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Mesons,	Baryons,	Nuclei,	
Nuclear	Matter,	Neutron	Stars

• Many-Body	systems.	Unique	combination:
• Quantum	Dynamics
• Relativitistic
• Strong	coupling

• Described	by	an	elegant	microscopic	theory:
• Quantum	Chromodynamics	(QCD)
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Quantum	ChromoDynamics(QCD)

• Invariant	under	
`color’	SU(3)	
Gauge	
Transformations
• Gluon	fields	Gμ𝜈
are	3x3	color	
matrices
• Quark	fields	qj
are	3×1	color	
vectors

• Almost	everything	we	observe	
about	hadrons	and	nuclei	is	NOT	
in	the	QCD	Lagrangian.
è Emergent	phenomena!
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Cosmic	Puzzles
I.	Mass
• Mass
• Roughly	97%	of	the	mass	of	
the	visible	matter	of	the	
universe	comes	from	the	
emergent	dynamics	of	QCD.
• The	other	3%	(quark	
masses)	
comes	from	the	
Higgs	mechanism
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Cosmic	Puzzles
II.	Nuclear	Binding
• Nuclear	Binding	is	a	color	Van	der	Waals	force
• np	system	has	bound	state,	nn system	does	not.	
è Universe	has	atoms,	chemistry,	&	stars,	not	just	
White-Dwarfs,	Neutron-Stars	and	black-holes.
• No	bound	5-nucleon	or	
8-nucleon	nuclei.
è Stars	burn	for	
billions	of	years,	
not	just	millions.

6/8/18, 3(02 PMThe Colourful Nuclide Chart

Page 1 of 1http://people.physics.anu.edu.au/~ecs103/chart/
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Cosmic	Puzzles		III. Structure	and	
Dynamics	of	Neutron	Stars
• Phases	of	QCD	matter	at
high	density	/	low	T
• Neutron	star
• Color	Superconductivity

• Mass	Limits	of	Neutron	
Stars
• Measure	the	neutron	radii	of	heavy	nuclei	to	constrain	
the	Nuclear	Matter	Equation	of	State	(Pressure-density-
temperature	relation)

• Dynamics:		Neutron	Star	Mergers
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Neutron	Star	Merger:	
The	ultimate	relativistic	heavy	ion	collision

• LIGO	Chirp	and	Fermi	𝜸-ray	burst
• https://youtu.be/-Yt5EmEgz2w
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Cosmic	Puzzles	IV:		The	Vacuum

• Dynamic	Quark	and	Gluon	condensates
• 0 𝑞% 𝑥 𝑞(𝑥) 0 > 0
• 0 𝐺 𝑥 𝐺(𝑥) 0 > 0
• Not	static!
• Nearly	massless	quarks	
moving	through	the	lumpy
gluon	condensate	acquire
𝑞𝑞%-cloud	and	mass	
~	300	MeV.

D.	Leinweber
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Unique	Features	of	the	Electron	Ion	Collider

• High	Center-of-Mass	energy
• ep Lower	than	HERA,	but	first	ever eA:		2H	to	238U

• High	Luminosity:		100	x	HERA
• Polarized	Light	nuclei:	p,	d,	3He,	6,7Li	…
• Longitudinally	and	transversely	polarized,	without	the	
dilution	of	e.g.	NH3,	ND3,	Butanol… targets

• Full	reconstruction	of	nuclear	final	state
• Effective	zero	target	thickness	vis	a	vis fixed	target	exp.
• Far	Forward	acceptance	50x	HERA
• Spectator	and	evaporation	neutrons	are	boosted:

• Precision	detection	possible
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Theory	Tools

• Lattice	QCD
• Dyson-Schwinger	Eq’s
• Effective	Field	Theory
• Light	Cone	Quantization
• Density	Functional	Theory
• …

