.)

@ | effective Hamiltonian2| |p|? &t
H= 1S e aok) (1- 2a0(k)) + 00"
2 - 0 7 0

® Ao(0) > n(Z, K> n/[(2(a + d)] = K,)O|H, |p?&to20t
0|20{2l Gaussian Z20| HO||2| 1, BFEA| (|p|2)2 0]
225 ECt

@ Ap(0) > nY I 20| L2 o] 7t 2 40N S&al= AU,
0|0] =9|31=0]| || 7t 2™ Hy 7t dominantsty] Z& 2 A2 0]
ez O] gtz ZRE A 22t FO[Ct O] 2|0|of| A

WLSIR| = 27t S| =2 HO| ZAHAQl HEHE 2 2H0LOF SHCt



continuum limit : interaction term (cont.)

@ (naive) continuum limitE 2|35}H,

A d
=g [ oy (08 + 1) ler B + Ollor®)P)?
5 K(2K(a+ d) 1) 2= 2K(a+ d) (1 _ 2K(a+ d)) .

ao =
2
Qg n

n 2

mean field critical point y? = 0 — K. = n/[2(a + d)].

o Yolo] 0|22 2 HA| 227t Y 4 B OB 2RO}

b

gol

u? o< T— Ty (T, : mean field critical point).

K~ K.0M ol > 0. o} 0] 22 KoM S42E 20l AL cos
S0 MIH0f| M L2 artifactO|Ct, R2|= K = K. 0|A 24l0]
A2BZ of 2 T Y2 2ol = FEoiC}



continuum limit : interaction term (cont.)

Atermr Y (|9a°)% AHee S
total Hamlltonlan(ao a2t A1 O AR} £ A7)

H= [ oo ol + Jullol + 200

@ partition function

Z|J) = /ch)exp {—H—l—/.](m) . qS(:L')dda:}

a, 1, \S bare parameter2t 1= 2 2C}

higher order term2 ZA|& £ QL& O|fE atE0]| =2|&t
0|Z 9] =9|0j|A ¢= scalar field (£, Ising model) Bt 12{gt.
bare parameter?t A= & 4= Ql= 20|22, 0| 1} 22435t 0|22
OHS 2D BHCH (A — oY T 2|0|Q)= 0|2 BHSY))

M [

19



Dimensional analysis: canonical (engineering) dimension

d
2
@ source J(z)Q| At 0= —d+ [¢] + [J(z)] = [J(z)] = 1+ g
0 N0 A 0= —d+[\+4[¢] = [N =4—d.
@ momentum space field ¢(k)2| 2t
[p(k)] = U ddfce""’“%(rc)} =—d—1+ g = —g — 1l

As,r [ dia(V)S¢ro| 80| Qe BR, [Ns/] =d+ 71— %rd—2s

20



M1} critical exponents

@ mean magnetization (¢)
> ()2 uAt A2l Bt
> $O| S —1+ d/20|22, (¢) x 1/VA.
> VAp2| 2122 10|22 19} Bl
> 4> =T— To0|22 (¢) x /|T— To| = =1
@ correlation length &
> o 22 ~10|22 0| 21U S PHE & YEs RE2 1.
> Lo |T—To| 2 sv=34
@ equation of state at the critical point
> J= A2t 42| Bt
> [J/¢] = 2012 A7) =
> MatA 7Hs8 2B Jox ¢ — 6 =3

—

21



@ susceptibility y %
> x| A2 [¢] - [J] = -2.

> u AR2RY 28 UESJEREE L 5 x o |T— To| 'y =
@ correlation function G.(z) = (¢(z)$(0)) at the critical point
> Goez, ), (¢)2] &4 ((¢) = 0 at the critical point).
> A= (¢) 2t =2 FEHZD SHTIEZ Go= 22|
> [Go]=d—20|B2 Gy x1/r"% =0
@ specific heat ¢, oc {(6H)?)
> [H] =00|22 [¢,] = 0. T2tM ¢, oc u® = a = 0.
o 29| 2t #AE E2/ stz 222 FAAIL? (B2 effective
Hamiltonian critical behaviorE A2 A HE 4 GiLL?)

22



Diagrammatic Perturbation
Theory



x,y, z: d-dimensional real space vector. (84~ J, ¢, @)
k,p, q: d-dimensional wavevector. (&4~ J, ¢, o)
kz= k- o (vector EA| S A2t517| & )

n-point correlation function

@ wavevector2 momentumO|2t1 £2 Z{Ql.

@ momentum spaceOf|A] F=Z Z|Atgt 0| H 0|2} real space &40
tilde?| S5 ¢,

o Holof o|5f tilde 7|2 FAIS L AlLtet7|= & AY.

23



Notations (cont.)

@ real space integral

. 1,2
/z/ddw, / = /ddmddy, / E/ddwlddwz,

Foi= / Ha)i(@), Fohog= / T Az, 9)3(y).

@ momentum space integral

/ /A dd /12_/ ddk'l ddkg
)’ =

fog= / fHK)g(k), fohog= / =R A(K) g(k).

@ cutoff A7} g4 QI20f| 2| (momentum Z£2 sphereOf A &)
A

@ A =00l B0

2%



Notations (cont.)
@ functional derivative : (2H2I0| HSH51H tilde 7| = Ai2F5H7 | = &)
D(k) = (2m)¢ 0 230 =2
- SJ(—k) T T

dJ(x)
(21)95 (ky — kg 4 - - - + kn)

@ delta function
o(l—=24---+n)=

T

@ delta function AFZ o
[ et a1 —2)

/ ¢(k1)0k(1 = 2) = ¢(k2)

25



Partition function with source J

@ Gaussian theory
~ o~ 1 2 ~
ZalJ) = /D¢exp [-Ha+T0d], Ho =3 / (a2 ¥4 +u2¢2>-

@ Gaussian theoryOf| A= ;2 > 00|0{OF2 =
@ Ginzburg-Landau theory (¢* theory)

ZlJ) = /'ngeiHJrT]O%, H=Hg+ Vi Vi= %/54

AEs ZEste] 7|28 20t

F: tricritical phenomena)

v
(e}
o
iul
<

A

o
o
e
©-

[=]
o
U

fo 0
ool

26



Partition function with source .J (cont.)

@ notation: functional Z2| argumentdj| tilde7| S & A|2|5t10 AtE
@ notation: measureES LIEIY < tilde S AFESHA| &S,

@ (n-point) correlation functions
G(TL) /D(b [ . ‘| e*'HJr.N]o%

1 1)
" 7] (H 6?<wi>> 77 (HD )

G™(1,...,n) = Z[le 0] <H b(%)) 21J]

J=0

27



Partition function with source .J (cont.)

@ functional derivative

zy jk jk

=Y [8g+ 845 [ [A=2) + Ale, 2] Ta)

28



Partition function with source .J (cont.)

@ V< finite difference  HIH M 0| 25HH =

0 2 0 ,
m /1(v¢) — % ;(¢7 _ ¢j+1)
= —2(¢ig1 + i1 — 2¢;) — —2V2¢

o 51‘7]'% delta %,:I'—/Fi %%‘6}% =

29



Partition function with source .J (cont.)

@ connected correlation function (cumulant)

@f;?@h ceey Tp) = (H b(:ni)) In Z]J]
G (x4, .. ., (HD (2;) ) In 2]

@ generating functional of the correlation functions

_1+Zn'/~” n)UT](:Bk),

n=1

InZ[J] =In Z[J = 0+Z / G (1 .,n)ﬁff(mk).

n=1 k=1

J=0

30



Free theory : gaussian partition function

@ Fourier transformation f(z) = /e“”’ (k)
k

TJod= / o(a [ 07— [ It = oo,

1
HG=2A@xﬁ+u)wmw—mE5¢oA*o¢

@ gaussian partition function (note that ¢(—k) = ¢(k)*)

- / D¢exp{/];2A1(k) [B(—k)b(k) — 2J(k)A(k)¢(k>]}

31



Free theory : gaussian partition function (cont.)

/Dmp{_ /¢ SLEIWN LT
= Z¢[0] exp [2Jvo J] :

eik(wfy) efﬂf‘m_y‘/a
a2I2 + 2 ~ |z — y|(d-D/2’

where (note 2t1) A(z, y) = /
k

Z[0] o< exp [—;//kln(o?k2 + uz)]

@ NB: Indet A=Trln A

@ correlation functionS AL M, Z[0] = &
HE 7Z5[J=0]= 10| 5| =2 FAsMALE 2

32



Free theory : gaussian partition function (cont.)

