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Introduction : IR Dynamics from duality

- Question in QFT

IR fixed point UV description
𝐓 𝒂 𝑪𝑭𝑻 𝒘𝒊𝒕𝒉 𝒇𝒍𝒂𝒗𝒐𝒓 𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒚 𝑮

𝐻 𝑘

: = Gauging 𝐻 ⊂ 𝐺 𝑜𝑓 𝐓 of 𝑤𝑖𝑡ℎ 𝐶𝑆 𝑙𝑒𝑣𝑒 𝑘

+ deformation by relevant scalar operators

− 𝐺𝑎𝑝𝑝𝑒𝑑 (𝑇𝑟𝑖𝑣𝑖𝑎𝑙𝑙𝑦 𝐺𝑎𝑝𝑝𝑒𝑑, 𝑇𝑜𝑝𝑜𝑙𝑜𝑔𝑖𝑐𝑎𝑙)

− 𝐹𝑙𝑣𝑜𝑟 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑦?

− 𝑆𝑝𝑒𝑐𝑡𝑟𝑢𝑚 𝑜𝑓 𝑙𝑜𝑐𝑎𝑙 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟𝑠
(number of stress-energy tensor)

RG
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- Duality 

𝐓[𝐒𝐔(𝟐)]

(SU (2)diag)𝑘=𝟑

free Φ
U (1)𝑘=−3/2

⊗
freeΦ

U (1)𝑘=−3/2

(a 3d N=4 SCFT)⊗2

Ex)

Property B (Flavor symmetry 𝐺𝐵)

Property A (Flavor symmetry 𝐺𝐴)

Property A and B 
(𝐺𝐵 × 𝐺𝐵 ⊂ Flavor symmetry)



IR Dynamics of DGG theory from duality across dim

TDGG[𝑁,𝐴]=[
(free Φ)⊗#(T)

𝐻⊂ )𝑈(1 # 𝑇
𝐾

]

+(𝑊𝑠𝑢𝑝 using chiral primaries)

T6d,(irred)[𝑀,𝐾] 
~(6d su(2) (2,0) theory on ℝ𝟏,𝟐 ×𝑴
with co-dimenson 2 defect along ℝ𝟏,𝟐 ×𝑲)

M : a 3-manifold without boundary
𝐾 𝑖𝑠 𝑎 𝑘𝑛𝑜𝑡 𝑖𝑛𝑠𝑖𝑑𝑒 𝑀

N : a 3-manifold with a torus boundary
𝐴 ∈ 𝐻1 𝜕𝑁, ℤ

1-1 correspondence
𝑁 = 𝑀 ∖ 𝐾, 𝐴 ∶ 𝑐𝑖𝑟𝑐𝑙𝑒 𝑙𝑖𝑛𝑘𝑖𝑛𝑔 𝐾
𝑀 = 𝑁𝐴

- Main duality in my talk
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𝑀 = 𝑁𝐴

- Main duality in my talk

Let me explain the two theories in the 
duality more in detail
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N : a 3-manifold with a torus boundary
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• Based on an ideal triangulation of 𝑁, #(T) : number of ideal tetrahedrons

- LHS of duality

(𝐴 = 𝑚𝑒𝑟𝑑𝑖𝑎𝑛 )
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𝑈 1 𝑝𝐴+𝐵= 𝑈 1 𝑡𝑜𝑝



IR Dynamics of DGG theory from duality across dim

TDGG[𝑁,𝐴]=[
(free Φ)⊗#(T)

𝐻⊂ )𝑈(1 # 𝑇
𝐾

]

+(𝑊𝑠𝑢𝑝 using chiral primaries)

N : a 3-manifold with a torus boundary
𝐴 ∈ 𝐻1 𝜕𝑁, ℤ

- LHS of duality

• Based on an ideal triangulation of 𝑁, #(T) : number of ideal tetrahedrons

• (Different ideal triangulations) = (Different duality frame)

• Vacua on ℝ𝟐 × 𝐒𝟏 = (Irreducible SL(2,C) flat-connections on 𝑁)

• 𝑈 1 𝐴 flavor symmetry associated 𝐴 (or 𝐾)

• TDGG[𝑁,p𝐴 + 𝐵] = (Gauging 𝑈 1 𝐴 of TDGG[𝑁,A]with CS level p)
𝑈 1 𝑝𝐴+𝐵= 𝑈 1 𝑡𝑜𝑝

Question : Will 𝑼 𝟏 𝑨 𝒃𝒆 𝒆𝒏𝒉𝒂𝒏𝒄𝒆𝒅 𝒕𝒐 𝑺𝑼 𝟐 𝑨/ 𝑺𝑶 𝟑 𝑨?