APCTP-2018 C.	Hyde	— Lecture	3 10



Scattering	with	Lattice	QCD		(2016)
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We present for the first time a determination of the energy dependence of the isoscalar ⇡⇡
elastic scattering phase-shift within a first-principles numerical lattice approach to QCD. Hadronic
correlation functions are computed including all required quark propagation diagrams, and from these
the discrete spectrum of states in the finite volume defined by the lattice boundary is extracted. From
the volume dependence of the spectrum we obtain the S-wave phase-shift up to the KK threshold.
Calculations are performed at two values of the u, d quark mass corresponding to m⇡ = 236, 391 MeV
and the resulting amplitudes are described in terms of a � meson which evolves from a bound-state
below ⇡⇡ threshold at the heavier quark mass, to a broad resonance at the lighter quark mass.

Introduction: Meson-meson scattering has long served
as a tool to investigate the fundamental theory of strong
interactions, quantum chromodynamics (QCD). The
isoscalar channel, where all flavor quantum numbers are
equal to zero, is dominated at low energies by ⇡⇡ scatter-
ing, but despite experimental data on elastic ⇡⇡ scattering
being in place for many decades [1], the existence of the
lowest lying resonance with spin zero, the f0(500)/�, has
only recently been demonstrated with certainty [2, 3].
This is astonishing given the crucial role played by such a
state in our understanding of, for example, spontaneous
chiral symmetry breaking [4], and long-range contribu-
tions to the nuclear force [5]. The di�culty comes from
the especially short lifetime of the � which causes it to
lack the simple narrow “bump” signature associated with
longer-lived resonances. It is the use of dispersive analysis
techniques [6], which build in constraints from the causal-
ity and crossing symmetry of scattering amplitudes, when
applied to the experimental data, which have led to an
unambiguous signal for a � resonance. These techniques
have ensured that the location of the corresponding pole
singularity, located far into the complex energy plane, can
now be stated with a high level of precision [7, 8].

In principle it should be possible within QCD to cal-
culate the scalar, isoscalar ⇡⇡ scattering amplitude and
the contribution of the � resonance to it, but the non-
perturbative nature of the theory at low energies leaves
us with limited calculational tools. The most powerful
current approach is lattice QCD, in which the quark and
gluon fields are discretized on a space-time grid of finite
size, allowing numerical computation by averaging over
large numbers of possible field configurations generated
by Monte-Carlo. In particular, from the time-dependence
of correlation functions calculated in this way, we can ex-
tract a discrete spectrum of states whose dependence on
the volume of the lattice can be related to meson-meson
scattering amplitudes [9, 10].

Calculations of the scalar, isoscalar channel have long
been considered to be among the most challenging appli-
cations of lattice QCD. In order to be successful here it
is necessary to evaluate all quark propagation diagrams
contributing to the correlation functions, to reliably ex-
tract a large number of states in the spectrum, and to
determine and interpret the energy dependence of the
scattering amplitude in the elastic region. To date no
calculation has overcome all these challenges [11].

In this Letter we show that by combining a number of
novel techniques whose application we have pioneered over
the past few years, we can meet all these challenges and
provide the first determinations of the scalar, isoscalar
scattering amplitude within QCD. By utilizing distilla-
tion [12], we are able to evaluate with good statistical
precision all required quark propagation diagrams, includ-
ing those which feature quark-antiquark annihilation. By
diagonalizing matrices of correlation functions [13] using
a large basis of composite QCD operators with relevant
quantum numbers [14–20] we are able to make robust
determinations of spectra, and by considering multiple
lattice volumes and moving frames, we are able to map
out the energy dependence of the ⇡⇡ scattering amplitude
over the entire elastic region.