@ connected correlation function for the Gaussian model
a(ch)(a:) D(z)In Zg|J] /A x— 2)J

G (2,y) = D(2)D(y) In Zg = Az — y),

G = 0 for n > 3.(gaussian Bto| S5 M)

@ propagator: G? ofa general model
@ bare (free) propagator : G of the gaussian model

> real space0i|A{2| bare propagator A
1
@ NB: L}Z0]| Feynman diagram& 241t if, bare propagatorZ
To| A propagator2fdl F2C},

» momentum spaceOf|M2| bare propagator A(k) =

133



Ginzburg-Landau theory : perturbative expansion

@ partition function

21 = /D¢6—HG+J0¢6—V1 _ /D¢6—HG+J0¢§: (= V!I)n

n
S Ty T——

n=0
oo 1 n B .
= RZ:OE (— VI[D]) /D¢>e Ho+Jog

= exp (— VI[I)]) Zg|J] = exp (— VI[I)]) exp <;7o Ao j)

n=0

@ Zg[J=0] =12 FA3} ALE.
@ Does this series converge?

34



Ginzburg-Landau theory : perturbative expansion (cont.)

@ for example, zero dimensional case

o0

< dr —2?/2—\z? ¥ n
Z(/\)E/ N PAEIEZN (= N)" 2,

n=0
Zn _ i dJ‘ 6_12/2([34” _ (477)' N 1 4J n
ar ) o nl167(2n)!  /nm \ e
n>20|H Z, > nl ( ). The series diverges!?

The divergent series are the invention of the devil, and it is
a shame to base on them any demonstration whatsoever.
By using them, one may draw any conclusion he pleases
and that is why these series have produced so many fal-
lacies and so many paradoxes. Niels Henrik Abel

35



Ginzburg-Landau theory : perturbative expansion (cont.)

1 .. . .
@ Doyouknow1+2+3+--- L _ﬁ? (Casimir force is attractive)
@ perturbation 0|22 EFILI?
> SEEO| 22f Ry 1

M

ZN) = > (—N)"Zn

n=0

RM =

1\/[ n
_ dx 9_12/2 e_“4/4 B Z 1 _/\714
Nora ’ =LA

> Taylor Z7H9| H&

n=0

o
3
\J
T

o, Ky 2 2& ZHlM | ()] 9f 2

36



Ginzburg-Landau theory : perturbative expansion (cont.)

> <1022

Ry < de e % /2 ()\x‘l)M“
M= Var M+ \ 4

1 /M
- >\M+1Z - ( >
M e e

> DAMa~1Y T Ry ~ e YN (minimum).

@ MO| ¥ A2| oto™ MRICEH (asymptotic seriesZf convergent
series 2L Q2 2R A2 -Ho=2 ¢ E2 ZUE &Ct)

@ Stirling’s formula, steepest descent method,
Rayleigh-Schrodinger 852 S E2[9| LR &9 ZAt=
convergent series?} OtL| 1! asymptotic seriesE CHEC},

@ complete graphOf|A{ Q] Ising model= asymptotic gfAlo=2
Sl ATt (note 2 11)

37



Ginzburg-Landau theory : perturbative expansion (cont.)

S 001 __5°°
102 ©©°00650000600°°
0 10 20 30 40

M

38



Ginzburg-Landau model : Feynman diagrams

@ double Taylor expansion (H2| 4} tilde 7| & AH42F)

oo

40=> % (g/};D(zf)Vil! <;JOAOJ>P

V=0 P=0

- vzp:o V'P' ( 4')V<;>P(/ZD(Z)4)V(J0A0J)P

@ Mvertex) 7} V7l|, A(propagator) 7} P7if Q= &HE0| gto 2 i
|
o Dvrrel g gl e v = (57 )ani = B

@ £=2P—4V: DE Z &&= J2| 74, external point2t
BS0| 22 ZNE E 20|22 0|52 FOIN DT HY.
2

(Feynman diagram) 22 B A|S 4= QIC}

\J-||I
0

39



Ginzburg-Landau model : Feynman diagrams (cont.)

o Pl Jo—ey, Vool X & Daict

o X Z 5 MED Jo—e, Z 5LI2| J-blob (s) YH3O]
vertexO| 2. A1£0| J-blob0i| ¥ZE|& 7H5e ZE diagramE2
Qh=C} AZE J-blobo| Z<L0l= blobS 2|2CH.

@ OtS0{2l diagramOi|A 2E B2} BE J- blob01| 24 l:l-%l_ B2
AR, 2 HE (FHe= = é,*ﬂ‘gi% link2t= BE2)0|= &
B8 argumentZ 5= A S 2L}

o MEOQ| AR Q& BHO| e £& Q20| K|},
1Mo [, J-blobo| [, J(z), 12|71 2k HEQ A 2F F5HH
diagramOf| H%é}L 24'='AI0| OrS0f ZIC}

@ diagramO| 22|l (disconnected) Z<0= 2t diagram2| £-20]|
oist 42 210 Ches| gotdH Eot

40



Ginzburg-Landau model : Feynman diagrams (cont.)

P diagram A&

J(Zz)
1~3 3
3 >zl<3 Alz — z1) [[ Az — 2) T(z)
J(Z3) Z k=2
J(22) J(za)
1~5 5
4 >< / H Az — zx) J(2x)
J(zs) J(zs) 2 k=2

41



Symmetry factor (SF): diagram2| #|4= 315}7|

@ (naive) consideration: Pl M&3} V79| ZZIH0| Q= diagram
0| /U f, diagram?| 20| &2 RS EWEZF

> ZH BIIM0|AM O|2S EFEHI il 22 diagramO|C}: 4129] HL2| £

> 2t BAHE FHE L2 diagramO|Ct: V1Q| HR9| £

> b 0|22 AZE source(J)E CH2A| s 22 diagramO|Ct : 212
BRol

> MBS SHE Z2 diagramO|C}: Plo| B3R £

> M2t & 20 4= N, = VIPI(4) V(2 o2 22| 40 2T}

e J2iLt (o|E S0]) 0|22 CIE2A st B AE T2
HH°”‘ St 40| 22 diagramO| 2 =5 JU0|M [ g2 32
£ overcountinge 4= QUCtH
I(z2) J(za) O]2 i (4) 2t AHHE (4) 2 22
ZIE ZC} 410| overcounting
==

J(z3) J(2zs5) =M

42



Symmetry factor (SF): diagram2| #|4= 315}7]| (cont.)

o SYE|l= 22| = diagram@| o2 gat 20l Ut

@ 0| 23 &)= FR2 £~& symmetry factor(SF)2t 22},

@ O™ diagram®| SF7} SO|H HZA| 2t0f 1/S& &8ttt

@ S link, vertex, J-blob= swapstd{ &= 22 diagramO| &|&=
a2t 2ot

o 1t 10| Z3HM7| 20|, SFE 2= USSR AH2E 24E 2 YA
2SO ELCt

® 22 DYO| k749| sub-diagramE& 0|20{2! disconnected
diagram 2| Z<0{= k0| SFO|| ZLEHEIC}

ofz|ate 2 (—\)V'g Z3ICt

Ao =2 diagram?| HZAIS 2= A2 Feynman ruleO[2t2
Ct.
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Symmetry factor (SF): diagram2| #|4= 315}7]| (cont.)

@ Example
J(Zg)
DK: J
z ; gl
J(z3) J J J
23 21 x 2! 3! x 2!
J J J Jf
J J J J J J J J
2l x 8 2! x 24 4! x 8

@ 07l P, VOl Ciste] 2& diagram=2| 1/52] &2 Ny /N, 2F 2L},

A



Free energy W/[J]

@ 7[J]: 2E 756t diagrams29| &
@ O diagram G;7} n;7H2| connected diagram C; E2 E3i&|&=
2<%, Feynman rule0i| 2|3} C}22} 240| & 4= QIC}.

= exp Z q]
J

G=]]
J

()"
n;!

