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» 6d SCFTs
— 6d N = (2,0): ADE classfication [witten](95)
— 6d N = (1,0): Atomic classification [Heckman, Morrison, Rudelius, Vafa](15)

— No known Lagrangian description

> N? mystery
— Degrees of freedom o< N3 [Klebanov, Tseytlin](96)

— Microscopic computation is challenging

> Strategy
— Worldvolume theory of N M5 branes: 6d N' = (2,0) Ay_1 SCFT

— Put 6d SCFT at tensor branch and compactify on a circle.

— Use massive objects to explore N3 behavior of 6d SCFT at massless limit



6d (2,0) Ay_1 SCFT
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Tensor branch
— Tensor multiplet (B, 1, $%78%10) with SO(5)r
Self-dual string coupled to By, (xdB = dB)

— Non zero VEV to scalar: (¢°®) = diag(a1,...,any_1) ~ Coulomb branch

Self-dual string has a tension  a;
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» Tensor branch

— Tensor multiplet (B, 1, $%78%10) with SO(5)r

— Self-dual string coupled to By, (xdB = dB)

— Non zero VEV to scalar: (¢°®) = diag(a1,...,any_1) ~ Coulomb branch

— Self-dual string has a tension x a;

» Circle compactification
— KK momentum along X' ~ X! + 27 Ry (M-theory circle)
— 5d U(N) MSYM with W-bosons (SD string) and instantons (KK)

— Instanton has a mass « 1/R;



BPS index
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BPS index
Counts BPS bound states of W-bosons and instantons
H+P H-—P

Z(T,a,m,61,2)=Tr[(*1)F627”'T 7 2T eel<‘]1+JR)eel(J2+‘]R)eQMJLefa‘a]

7: complex structure of T2 (17 = ig—?, Im[7] ~ (coupling constant)~2)

a;: tensor VEVs

m: chemical potential for SU(2), C SO(5)r, N = 2* mass deformation in 4d

€1,2: chemical potentials for spatial SO(4) locked with R-symmetry (Q-deformation)



Observables

» Instanton partition function
— Instanton expansion: ¢ = e2™T [Nekrasov](02) [H.-C.Kim, S.Kim, E.Koh, K.Lee, S.Lee](11)

oo
Z(T,a,m,€1,2) = Zpen(a,m,q,z)( > Zi(a,mye12) - qk>
k=0

N

Bij(s)+m—cy  Bij(s)—m—cy
5 - sinh 5

Zk(a,m,q,z) = Z H Z Sinh

S Y; =k i,j=1s€Y; sinh

E;ij(s) . Eij(s)—2eq
5 - sinh 5



Observables

» Instanton partition function
— Instanton expansion: ¢ = e2™T [Nekrasov](02) [H.-C.Kim, S.Kim, E.Koh, K.Lee, S.Lee](11)

oo
Z(T,a,m,€1,2) = Zpen(a,m,q,z)( > Zi(a,mye12) qk>
k=0

N L Bii(s)tm—ey . Eii(s)—m—ey
sinh - sinh
_ 2 2
Zi(a,m, e1,2) = Z H Z By () By (s)—2ep
S Y=k i,j=1s€Y; sinh —5— - sinh 5

» Elliptc genus of self-dual string
— W-boson expansion: e~ % [Haghighat, Iqbal, Kozcaz, Lockhart, Vafa](13)

— Manifest modular property

{o=}
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» Elliptc genus of self-dual string
— W-boson expansion: e~ % [Haghighat, Iqbal, Kozcaz, Lockhart, Vafa](13)

— Manifest modular property

{o=}
Z(t,a,m,€1,2,) = [ZU(I)(Tv m, 51.2)]N . Z Z{ni}(Tvmvﬁl,Z) : eZmai
{n;}={0}
2 B N 01(7_‘ Ei’i+1(;ﬂ)_;m+57 ) .0, (Tl E'L,i*l(;::’""*’ef
tn}(Tme12) = Z H H E; 1 (5)te1 E; 1(s)—eg
Ivil=n; i=1s€Y; 01(7| =) - O (7| =)

’ Goal: BPS index at massless limit (7, a; — 0) ‘




S-duality

» S-duality of 4d theories

— Duality between two QFTs with strong coupling and weak coupling

H __ 4w 0 . 1
— Complex coupling 7 = o +tot T
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» S-duality of 4d theories
— Duality between two QFTs with strong coupling and weak coupling

H __ 4w 0 . 1
— Complex coupling 7 = o +tot T

» S-duality of 6d theories on T

— Temporal circle (Ro) and M-theory circle (R1) form T2 of complex structure 7 = i 20

'Ry
- SL(2,Z) of T? includes S-duality T ++ —% (Ro « R1)

- Ry < Ro (T — i - 00, weak coupling): 5d SYM — N2 d.o.f.

- Ry > Ro (1 — - 07, strong coupling): 6d SCFT — N3 d.o.f.