We perform our calculations with two di↵erent values
of the degenerate u, d quark mass, corresponding to pions
of mass 236 MeV and 391 MeV. We find that for the
lighter mass, the scattering amplitude is compatible with
featuring a � appearing as a broad resonance, which
closely resembles the experimental situation. As the quark
mass is increased we find that the � evolves into a stable
bound-state lying below ⇡⇡ threshold.
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FIG. 5. Upper panel: t-matrix pole positions for a variety of
parameterizations (K-matrix “pole plus polynomial” forms
with and without Chew-Mandelstam phase-space and/or Adler
zero [28], relativistic Breit-Wigner and e↵ective range expan-
sion). Green points: bound-state pole (physical sheet) at
m⇡ = 391 MeV. Red points: resonant pole (unphysical sheet)
at m⇡ = 236 MeV. Black point: Resonant pole from dispersive
analysis of experimental data (conservative average presented
in Ref. [7]). Lower panel: Coupling g�⇡⇡ from t-matrix residue
at the pole - points from various parameterizations are shifted
horizontally for clarity.

have a pole on the real energy axis below ⇡⇡ threshold
on the physical Riemann sheet, which we interpret as the
� appearing as a bound state of mass 758(4) MeV. Con-
sidering the amplitude determined with 236 MeV pions,
we observe in Figure 4 a qualitative change of behavior in
the phase-shift curve to a form which does not resemble
either that expected for a bound-state or that of a narrow
elastic resonance. We find that all successful descriptions
of the spectrum have a pole on the second Riemann sheet
with a large imaginary part, which we interpret as the �
appearing as a broad resonance. Because the amplitude,
determined from the finite-volume spectrum, is only con-
strained on the real energy axis, which is far from the
pole position, there is a significant variation in the precise
determination of the location of the pole under reason-
able variations of the parameterization form3. This is the
same phenomenon that is observed when experimental ⇡⇡
phase-shift data are used to fix parameters in amplitude
models that do not build in dispersive constraints [7].
Figure 5 shows the complex energy plane illustrating

the extracted pole position, s0 = (E��
i
2��)2, for a range

3 see Refs. [23, 24] for the kinds of variation we consider.

of parameterization choices. We also show the coupling,
|g�⇡⇡|, extracted from the residue of the t-matrix at the
pole, g2�⇡⇡ = lims!s0(s0 � s) t(s).

Summary and outlook: In this Letter we have, for the
first time, determined the low-lying spectra of the scalar-
isoscalar channel of QCD in a box, including all required
quark propagation diagrams. From the finite-volume spec-
tra we have extracted the ⇡⇡ elastic scattering amplitude
which shows qualitatively di↵erent behavior at the two
pion masses considered, 236 MeV and 391 MeV, with
the heavier mass featuring a � appearing as a stable
bound-state.

The amplitude parameterizations we explored to de-
scribe the finite-volume spectrum determined with 236
MeV pions all feature a � appearing as a broad resonance,
but the pole position is not precisely determined, showing
variation with parameterization choice. We believe that
this comes about because our parameterizations, while
maintaining elastic unitarity, do not necessarily respect
the analytical constraints placed on them by causality
and crossing symmetry. In the future we plan to adapt
dispersive approaches so that they are applicable to de-
scribing the lattice data, and we expect this will allow us
to pin down the � pole position with precision directly
from QCD.

With constrained amplitude forms in hand, it will be-
come appropriate to perform calculations with lighter u, d
quarks, such that we move closer to the physical pion
mass, in order to make direct comparison with the exper-
imental situation. It will also be useful to examine pion
masses between the 236 MeV and 391 MeV considered
here to determine how the transition we have observed
from bound-state to resonance is manifested – a sugges-
tion from unitarized chiral perturbation theory [29] has
the coupling g�⇡⇡, which one might conclude from Fig-
ure 5 is approximately independent of quark mass, having
a divergent behavior somewhere near m⇡ ⇠ 300 MeV.

Our calculational techniques allow us to determine
finite-volume spectra above the KK threshold, and by
considering such energies within a coupled-channel anal-
ysis, we expect to be able to study any f0(980)-like res-
onance that may appear. Such a state is anticipated as
an isospin partner of the a0 resonance which we observed
near the KK threshold in a recent 391 MeV pion mass
calculation [24]. A comprehensive study of the light scalar
meson nonet (�,, a0, f0) within first-principles QCD will
then be possible. The finite-volume approach can also be
extended to study the coupling of these states to external
currents [25, 26, 30–35] – by examining the current vir-
tuality dependence of the form-factors evaluated at the
resonance pole, we expect to be able to infer details of
the constituent structure of the scalar mesons.