' an
=y eslIE
7 j n; d

Helmholtz Free energy
W[ =nZ]J] = Z C;

i

@ Z|J=0]= 2E vacuum bubbleS &3t Zit 2t
® G.(Gj.)= connected diagram?| 220t HA|EIC}H (12
diagramQ| 74> Zt4)

wl
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Connected correaltion function %|45}7|

o G\P) AAbst7| (tilde 7|52 CHA| £91)

E

W[J|OlA E7HQ| external pointE ZH&= diagram2 3.
J(z) 2 0|2 (2,52 BIHO| 471 F5R).
blob2 Z|Z (z;& MM &S| of=
o

T g

>©< + two permutations

A G7H7¢ %%)Oil N/2g &8

o 2| 0ol AR 2 HZEA
@ external pointS 115t AEHO| SFE AHAHSHH =l

i A |
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Feynman rules in momentum space

@ Fourier transformation

/ o) = /  Bke)(ka)p(ka) Ska)Bk(1 +2 + 3+ 4)
/ H)d(a) = /k J(—k)p(k)

@ Connected correlation function

G(cn)(lv 0009 n) = <¢(k1) e ¢(kn)>connected
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Feynman rules in momentum space (cont.)

° Go GO A

1~n n
CO (... 3,) = / ]| 6, ... n)
k 3
j=1

@ perturbation

1~4 4
eV = exp ——/ HD(kj) 0(14+2+3+4)
k .
j=1
vertex@ momentum conservationO| A&l
@ real spaceOf|A{2} Z2 BHAIO 2 perturbation 7

@ momentum spaceOf|A{ Feynman ruleg PtE= Hdo 2 2l

= AR, 2oE 2E

0gt
ot
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Feynman rules in momentum space (cont.)

@ real space diagramX} momentum space diagram : 0|

/_\ _ )2 L2
= s C(m)= F/ /A(:Bl,zl)x
& 22/ J(y) z y

x A(z1, 22)° Az, y)J(y)

Using A(z, y) = [, eV A(k), where A(k) = (2K + p?)~!, we get

>\7 / eikl Ty / e— ik5 7/:7( y) X
6 Yy

1,2
/ l(kz+k's+k4 k1)z1 1(k —ko—kz—ka)z2
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Feynman rules in momentum space (cont.)

Since [, €17 = §;(1), we get
5

am:fAhSH

J=1

Aky) | €™ ™55(2+3 +4 — 1)5x(1 — 5)J(ks)

2 2,3
= %/kemwlA(k)/k A(k)A(k3)A(k — Ey — k3)A(K) J(E).

Fourier H&t
C(k) = / e ™ C(x)

)\2 2,3
=2 A / Ak2) A (ks) Ak — ks — ks) AR IR
JEk
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Feynman rules in momentum space (cont.)

Feynman rule in momentum space

=2 M

1. n2i9| external pointOf| k,E 4.

2. diagramg 12|11 momentum SHFHR} S 22,

3. external pointO|M vertex2 HZL| = A S HE vertex
8FsF momentum external point2] momentum.

4. KCHA —kE 20 HOW k= U2 &0 o4 H Bas
B2 B S EC

5. 2} vertexO|Al momentum E&& &7t [6,(1+2—-3+---)].

6. J(p)7t U= B, J-blobl| SO{7t= SHHE ST = p.

7. Zt linko| A(k)E &35t1, symmetry factor
of HHE DE kil CH510] [ 2 &,

1]
i
ol
2
<
()
3
@D
X
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Feynman rules in momentum space (cont.)

@ Diagrams in momentum space
ko

: ks

\2 2,3 "
*51@(1 —5)A (k1) . A(kg)A(k3)A(ky — ka — k3)A(ks) J(ks)

@ reduced correlation function (translational invariance: J = 0)
G (1,...,n) =861+ +n) G (ky,..., kn1)

@ reduced@} fulle] 2t0|= argument 7HT | 2t0|l2 LEet AY.
@ 11245lj0F & diagram?e| £~E [ S0|= YH0| QUCt: vertex
function
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Vertex function and 1Pl diagrams

o GV (k2| 3t ol D(k)

D) = A0 |3 [ AWA@AGE-p- ) x
=1Io(k)
<A |3 [ am)] am = s®pHAGRHAD
—r -

=1I;(k)
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Vertex function and 1PI diagrams (cont.)

@ external point2} HZAZ|ZR| 42 HHE linkE &2AHL £ 719
disconnected diagramO| EIC}. = one particle reducible (1PR)

@ external point2t HAL|Z| o2 O{[{5t linkS 22tz of 45| 5Lto]
connected diagramO|C}. = one particle irreducible (1PI)

@ an amputated (w.o. external legs) diagram : 1PI diagramOj| A{
external pointet HZE £& 2| (0 L, )

@ define vertex functions '™ (k;,...) as

> I® = A(k)~! + (—1)x all amputated diagrams with two external
momentums

> n=£2:(—1)x allamputated diagrams with n external
momentums.

@ reduced vertex function (translation invariance)

F(n)(kla 000g kn) = 516(1 +oot n)r(n)(klv 000 kn—l)
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Vertex function and 1PI diagrams (cont.)

o G o} 1@ o] A (geometric series)

—&— - — t 66— + &6 +-
GP = A + ATXA  + ATASA 4.
—&— = —— t+ —(=€)— :> amputated

& = A + AxG?

GH=A+AZP =26D=__— = ___
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Vertex function and susceptibility

@ susceptibility at zero field (/= 0, V': volume)

[ (60 3) (- 30)

1 2WIJ|

V zy m J=0

= %//Iy Ge(z,y) x Ge(k=0)

@ susceptibility
X X G(CQ)(k =0)=x ! F(Q)(kz 0)

@ critical point=I'®) (k= 0)0| 00| &&= 2.

o GV ELCIT(®Z ZR5H= 20| M2|g 4 Uk
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Gibbs free energy

@ average

@ Legendre transformation

lel + W = [ J-Re®) = [ T2

similar to the Hamiltonian formalism in mechanics

JE ¢9| functional 2 B E5tH, I'= ¢ 29| functional O] EIC}.
I'= Gibbs free energyO|C} (a.k.a. effective action).

THO| Al real spaceO|A] =20|at Z4 Q! (tilde 7|& A|AH)

57



Gibbs free energy?} vertex function

o T(" g Cig3 20| Heol3ict,

e ¢ YA 2R PS4+ AUCEH
@ J=00|H,
» disordered phaseO|A] o(z) = o =0
» ordered phaseOflA ¢(z) = po # 0

@ I'= spontaneous magnetizations &55}17|0f| A &5tC},
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Gibbs free energy?2} vertex function (cont.)

o I® e} ¢ M2 o™ BAo|ch. (note 21)
o Tt o LS HU0|22 =08 L, Tlp = pol
2|%:3f0| EIC}.

(actioni} RA}SH0] effective action0[2t1! £8)
® I'S ¢ = o Ofl Ch5to] T,

Ply] = IO (o) +Z /“" {H

1

r ...,gao HD@

j=1
! P=%o

® =0l J=00|22, TO(py) = -W[J=0].
@ W[0]= 2E 1Pl vacuum bubbleS2| §t0|C},

@0)} ™ (... ),
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Gibbs free energy?2} vertex function (cont.)

@ disordered phased|A&= oo = 00|22, 0| HRE ¢ = 00 CHEt
HAR W2 4 Ut

@ I'E ¢ Of TSt analytic functionO|2t1] 7+4 5t
HIA S 2EE{ L ordered phasel| &S &

") (g
fo =3 20 5

@ ' o] argumentOi|A oo E H|Ql5tD & Z0|Ct,
@ Ginzburg-Landau (¢*) theoryOil M= 1M = J|_, = 00|C},
@ noteO|| Mo} SALSH A AHS BH25HEH 1™ 2 vertex function 0] €&

A
&+ At
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Feynman rule for the vertex functions

vertex function T 2| AV z}:7}R| A4S} |

1. vertex V712t 2|8 A n7iE HZASH= amputated diagram
2 25 7ot

2. iR diagramOf| 2435t symmetry factor S; & T StCY

3. internal link0| AE &5t U8 2202 D5 XHESIC}

TS o— —
Az ZuE [2t3 5Hat,
4 VLS By =) (-A Z 5k
\4 A

5. n#20/HT(™ = _E,0|C}.
6. n=20H T = a2k + u2 — E0|C},

ﬂl|ﬂJ

HAHICY,

—
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Loop expansion

@ loop: diagramOf|A link=2| &3l A2, 0] &
210{0F &

@ two-loop diagram?] 0|

2 QhE Tof

rr

M&0|

) zZ1 i)

@ loop expansion h expansion (semi-classical approximation)

1
exp {—h (He + VI)} =A— AR Vi Vi/h
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Loop expansion (cont.)