— S-duality in 6d should be anomalous

} S-dual



Chiral anomaly

v

Chiral anomaly
Anomaly 8-form of 6d (2,0) AN*I theory [Ohmori, Shimizu, Tachikawa, Yonekura](14)

3

N N
Is = NIS(l) + 27

" p2(SO(5)r), p2 = second Pontryagin class

Inflow to self-dual string gives anomaly 4-form [H.-C.Kim, S.Kim, J.Park](16)

Iy = —QYn;n;x(SO(4)) — 207 pin;x(SO(4)r C SO(5)R),

Q = U(N) Cartan matrix, p = U(N) Weyl vector, x = Euler character

— Modular anomaly of the elliptic genus is determined from Iy

1 m €1,2
Ziny (==, — —)

5
T T T

:cxp[ I ]-Z{ni}('r,m,el,z)

AmiT

I =I(F —2): x(SO4) = e —e&, x(SO(4)r) - m® — e}

— S-duality anomaly is determined from the anomaly polynomial



Modular anomaly equation
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Quasimodular forms

— Elliptic genus is quasimodular: spanned by Eisenstein series E5 4 6(7)

TIT

— Only E3 has modular anomaly: Eg(—%) =72 (EQ(T) + L)
— Modular anomaly of the elliptic genus determines Fo dependence
0Z(n;y _ 1

2 2\ ij 2 2\ ij
9B, ﬂ[i (e — ) nin; —2(m™ — ) 7pinj]Z{ni}
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Quasimodular forms
Elliptic genus is quasimodular: spanned by Eisenstein series E2 4 6(T)

Only E> has modular anomaly: Eg(—%) =72 (Ez( )+ —)

LT

Modular anomaly of the elliptic genus determines E> dependence
0Zn;y 1 2 2\ ij 2 2\ ij
6E21 = ﬂ[7(57 — e ) ning —2(m” —€,)Q '7pinj]Z{ni}

Modular anomaly equation

BPS index as a grand canonical ensemble: Z = [Zy )]V iy Zngye” M
0z 1 > o 9 d
= — Qwii - Q” 7 Z
EYo =52 - 9a; 0a, 20m® — )% pi g0 j]

extra

FEo ~ time, a; ~ space, Z ~ temperature — Heat equation + extra part
S-duality: Z(-1,2 E2(,,)) = Z(t,z; BE2(T) +

.,-7.,-}

6_) — Time evolution
™LT

Gaussian heat kernel convolution



S-duality kernel

v

S-duality kernel

N m2 N3_N (m,2—si)2
— Decompose Z: Z = [Zy(1)] -exp[?p a— EQ(T)WT] - Z5-dual

S-duality kernel: Gaussian heat kernel for tensor VEV space (e1e2 < 0)
N-1

z e T i i . .
Zs., dua|(77 D 7) / H da; exp{ . Qijl (ap —a )(aJD - a'7)} Zs-dual (T, @, 2)

Generalization of 4d prepotential’s S-duality (Legendre transform)

— Expect nonperturbative correction for €12 [Hosomichi, S.Lee, J.Park](10)
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> S-duality kernel
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— Generalization of 4d prepotential’s S-duality (Legendre transform)
— Expect nonperturbative correction for €12 [Hosomichi, S.Lee, J.Park](10)
> Large volume limit

— Turning off IR regulator €1 2 — 0

;

€1€2

— Quantum prepotential f: Z ~ exp[ - ] [Nekrasov](02)

— Saddle point approximation (f = f(r,a,m), f°? = f(—1,a", 2))

T

2.D 1 i OF Of
Fmen), P00 G ey T NG iy — fue)

D _
a; = a;

Q9 of
<8a

2miT

— Compute prepotential at strong coupling (fP) from prepotential at weak coupling (f)



Saddle point approximation

QY af 1 ;OF of

D 2.D
G Tt oy da tm pJ) T/ P+ tmir da; a; + N 50 — fom)

» Weak coupling side
— Perturbative prepotential is the leading part (¢ = €2™7 << 1)

=3 (2Li3(e’a(a))  Lig(e—a(@+my _ Lig(e*"‘(“)*m)) S gty et

a>0 k=1
— Suppression condition for the instanton prepotential

2 m
+N D D
lge="""] =)

<1l — |lmm H<W (m” =



Saddle point approximation

D _ ' 6] 1 - O0f Of
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» Weak coupling side
— Perturbative prepotential is the leading part (¢ = €2™7 << 1)

=3 (2Li3(e’a(a))  Lig(e—a(@+my _ Lig(e*‘“‘“*m)) S fudts e

a>0 k=1

— Suppression condition for the instanton prepotential

2
|qeiNm\ <1l = \Im[mDH < il (mD = ﬁ)
N T
» Strong coupling side
— Massless limit: 72, a? — 0
— Prepotential at strong coupling (3 = —2mit?)
N3 miN? TN 27
D 4 3 D
o= mmD —sgn(Im[mp]) o8 mp — o5 mD + 0(8Y), [Im[m™]| < N

— Explicit N3m%, term but validity region is highly limited



Beyond the range: Im[mP] > 27 /N

v

Nonperturbative bound states
Instanton prepotential is not suppressed even in the weak coupling side

U@3): f = foer — Lig(ge™*17%2F8my 4
U(4) : f = foen — Lig(qe™¥1 7923 _ Lig(qe 927939 _ Ljg(gPe 9170270845y 4 |

— Combined bound states of W-bosons and instantons
— Massless bound states change the saddle point equation
1) Classify nonperturbative bound states

. . } to explore the full range of mP
2) Track their massless points

M5
M2

KK

Figure 1: Nonperturbative bound state of U(3)



Asymptotic prepotential
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Asymptotic prepotential of 6d (2,0) Ax—1 SCFT

Valid expression for all mP € C

§P = NLB (Lia() - Lig(eV ™7y = u4(e*NmD)) - 1 O(N?)

Periodicity enhancement m? ~ mP + %

Universal N3m‘b behavior — evidence for N3 d.o.f.

Refm®] =0

Re[f"]

|
z|E
I
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Concluding remarks

» S-duality of 6d theories on a circle
— 6d chiral anomaly makes S-duality anomalous

— S-duality kernel is derived from modular anomaly equation

» N3 behavior
— Saddle point approximation at large volume limit

— Universal N3m%, behavior is observed at 6d SCFT point

> Extension to the other 6d SCFTs
— 6d (1,0) theories: E-string theories, etc



Thank you!