Dynamical	Origin	of	Mass	

• Dyson-Schwinger	
Eq’ns
(C.	Roberts)
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Why	a	high	energy	EIC	to	investigate	
low	energy	nuclear	binding?
I. Nuclear	binding:	delicate	cancelation	of	high	

energy	effects.
• QMC	model:		scalar	(σ)	and	vector	(ρ,	𝜔)	mean	fields,	
Strengths	~	500	MeV
• Nuclear	Momentum	
Distributions	have	
universal	tails	up	to	
≥	1	GeV/c.

APCTP-2018 C.	Hyde	— Lecture	3 13

NUCLEON MOMENTUM DISTRIBUTIONS, THEIR SPIN- . . . PHYSICAL REVIEW C 87, 034603 (2013)

FIG. 5. (Color online) The momentum distribution of 40Ca in logarithmic (a) and linear (b) scales, corresponding to the AV8′ NN interaction
calculated within two different many-body approaches. Dashed curve, cluster expansion (FHNC) up to FHNC/SOC order [28]; dotted curve,
cluster expansion (CE) at second order [31]. The full curve represents the deuteron momentum distribution corresponding to the AV18
interaction.

3He cases) are compared in Fig. 6. The general features that
emerge from such a comparison can be summarized as follows.
(i) At low values of the momentum k = |k1| the shape of nA(k)
is determined by the asymptotic behavior of the wave function
of the least bound nucleon, and therefore it is very different
for different nuclei. (ii) In the high-momentum region (k !
1.5–2 fm− 1) a qualitative similarity between the momentum
distributions of deuteron and heavier nuclei can be observed. In
what follows we show that in this region nA(k) is dominated by
the correlated part of the distributions, namely nex and n1, and
that the similarity between deuteron and complex nuclei is only
a qualitative one, with the high-momentum behavior of nA(k)
being governed by the the various spin-isospin components
contributing to nA(k), and not only by the deuteronlike state
(ST ) = (10).

6. The mean-field and SRC contributions
to the momentum distributions

The separation of the momentum distribution according to
Eqs. (31) and (38) is shown in Figs. 7–10. It can be seen that
(i) in the region k " 1.5–2.0 fm− 1 SRCs reduce the mean-field
distribution without practically changing its shape, the effect
being attributable to the decrease of the occupation probability

of the shell-model states below the Fermi level; (ii) in the
region k ! 2.0 fm− 1 the momentum distribution are entirely
exhausted by SRCs. Having at disposal both ngr(k) [n0(k)]
and nex(k) [n1(k)] the probabilities given by Eqs. (34), (35),
(42), and (43) can be calculated. These are listed in Table I,
whereas the partial probabilities defined by Eq. (45) are listed
in Table II.

B. Summary of Sec. II

From what is exhibited in the present section, some general
features of the momentum distributions can be identified,
which are, to a large extent, independent of the many-body
approach and the two-nucleon interaction used in the calcula-
tions, namely: (i) at k ! 2 f m− 1 the momentum distributions
of both few-nucleon and complex nuclei qualitatively resemble
the deuteron momentum distributions; (ii) in the region
of high momenta, the realistic momentum distributions of
complex nuclei overwhelm the mean-field distributions by
several orders of magnitude; (iii) whereas for few-nucleon
systems the method of calculations is very well established,
for complex nuclei different methods and potentials provide
at high momenta values of the distributions which can differ
up to a factor of two, and it is not yet clear to which extent

FIG. 6. (Color online) The proton momentum distribution of nuclei considered in this work in logarithmic (a) and linear (b) scales, calculated
within different many-body approaches with equivalent NN interactions, namely the AV18 one, in the case of 2H and 3He, and the AV8′ one,
in the case of 4He, 16O, and 40Ca.
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