@ 0| amputated diagram0f| S2&ot= vertex®| 7i4=7t V, internal
link2| 7447} 12+, 0| diagram2 O(h!~V) 7} EICt,

@ V7l9| delta g4 =, StLt= external momentum EZ22 2
LEZt3, LHHZ] V- 1702] deltaghs 7H0tE A2 £7F 20| =L

o A e A& S0M V- 1712 4=0| oA EZ &
L=1-V+17§9| 80| Y=C} Z, 0| diagram2 O(rl—1)0|C}.

o 22+ diagram®| MA|E HE StLo| BE F7tot0] 32t HHEHAIE

OHS 2}, O|A| CHAHA|Of TSt Euler 4] (O] 4~ — BAIHO| 4 =
oL —2)2h [- V= (L+1) - 28 1H5IH L2 loop?| 7Y S
of A oIC}

=2 T M o

@ [ =09 ARE tree-approximationO|2t11 5t11, mean field
theory?} ECt Ol= h — 0 I =2|%|= Bohro| Cii3-& 2|2t ZT}
(minimum action).
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Loop expansion (cont.)

@ ¢* theory2| 22 h = A2t =M™, loop expansionO| \ expansion
2} H|XGH2ICEH (YEEdo 2 o|E A BIAE 4= QiCt)

@ Ol 1 Vi= 239" + Ay9* Q| BRT® Q| L-loop A&k

1. ¢k7|- Uk'7H %éF%J—El»_TI_ EI'XI- (¢9| ZH_/IK_E N= 3’()3 —+ 4’[}4)
2. N7 Z 37= (I® 0|2 2) external pointt HZEZ|0{0f 3122,
amputated diagram0j| &2 5tA| &=Lt

3. N-37H0|M & 744 42 0|7 StHQ| linkE ¢HSEB=
N—-3 3ug+4v—3

> > =
3+ 204 — 3
4 V=uv3+n0|B2 v, ue=L-1=1- V:M%é
2H=3HOF SHCt.

64



Tree approximation for T'

o '™ with Vvertices (L = 0)
4V —n n n
= —ov— vyl _1=-21
2 v 2’ V=V 2

n n
Ve=c-4L-1>—--1
2 " 2

@ n=2-V=0:T?® =22 + u?
@n=4->V=1:T® =X51+2+3+4)

@ n > 6 — no 1Pl diagrams. (note 211)

@ NB: tree approximationOj|A| I' = H 2F ZHOFRIC},
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Tree approximation for I" (cont.)

@ I' =Ty + O(h) with

“Toligl =5 [ (@ + w)e(=Re(h

)\ 1~4
ta . o(—Fk1)p(—ka)p(—k3)p(—ke)d(1+2+ 3 +4)
2 ~\ 2 1 2~2 )\ ~4
= [ [@(VO) +5u¢" + 567 | = A

~ or A
J e 2 2\ = =3
() 5 (=V?+17)$+ 5@
@ loop expansion2 X expansionZ} CHE 2|00
® Bro} Jia) = Jo (44)01%, =y 0|1 CHSE AFICt

A
Jo = p2po + 5993 : Landau theory

o M
- T

@ Using I" we can study the spontaneous magnetization.
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One loop correctionto '

@ one loop diagrams for T'(")
@ L=10|22, V=n/2& =50 n0| B0l JL20 Li=20},

@ diagrams

Ir® sF=2 I sF=2 rm sf=1
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One loop correction to I (cont.)

o J=JoQl R DHFH = (&%) 7t B2,

k2t A,

1~n n
o)+znl/ ()(_..7nf1)5k(...+n)

=T 1+6,00)) ,@oﬂ (0,....,0),

n

5x(0) = / eV = V.

@ 2[0j|M '™ 2 reduced vertex functionO|C}.
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ol
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One loop correction to I (cont.)

@ one loop correction U; (V&= volume)

Vor D™ [ (=2 vy )
— =2 [m(1+2%¥04
D /p 5 Ap) 2/pn + =5 Ap)
@ One loop orderOf|A T©) = —1n Z4[J = 0] 0|22,
D1,y Ay 1/ DB 1 L‘P(Q)
=g Pt %0t pln ot A+ pt A+

@ spontaneous magnetization

TP P 1
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One loop correction to I (cont.)

@ po=0or

0—u2+A¢2+A/ !
- A2yl
3! 2 Jp a?p? + 12 + Ap/2

pz =00[2tD 5t [ p~=20] 00| £[OfOF StCt.
wetA p? < 00]Ct,

mean field O|A&Q| ZIE Moo= ALt

Sl HES2 A2 HES BT A — 00O LA

£ o122 A2[atoF &7t?

7



Renormalization




A-sensitivity of diagrams: general discussion

@ each loop corresponds to an integral fq ~ A,
@ each internal link corresponds to A ~ A2,
@ L-loop corrections to I'("™

U=4V—n, I-V= vfg:Lq

— diagram ~ AFd-21 — A4—nt(d—4)L

@ forn=4and d = 4, correction ~ A =InA — 00?

A
v AL / dz = In(A + 1)
0 $+1

@ Since bare parameters are not known a priori, we expect
physics should be A-insensitive. But how? RENORMALIZATION
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diagrams for I"(?)

@ L-loop corrections to I'(™

4V —n n n
= I-V=V—-—==L-1=V=L-1+4+ —.
2 2 T3
diagrams for I'(®) up to two loops
one-loop two-loop two-loop
A p
p
g ) q q k k
k k k k kE—p—gq
1 1 1
| 2 4 3! )
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One-loop correction

@ one-loop amputated diagram Q and T (k)

/A E% (o, py A),

A
+ I+ O(N\?)

IA (k) = o®k + 12 5

A d—1
oIO:SfH/ €49 pd-z Ly o fora> o,
(277)(13 Jo (12112 + MZ =

@ we do not know the exact value of microscopic parameters.

@ we will reformulate the theory using “macroscopic” (or
observable) parameters.
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Mass renormalization

@ sweep infinity under the carpet
2 _ (2.0 2 A 2
m°=T'"(k=0)=pu +§Io+0(h ),
TA (k) = o2k + m? + O(h?)

@ O(h?)2 two-loop orderdg H7|5t7| {5t 7|Z0|C},
o I'® js finite!

@ physical motivation

G (k=0) = <(5¢3)2> o x (susceptibility)
I®(k=0)x x~' ~|T— T.|”.(vis the critical exponent)

@ ;£ bare mass, mS renormalized (dressed) mass2tl £2C},
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Mass renormalization (cont.)

@ two-loop amputated diagrams 8_@— and T (k)

L/A ./A A(MM@A%—p—@

—11 ((y,,u A) =A(k;o,p,\)
ﬂ%@—&ﬁ+2 31—§J1—ﬁAk o(n?
= Iy glo—7lh -+ (k) + O(h”)

@ renormalization

2 2 2 A )‘2 /\2 3
m:FU%:M:u+§hfzhh—€A@+Om%
2

ﬂ%m:ﬁﬁ+ﬁ—%ﬂm@+aﬁymm@zm@—mw.
@ Now I'®)(k) has a nontrivial k dependence.
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Mass renormalization (cont.)

@ cutoff dependence of A(0) and AA(k) for small & (note 2r11)
0= / ADAA(Q) ~ A*°, (note Q=p+ g
b=/ a6 - Q) - A(Q) ~ A2

@ d<40|HAA(R)= A — oo I =&,
@ Finally, we have a finite theory for d < 4 as

2
TP (k) = o2k + m? — %AA(k).

@ Still, we have In A behavior at d =4
@ mass renormalization2 2 YA L= 0|27
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) AMoIN AE G 2 WS B3

@ motivation : one-loop diagram

A L A [[aa, 2. X o]
2/Ija2p2+m2 = Q/Ja P+ + ST+ O(2)
et 8
2 [0 -5h [ @+ om) = O +
2 p 4 q
@ one-loop correction AHAOA 422 m? 22 HASIUCL,

two-loop bubble diagramO| AHA A SZ5HAC

o UBkHOl loop A A bare propagtor AZ G 2 HZBICIH?
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o Yol 3= 2E diagramS 124512,

@ - 0. 5 .00,

@ I'( 9| diagram=0{|A{ P2 M= one-loop O|A9| diagram
0| subdiagram 22 L}E}L}R| Qb= diagram (undressed) 1124

> N
q2
k3 k4
k kg ks q q
q1
k k
undressed

k—p—gq

undressed diagrams

\ J
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@ 2E undressed diagram| 2 link0fl G & 245t 2E
diagramg 3Lt 2715tH, 2E 1Pl diagram 714

@ 0|= undressed diagramOf|A 2t linkE G\» 2 bR Z0te}
Zopict,

@ 39| : undressed= L7t Bt 20{Y.

@ cf: skeleton diagram
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p? 2k m? 2| 2A|

@ m?22| two-loop order77}X|2| correction

o m?2 F&tet gt0|2 2 12 0] Yikste 2ol EL.

@ Note) Route to a Continuous Field

p? o< ag? = O(A?)
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Field renormalization

@ AA(k) ~InAifd=4
@ mass renormalizationz{& BIAMSHS S45t= M2 HLE
TSR

o 29|9| x0f T50f o* S THEH 20| H2l5tAt.

or® A2 a?k? — o’k - Q
a2 = s = =+ = A(p)Alg)—; SRR
k=r Pq [04 (KJ_Q) —l—m]
=B(k)~A20-8

@ NB A(k) = apA2%70 4 apk?A2978 4 gy ktA2910 ...
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Field renormalization (cont.)

@ renormalization

)
T (k) = a?k2 +T@ (k) — ¥ or =
or |, _,.
2 (2)
=m? + o’k — %AA(k) - % + @K + O(h%)
k=kr

=m? 4+ [CF — %QB(k, m)} + O(h*),

where

1 6 (or®

-~ a2) ~ A20-10
k=kr
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T.4 @, k =00|H, o= divergeSIZ2 (I'® ~ i271), k20
O|2E Mte= 20| ZH2tH ~E 0| A= MEis|

51X, StLtC| bare parameter set2 2 2E{ 02
renormalized parameter setO| B+=0{ZIC}t: renormalization
group (RG) Q| A|ZHA.

@ 2= diagram®| propagatord| o2 2 o®> 22 HASIH higher order
loop correctionO| 27t=l 23t5 A=Cf,

@ 2to Z = propatordj|

1

Go = a?k? + m?

£ AF23}1, undressed diagram S0t 12{3HCt
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Coupling constant renormalization: one loop

@ up to one-loop diagrams for T [recall §;(1 + 2 + 3 +4)]

r#,2,3) =
)\2

—5 {/ Go(q)Go(1+2 — q) + 2 permutations| + O(h?)
q

° HE2 AT SHCE W OM A2 2 X322 O|aH5H{of STt

—
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Coupling constant renormalization: one loop (cont.)

@ removing In A by coupling constant renormalization: g

_ (4 3/\2 2
g=T®(0,0,0)=x— 22 Go )2 + O(h?)

32 [

—g+ L | Go(q>2+0<h2>

L/_/

I (m,A)
r,2,3)=g- f/@o(q)Qx
q

20°q- K — a’K?
a*(¢— K)? + m?

where K = k; + ky (and two other permutations).
@ 2o HE2 A HES SIE2 d < 60|H F3HS5ICH

+ 2 permutations) ,
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Coupling constant renormalization : two loops

@ two-loop diagram R

> / Go(p)Go(p — k1 — k2) Go(q) Go(p + g+ k3) + 5 perm.
pq
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Coupling constant renormalization : two loops (cont.)

@ two-loop diagram SH&RY

pt+ki+k: q+ki+ks
kz k4

kl k3
b q

2
— |:/ G()(p) G()(p-i- ki + kz) + 2 perm.
p

o~

88



Coupling constant renormalization : two loops (cont.)

@ two-loop diagram AM|HHRY

already treated by the mass renormalization
@ renormalized gand bare X (note 2f11)
g=A— %/\211 + %/\SE + 3X\2L(m, A),
L(m,A\) = /pq Go(p)* Go(q) Go(p + ),

3 15
A=g+-¢L+—

den+ Bgr - sgn
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Coupling constant renormalization : two loops (cont.)

@ bare mass

A ,
u? = m? —|—210+6A(k m) + O(h?)

—m24 In - 32 ngk—o o(r?
= 510 49()1+6(—77n)+()

@ \2 ¢Z HIRH d < 60| I'® = A-insensitive
o S 713 2
1. a,m, g= o, u, A2 AL
2. a, A= a,m, g2t A2
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Coupling constant renormalization : discussion

o LIS Qlof= BHOIME k=02 & A|¥E BoE it
et o= ol9| x0f Clisto]

g=TW(k1, K2, Kk3)

1 49|50y = renormalizationOf= 24| 7t QiC}.
k=2 renormalization point2t! £2C}

% Ri-Kj= %H?dij — ilﬁ]Q(l — (SU)7|' ElE% 75|%|_|‘|:|-.
2

°
°

@ (k1 + ko) =(ky+k3)?=(kz+K1)?=r
° 2|22 MEHEl momentum-E symmetry point (SP)2t1 £2C}
°

k= field renormalizationOf| M AR5 2H2 k£ B E AIR3IC}

9



® a,m, ¢S SIHM T, ITWE d<40|M FEH=Z HERACY.

e ' (p > 3)2 Q55 PHS2{H MZ L parameterSO0|
URE7}

@ Loop?2| 747t 50{LtRH I 0j| A AH22 A divergence?}t S2&510]
field renormalizationZ2 M2 parameter?t Z ol X|= Zi2
OF7t?

@ How many parameters are necessary to have finite I'("” for any
nin all orders?
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Engineering dimension revisited

@ remind

@ [T™M(... k)] = —nd— n[pk)] =n— %nd

1
@ [T™(... kp1)]=d+n— Fnd=0n

@ )\, 1} reduced vertex function I'(") 2 2}2J0| ZC}.
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homogeneous function

o fEyg (i=1,..)9 &20|1, [¢] = oy, [l = A2} 5tR}.

@ DIk DE g, s b¥ig, 2 HABICIH, £ b2 f7t £|0{OF SHC}
f(6%g;) = b2 f(g:)

o 9|9} Z+e Azl

@ Of: 32t20f|k L2 = 12,95 = N\ flg1, 92, 93) = 93/(¢2 + g2) 3
20N [\ = 1) [ =1 2

= homogeneous functionO|2t1! SHC}

e 0| 422 LIZ0] renormalization group|M S5t H&S &
o FOI: BE XY= B4t HSIO{0F BHCf

e Z Z ARG Of|: [T (k)] = 20|22, T®)(bk) = I (k)
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Renormalization at higher orders

@ I'® o] L-loop diagramOi| CHSt (naive) XFEA
» [internal lines with L-loops

NALd72I
> 2[=4V-EI-V=L-1
2 =AL+E—4,Ld—2]=(d—4)L+4—E

. AL(d—0)+4-E

o

@ A9| X|£7t 849 diagram= superficially convergent diagram
O|E|'J— T%EI'

@ d<40|H O{H LO|AO|H HE2 £,
@ d>40|H LO| HALZE hMStE E7F 2Ot
@ d=40|H &MFE = [0} TS50 E= 2,40 ghit
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Renormalization at higher orders (cont.)

@ T12iL} superficially convergent diagram &= divergent
subdiagram Q2 QI5f| 2HAtst 4~ 9l

@ 0| 0|R 2 4 I|0|X|e] M2 ‘naive’ power countingO|2t1 &

@ 2L}, 29f renormalizationd| 2|5 0|21 subdiagram=< 0|0|
|7t £|0] Aee BRIt gl

@ primitively divergent diagrams: divergent diagrams without
diverging subdiagram.

@ d = 4: primitive divergence only for n = 2 and 4.
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Renormalization at higher orders (cont.)

@ consider ¢" theory (r=3,4,5,...)

FE—
2U=rV—BE=2V+L-1)=>T= ——L4+——
P=2 r—2

r—E 2r

dL—2]: d—ch —9 dCE .

= ( WL+ —— p—

@ d=d.and E < r: primitive divergence
» d> d.: LO| 37tet4-Z renormalization parameter?t 27t
(nonrenormalizable theory)
» d < d.: LO| 37tet4-E primitive divergent diagramZt4
(super-renormalizable)
> d=d.: Lo 442t 22 (renormalizable)

@ d. is called the upper critical dimension.
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Renormalization at higher orders (cont.)

@ d.= )\, 2| 2t2I0] 00| E|= dimensionO|C}.

@ remind: 6, = d+ r— rd/2.

upper critical dimension
r 3 4 6
de 6 4

» d > d.: non-renormalizable vs mean field
» d < d.:super-renormalizable vs non mean-field
» d=d.: renormalizable vs logarithmic corrections

@ renormalizability:= momentumO| infinity| M| H-Z 2} 2t240|

211, critical behavior= momentumO| 0 2X{0f|A2| H =2}
20 ACE.
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Ginzburg criterion

o m o x o |T— T
@ at the critical point T, m? =0

@ critical point x2 and reduced temperature Au? = p? — p?

A 1
2 2 2
&= |7”2_02/qa2q2+0(>\ )

A 1
A2 =m? (1 7/ 2
1 m ( + 5 qa2q2(a2q2+m2)) + O(\%)

@ Landau theory (m? o ) will break down if the integral is
dominant.

@ d>4:m? = OOlO'IE 2%; 75!5_8 ?:!-AOI‘ 'I('DI'%|_|'%|:iF (CUtOffE
235FsICtT ). Landau theory?7} HEE.
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Ginzburg criterion (cont.)

40|, R2Z A F22 \7} OtR2| 20tE m? —» 022 A5
FAS & (mfrared divergence).

® d < 40X HEE 512 (note 2+1)

NS _1md—* /“A/m 2 1dz
2(2ma)?  J, 22 (2? + 1)

N/\Sd_lmd—4 /oc xd—S iz (o
T 2@2ra)d J, 22+1 2‘”1 7Ta2 wz

@ m? < \?/(4=90|H Landau theory= Z&H4S QA EICt O
A Z critical regionO|2t11 E2C}

@ d < 40|™H mean field theory= AE%|R| Q=L

@ upper critical dimension : mean field7} 4&2&|Z| &= 7
2.

|-|'_L|;2
=
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UV and IR divergence

@ ultraviolet (UV) divergence

> 20| £O0 diagram®| 22 A0j 0|2

1 d—4
/1 (CL2q2 + m2)2
» UV divergence= renormalization2 = off &2,

@ infrared (IR) divergence

> m= k=007 2H2l0| $OB T2 Yt

> AMHOl=E m=0(T= T.), k=0220|A2 2. Z, IR divergence
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Relevant operators

o Vi=>, [\o¢" HEIZ ORI SR,

@ power counting of a diagram for ' of L-loop order
L:I—an+ 1,2[:Zrnr—E,

§=Ld—2I=L(d—2) -2 n.+2

> ¢ is largest when n, with largest ris largest : UV divergence

2 2k2 rZtO| critical dimensionO|lM £, O|ECH 2

» ¢ is smallest when n, with smallest ris largest : IR divergence
) 7|-Z|' pii=] T’E 72|_|\:
b IR divergence & 2fstA| BH=CE

== o
or==
o =21
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Relevant operators (cont.)

relevant operator : IR divergence

irrelevant opeator : no IR divergence

Ol 20| Zatel= d(k¢" FEf) = 0|20] HOtR|H K irrelevant

aif RICH,

¢* O| 20| M= ¢2, K292, ¢* Tt relevant operatorO|C},
|

relevant operator?| 22X Ot22| \,0| 0T ZA|E 4 QiC},
(renormalization group)

103



Rernomalization Group




Normalization

@ Normalization condition

m? = F(Q)(kz =05, 1, A\ A),
2 0

— 2 —0-
a = %F( )(k_oaa7M7A7A)

9= F(4)(k1? k27 k3;0l7ﬂ, )‘7A)‘

)

k=k

SP(k)

@ Normalization condition at the critical point
0=TP(k=0;a, e, \, A).

2 g 2l 22 HENO| Al (4 = p, 2 S ).
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Renormalized vertex function

@ free energy

1
W[J) = 1n/D¢e—H+J°¢, H= /5 (®K + p?) ¢ + %gb“

()
Wi

|8t pr = Z~1/%¢ (¢ : renormalized field2t B2C})

1 A
Hr= [ 5 (3 + ) 65 + ok

@ o2 = Za% u% = Zp?, N4 = 22\, Jr = ZM2
@ Helmholtz and Gibbs free energy

W[J; o, i, \] = Wr[JRr; ar, ur, Ar] + Jindependent part
I'rlpr] = Jropr+ Wgr = Joyp+ W=T[p] 4 const

105



Renormalized vertex function (cont.)

@ correlation and vertex functions
— O Wr - Z—TL/QélV
8Jp 5J

= Ok 208 _ gosapin)
~ SR 8y

_ Z—n/2 G(Cn),

@ field renormalization and choice of Z

dr®
o dk?

IS
[\v]

— a% = Za?
k=K

We choose Z= a2 (ap = 1) r™ = g"7{P ]

2

o m
@ Since m? = T(®)(0), g=T®W({x}), we get m% = 5 9R=7
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Renormalized vertex function (cont.)

I'(™: bare vertex function
(" : renormalized vertex function
r'(™: k, A, bare parameter?| &4~

°
°
°
e F%L) . k, k, renormalized parameter2| &t (A — o0)
@ o= k, renormalized parameter (and A)2| &t

°

[gr] =4 — d=¢0|8 2, u= gpr—/(2m)? S ZUSIH, T2 k, &,
u, mp 2| 47} EICH (A — 00).

u+= dimensionless expansion parameter?} ZIC},

0] &0l M 1'(" 2 &+AF reduced vertex functionO|C},

p? = p20|H m? =0 (2 m? =00 p? = p?)

p? = 29l ZLE massless theory2t E2C}

c
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General discussion about renormalized parameters

massless theory 1124
Lr, a, gr2 moil el gefrIct d2{L I'e «2f F2SHC}

T Z0i| tisto] T'r S 12ed5tAL

@ k=~r, kR & BF

T = a2 (g, k)T (ks g1, k1) = a2 (g2, k2) TSP (K g2, ko)

a " n
<1) TP (k; g1, k1) =
as

® a;, gi= k= r; Y WOl alt gr S
= 0O H|Z 22 Ct21 20| A2Q|5HA}. (A= A-insensitive)

=

T (k; o, 2)

o|Ofgtet.

ap

2
(K1, 913 k2, g2) = <a2)
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General discussion about renormalized parameters (cont.)

@ a, 9| Zo[0f o3

9 2
1= @F( ) (K; go, #2)

k:KQ

0
= Ql(/ﬁ-,gufiz’gz)ﬁﬂ )(k; g1, K1)

k‘:l{g
O|BZ2, A= Ky, ko, g1 2| &0|CH

@ =, ax = az(g1,K1,k2)0

° 929| Aolof 2fsf

@ (k; go, K2) — 02T (k; g1, 51)

= Il
92 SP(K/Q) SP(K/Q)

O|EZE, g» = R(¢1, k1, K2) O[CL.

@ u; S r;OlAQ| u2| gfo|2t1 StAt.
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General discussion about renormalized parameters (cont.)

= =
® w2 uy = w, k1, k22 T el

HA
7t EL

st4~E50I0|, 0] & 25 dimensionless

0|22, n7} =22 S 4 Qi T2tM, 0152 w, r2/k1 9

aand u

ou
Ko— = 5(“1)
8’{/ K=K1
o n 2 Qol2| 20| [5) = 0022, = ulte| B4

@ ¢2| 0|20 tistoi= Z2 2E2 H=th
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Renormalization group (RG) idea at the critical point

@ SPOIAM kY ot x/bY Ol I S T2f5HA},

o I 2 .o} DE3D2 C120| Alo| HFITY,

—

T [(0k) /b3 u(t), /8] = b T3 [0k (b), ]
T (k) = a(b)"b~°"T'%” [bk; u(b), ]

@ O[A| bk — ketil ChA| A8,

[ ™ (k/b) = a(b)"b~ T [k; u(b), K]
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Renormalization group (RG) idea at the critical point (cont.)

° u(b)% running coupling constant2til E2Ct
@ DHOF b — 0o W w(b) — u*, a(b) — b1/22}H,

T (k/b) o b0t /200 (ke o k)

o = I'W(k)7t k— 0 o] HESS & 4 UA =t
@ e.g. critical exponents
> TO)(k) ~ 2770|122, T®) (k/b) o< b=+
> 6, =20|B2, n =177} =T}
@ HE 7|5 2 real space RGO|A| coarse grainingsh= A 2+e
ay2to|c,

@ RENORMALIZATION GROUP EQUATION: u(b), a(b) Q| HS& L2{=C}.
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Renormalization group equation

@ Since I'™ does not have x dependence, we get

0= {/iai {F(M (kis ay A, A)}} = {/iai [a"l“gg) (ki; u, n)} }

a,\ A a,\,A

@ 2| AojA k2 T™O|25 ] bare parameter= 15t 2|2 O|25tC

[} —
) F%L) 0| Cist O] 284 A RENORMALIZATION GROUP EQUATION

_ |9 NG (n)
0|:H6/£+5(U)(9u 271}1“13

@ 3, v :flow function (Wilson function). »2t2| §t£0|C},

o flow functiong ¢ g/od ' g st
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Method of characteristics

Young man, in mathematics you don’t understand things.
You just get used to them. John von Neumann

o 2T} 2 M| WA

njo

= QlH}Z2{0| HFAI
—

IT
e 2L 1. O

a(z, y, V)z + b(z, y, V)y = c(z, y,v)

n 1 n
r=lnk,a=1,y=ub=F(u), = F(R . B= fn’ylﬂ )
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Method of characteristics (cont.)

@ ldea
> SHE QtCt D 7HE . flz, y, 2) = Y(z,y) — QI 3zte H5H gy,
> St A (z,y,2) Ol M O] 30| =212l vectore= CHS 1} 2T}

V= (e, by, 1)

> WetM (a(, v, 2), (2, 9, 2), (2, 9, 2)) £ VIR 5201, ZE HOA
I HO|| E3H= vector fieldO|C},
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Method of characteristics (cont.)

@ Ofl oy + ap, = =274, ZI| 2 HY(x, t = 0) = f(2)

@ characteristic

%7 =1z 2(t) = Ae' - A= ze” ",
Zl—j = —222=—24%%"2 — 2(t) = Be A% (=D,

@ From initial condition, z(t = 0) = B = f(z(0)) = flze™")

c(m t) = flze™ ) exp [—z2 (1 - eiZt)]
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Solution of the RG equation

@ k=ro¥ M a(ko) = ag, u(ko) = up k1L SIA},

)
@ characteristics 2ZA10| SHE h(k)2tL SHA}.

@ renormalized vertex function (2| A k2 A|AH)

g T 10) 4] = { G (409 59 1)
I'(h(k),s] 1 [Fdk A(r)
In 2227 — gy —v1(h(K)) = —nln —/—=
T\ [A(ko), ko] 2 A s 1)) a

@ solution
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Solution of the RG equation (cont.)

@ (original) vertex function (set k = xo/b, OF2i| A At 04| #4)

L5 (/). 5/ B A" (/b)) = T3 [, )" = D) (k)

b5 = —Blu(B)], with u(1) = u
bahz,;;(b) - %%[u(b)}, with a(1) = a
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fixed points and critical exponents

@ [(u) =02] off u*

£ fixed point2t BE2C} (0f2{71 2 S 4
°

u=u*O|H u(b) = u*, y1[u(b)] =
® B(u) 7t w 2HOA B(u) = ((u

ALh.
'71(”*)—'71 |'E|O‘|77:'71 O|C}.
— u*)O|H

—

> (>0:u— u*asb— oo (IR stable fixed point)
> (<0:u— u*asb— 0(UVstable fixed point)
@ u=u"OlM 52| 7|27|7t S235tCt.
£5], ¢ > 00|H v 2| gtut A24¢10] large length (small
momentum) scale physics= < ZHOI2IC}, (universality)
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fixed points and critical exponents (cont.)

@ 71 0] u= v* 20| M Ct3 2t ZTH S5tat

Mm=7 +7(u—u)
@ Solution of a(b)

/

bdb U !
21na:/1 ?’yl[u(b)]:/ rg((;f))du'mfﬁlanrZ(uu*)

a(b) = p1i/2e (wmw)/C

@ u— u* O™, a(b) ~ pi/?
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fixed points and critical exponents (cont.)

/

~fnb— %lnlnb — a(b) = BY/2(1n b)=7/(20)
@ log-correctionO| S&SICY.

@ 2.E upper critical dimensionO|A 5(u) = w* 2| HEHE ZH| £
v =1 = 00|12 log-correctionO| Z23tC f
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critical exponent §

@ J(z) = Jo¥ M ¢(z) = ¢ 2t SHAL. Jo(¢o) = aJr(dor) OI2E,
aJr(¢or, u*, k) = a(b)Jr(dor(b), u*, k/b)

® ¢or = apo 0|22, por(b) = a(b)por/aO|Ct.

@ o= field JoF 23t YO0|B2, Jy ox ¢ 0|H Ji o ¢, 0|CH.

@ u= u* 2t S}Af

@ u=u*0|B2 g(b) = ab"1/20|22

Jr(Gor, u*, &) = /2R (812 o R, u*, k/D)
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critical exponent ¢ (cont.)

® [¢o] = (d—2)/2, [Jo] = (2+ d)/20|122

o L o ) . K
b’Y1/2JR (b(d 2+91)/2 05)/27,“ ’E

= bR (b<d*2+%>/2¢03, u', k) = Jr(dor, U, k)
@ 5= pld—2+77)/2 2t 5tH,
Jr(spor) = 5<2+d—vf)/(<d—2+vi*>JR(%R)

d+2—v d+2-n

@ 2t § = =
FekA d—2+7v d—2+n
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Wilson functions

@ Property of a partial derivative

_ K(ON/OK )y n
A (OA/Ou) A

Bl) = k22

@ Dimensional analysis
A=k up(u, k/A)
@ Since 3 is A-insensitive, we can neglect contribution from A

oA

K— =&l
Ok u, A
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Wilson functions (cont.)

w=-a[(5) ] --(e)

@ Since uy = u(l + ayu+ agu?), a=2(u) = 1 4 byu? (ay > 0),

Blu) = —¢ { dln [u(1 +;;u+ axu?)] }

= —cu[l — qu+2(ai — a2)u’ + O(u?)],
da=2
ou

v (u) = B(u) = —cu[2byu+ (3bg — 2bsa1)u” + O(u?)]

@ (IR stable) fixed point
» d> 4 (e <0): wx =0 (Gaussian fixed point: Landau theory)

> d<4(e<0): ux ~ 1/a1 x e (Wilson-Fisher fixed point)
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RG for T # T, (schematics)

@ modified Hamiltonian at the critical point (tilde 7|2 & #2)
1 2, 1 A
o= [ 5(V6P +3 (12 - 7(2)] 6 + G

H M, = T# T OlMe 17t =Ct
b= 242 ¢? insertion 0|2t L& E2C}

£ composite operator2t 1= £E2Ct

a2 Y22M0f M= AIZHEE modified Hamiltoniang CHECE

partition function and free energy

27 = [Doep (e + [ Hahotw))

WS, r|=lnz, W[J,7]+T]p,7]= /J(w)go(a:)

T

(&) = 0/
r(2) B EYstt
22 ¢

00000
©-
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RG for T # T, (schematics) (cont.)

@ correlation functions

l §m 5@
Z 8 J(zi)™ 57_(3/1,)[ J=0

_ (;)i <H ¢<x,->f[1¢2<yj>>

677,
I EOR )naT( )eW[ i

G<”’e)(xn; Yoy T) = Z|J, 7]

G0 (; yo; 7) =

J=0

@ GO (z;y) = GO (z; 47 = 0)S 20|t
@ vertex function T (z; y; 7) : GV (z; y: 7 = 0) 2] 1Pl part
@ Fourier transformation of the composite filed

¢2<p)5/ 722 (2) /<¢> p—a) # 6(0)°
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RG for T # T, (schematics) (cont.)

@ reduced vertex function (k= StLIE | A3t &)

TO( L k.. pe) =D ™0 k1. .., )X

X O Zki+2pj
i j

@ Note that
(n,0+1) 4 (n,0)
G T Y, Y T) = = G (T Y T)
i OT(Yey1) ©
)
T (g e yey1;7) = ———D™D (a5 g 7)
0T (Ye41)
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RG for T # T, (schematics) (cont.)

@ Taylor expansion
1~/ 1
F(”) (2;7) Z/ (yi) r é)( )
Yy

@ In particular, if 7(y) = 7,

F(")(I; To) = i

£=C

58

~

1~¢
[ T
JY

@ momentum space (reduced vertex function)
(n) = Té (n,0)
I (k7o) = ZEP O (k;p=0)
=0
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RG for T # T, (schematics) (cont.)

@ T +# T.O0|M2| vertex functionS massless theoryOf|A{ 2| At5t
vertex function2& & 4= QICt massless theory™ Z&.

—1
@ Normalization (massless) Z, = {F@’l)(ﬂ;l@)}

@ renormalized vertex function
F(”’Z)(; A A) = a”del“gl’Z)(; ;U K)
@ renormalized T for nonzero 7

¢
I‘(")(k; T0) = Z ;—?a"Zgzl"gl’é) = a"l“gl)(k; TR, Uy K)
i
where TR = T()/ZQ.
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RG for T # T, (schematics) (cont.)

@ RG equation

_ 9 n r7—L0(n,€)
O_ﬁ% [a % Tr })\,A
0 0 n n,L
0= [rpe + 8055 = 3 + 32(0)| T 1),
where
:_811122 _ ( )8111Z2
%= Olnk v ou

. 0
@ Since NTR Y2, We get
nkK

0 0 n 0
0=|r5= +ﬁ(“)% —om +72(u)81n7'3

I‘%”) (k; TR, u, K).
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RG for T # T, (schematics) (cont.)

@ Solution along x(b) = ko /b (tg = Tr(Ko), uo = h(k0))

T (ks A, 70) = af T3 (K, to, o, o)

_An< 2V i) [ok/b, b2t ( 2) /8%, (H()) Hbo}

a ()b~ 0T (bR, BrR(b), u(b), ko) ,

where

du(b) _
o - ot 2500

@ Note that we have used [f] = 2 and [['(™] = 4,,.
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RG for T # T, (schematics) (cont.)

@ vertex function at the (IR stable) fixed point

F(”)(k/b; A To) = agfg)(k/b; lo, u*, Ko)

= agb T (ks PR, w7, o)

@ Since Z, and aq are calculated using massless theory, we can
set ty < 79.
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Critical exponents

@ correlation length

PGP
€= # = f%m GAk)| = %mr(?)(k)

[ GS(r) ok o O k=0
022,

&= %1 TP (bk, 25 8)| = BPF(B* 5 1)

k=0
& ~ 75 0|82 F(z) ~ 27> O|C}. T2tA],
1

7_0721/ o b2—2y(2—w2)t621/. oy = _
2—7;
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Critical exponents (cont.)

@ critical exponent

T@(k=0;m) =17
7‘3 o b2t (bQ—"/; to)’y 5% b—2+71*+7(2—7§)73

b olo] 20|22, v = (2— 47)/(2 — 5) = (2 — n)v
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Critical exponents (cont.)

@ critical exponent 3
to # 091 Z0] (fixed pointOf|A) Jp2 C}-S2} 2Tt

b= (d+2-70)/2 1 (b(ddﬂf)/%om by to) = Jr (¢or; to)
Jo=00|®H Jr = 00|22, 2|9| »0j| C{5t0q
Jr (b(d_zﬂf)/z%m et to) =0

[El'al'A-l t(;(d—2+7f)/(2(2_7;)¢0R — const.

d—2+77 1
B=2"2TN "2y
2@ ) 2 )
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Computation of Critical
Exponents




Dimensional regularization

2|27t A| cutoff regularization= =2 &,

@ renormalizaton 2}H 0| M A sensitivity= CtS1t 22 HELZ

HASHRE.

I=lim [ [fi(p)—f))=L-DL

A—oo »
dimensional regularization: 25 2}240| 22X A-insesitive
iR = AS ZOtsto 1 L 7F A — coOllM & Zol&l= d
A0 AlLtstd, 1 20 IZ AlLtetTt, d& Saa2tll
HFESHD 12 244 40| CHSt analytic function 0|22 A2+5H0d,
analytics continuation= Eaff 2|7} Hot= 2FHO|A 17+ &
HolE| =& ST & (cutoff A LHECH THEY)
NB: O HYO|M 22 S 2= £ analytic function2 25 24
S{Hol|A 2Tt
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Dimensional regularization (cont.)

@ analytic continuation 0|

> T'(2): R(2) > 00| A2t HO|=l Ct2 &49| analytic continuation

/ e lat
0

> ALSEA: moment generating function

oo

G(k) = (™) = / ¢ P(z)dr ="y @ (’7’%
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Dimensional regularization (cont.)

o A& 0 (Beta &4:0f CH St note 2t10)

()_/OO diz _g /°° 4 tdz
= 0o Z+m2 -1 0 T2+ m?

o0 gd=1 gt
= 5d71md_2/
0

?+1
d—2 2 /2 I'(1 - d/2)I'(d/2) 2_d/2
i T(d/2) 2T (1) = o=l =)

@ I'= analytic &40|2Z analytic continuation0| 24 =l
@ d=24,60|M T(0),I'(-1),I'(—2)& UV divergenceE 2|0|gt.
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Dimensional regularization (cont.)

@ dimensional regularization2| M| 2 A

1. /qF(q+ k):/qF(q)
2. /qF(Aq) = A*d/qF(q)
3 / Saar) = / 1) / 9(p)

o 9lo| FHIN ZUO=2 FE{ L1320 225 ¢

/p2n _ )\72n /(}\p)2n _ /\7d72n /an = (@
Jp Jp Jp

@ NB: dimensional regularizationO| A= (2|48 O{H 244 0
Ci5t0d) L& 20| 7tsotCha ZHEEICt

ct.

rir
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Dimensional regularization (cont.)

@ consistency check |

/i:lim ;:hm mi=2C=0.
7 p2 m—0 » p2 + m2 m—0

@ consistency check Il

1 1 /2 / 1
—_—— | =— I'(l1—-4d/2) = —_
/P[p2 p2+1:| " ( /) P p2(p2+1)

27Td/2 27.(.(1,/2
= I'2-4d/2) =
d—2 ( /2) d—2

(1—d/2)L(1 - d/2)

@ Note thatT'(z+ 1) = aT'(x).
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Calculation technique: Feynman parameterization

@ Typical integral

1 ' 1
/p(pQ—i-Qw-p—&—cQ)b /p(pQ—l—CQ—:cQ)b
_ / (02f12)d/27b _ Sa-1 (ngz)d/gb/'l'dldl'
RN COL (@ + 1)

h(cz _ p2)d/2—br(b —jléﬁgf(d/z)

@ 2M0jM dimensionless coupling constant v S Z2|&h i, (27)?at
LI=U=Hl, 2& Sa—17HA| =510 Zo[ Sttt

_ Si1
- (2 )ngK;

—&

142



Calculation technique: Feynman parameterization (cont.)

@ Feynman parameterization

_ 1 /CO

b b—1 —at

0’ = —— 7t e Mt dt,
() Jo

_ dtldfgtbl 1tb2 1 7a1t1 agtz
alt al? F(b1 (b2) /

@ 2|8t = suy, to = sup (g +up = 1)

1 1 1
= duu? =1 (1 — u)21x
aftay?  T(b1)T'(b2) /0 1=

X /oo dsef(alulJrag7a2u)55b1+b271

0

(b1 + b) /1 I i ) ke
o

:F(bl)r(bg) a1u+ as — agu)b1+b2
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Calculation technique: Feynman parameterization (cont.)

@ In general,

1 F(Zz bs) ' b B
o TLT(b) A e i <Z “'_1> > au)Z 2

> dx
W= e
dx

1
/ duy dugd(ug + ug — 1)/(x2u1+(1:fk)2u2)2

/ d“/ 2 — 2z k:u+k:2 )2

= 7¥2k°D(e/2)T(1 — /2)/T(2 — €).
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€ expansion

@ diagrams ¢ = 4 — d0j| CHSt Laurent seriesZ H3,
@ uE cO2 AHISICt I = e 1 +clnkE AR
@ I'gt9| poles Ch32t Z0| FHotCt,
I'(1 1 r 1
I‘(x):ﬂzf7 N-1+4+2) = (2) ~—=
T 93 14z 98

higher order correction2 C}2S 0| &3tC},

Ml+2)~T1)+T'(1)z, T'(1)= / Inte tdt = —y ~ —0.5772
0

7 : Euler-Mascheroni 44 = lim,, o (37, k™' —Inn)

minimal subtraction scheme : diagramOf|A{ e-pole Bt 11243tCt,

B, m, v s ALY & AUCH
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