IR Dynamics of DGG theory from duality across dim

TDGG[𝑁,𝐴]=[
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For generic A, the answer is No!! 
( Monopole is TDGG[𝑁,p𝐴 + 𝐵] is heavy when large p )
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( Monopole is TDGG[𝑁,p𝐴 + 𝐵] is heavy when large p )
Let us answer the question from 6d dual
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T6d,(irred)[𝑀,𝐾] 
~(6d su(2) (2,0) theory on ℝ𝟏,𝟐 ×𝑴
with co-dimenson 2 defect along ℝ𝟏,𝟐 ×𝑲)

M : a 3-manifold without boundary
𝐾 𝑖𝑠 𝑎 𝑘𝑛𝑜𝑡 𝑖𝑛𝑠𝑖𝑑𝑒 𝑀

- RHS of duality

Comparison with T6d,full[𝑀,𝐾]

T6d,full[𝑴,𝑲] T6d,(irred)[𝑀,𝐾]=TDGG[𝐍, 𝐀] 

Flavor symmetry 
associated to knot 
(puncture)

𝑆𝑈 2 𝐾 Generically 𝑈 1 𝐴

Vacua on ℝ𝟐 × 𝐒𝟏 Contains all SL(2,C) 
flat-connections on 𝐍

Only irreducible SL(2,C) flat-
connections on 𝐍

𝟔𝐝 𝐬𝐮 𝟐 𝟐, 𝟎 𝐭𝐡𝐞𝐨𝐫𝐲 𝐨𝐧 ℝ𝟐 × 𝐒𝟏 ×𝑴 → 𝟓𝒅 𝑵 = 𝟐 𝑺𝒀𝑴 𝒐𝒏 ℝ𝟐 ×𝑴

𝐂𝐨𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧 𝟐 𝐝𝐞𝐟𝐞𝐜𝐭 𝐨𝐧 ℝ𝟐 × 𝐒𝟏 ×𝑲 → Coupling T[SU(2)] theory on ℝ𝟐×𝑲
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- RHS of duality

T6d,full[𝑴,𝑲] T6d,(irred)[𝑀,𝐾]=TDGG[𝐍, 𝐀] 

Flavor symmetry 
associated to knot 
(puncture)

𝑆𝑈 2 𝐾 Generically 𝑈 1 𝐴

Vacua on ℝ𝟐 × 𝐒𝟏 Contains all SL(2,C) 
flat-connections on 𝐍

Only irreducible SL(2,C) flat-
connections on 𝐍

𝟔𝐝 𝐬𝐮 𝟐 𝟐, 𝟎 𝐭𝐡𝐞𝐨𝐫𝐲 𝐨𝐧 ℝ𝟐 × 𝐒𝟏 ×𝑴 → 𝟓𝒅 𝑵 = 𝟐 𝑺𝒀𝑴 𝒐𝒏 ℝ𝟐 ×𝑴

𝐂𝐨𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧 𝟐 𝐝𝐞𝐟𝐞𝐜𝐭 𝐨𝐧 ℝ𝟐 × 𝐒𝟏 ×𝑲 → Coupling T[SU(2)] theory on ℝ𝟐×𝑲

T[SU(2)] : SU(2)xSU(2) momenta operators , μC and μH

Coupled to bulk su(2) gauge fields
⟨μH⟩ = log 𝐴Aׯ

( SU(2) Gauge field A𝜇 , 5 scalars → Complex gauge field A = A𝜇 +i 𝜙𝜇 , 𝑎𝑛𝑑 1 𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑠𝑐𝑙𝑎𝑟 )

Claim : T6d,full[𝑴,𝑲] T6d,irred[𝑴,𝑲] T6d,irred[𝑴,𝑲] 
Choose a particular 
H-saddle corresponding 
to the component of 
irreducible ones

Superpotential
deformation W= μC
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- RHS of duality

T6d,full[𝑴,𝑲] T6d,(irred)[𝑀,𝐾]=TDGG[𝐍, 𝐀] 

Flavor symmetry 𝑆𝑈 2 𝐾 Generically 𝑈 1 𝐴

Vacua on ℝ𝟐 × 𝐒𝟏 all SL(2,C) flat-connections on 𝐍 Only irreducible SL(2,C) flat-connections

𝐂𝐨𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧 𝟐 𝐝𝐞𝐟𝐞𝐜𝐭 𝐨𝐧 ℝ𝟐 × 𝐒𝟏 ×𝑲 → Coupling T[SU(2)] theory on ℝ𝟐×𝑲

T[SU(2)] : SU(2)xSU(2) momenta operators , μC and μH Coupled to bulk su(2) gauge fields
⟨μH⟩ = log 𝐴Aׯ

Claim : T6d,full[𝑴,𝑲] T6d,irred[𝑴,𝑲] T6d,irred[𝑴,𝑲] 
Choose a particular 
H-saddle corresponding 
to the component of 
irreducible ones

Superpotential
deformation W= μC

It explains why   1) only irreducible flat-connections

2) Generically 𝑈 1 𝐴 instead of 𝑆𝑈 2 𝐴
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- RHS of duality

T6d,full[𝑴,𝑲] T6d,(irred)[𝑀,𝐾]=TDGG[𝐍, 𝐀] 

Flavor symmetry 𝑆𝑈 2 𝐾 Generically 𝑈 1 𝐴

Vacua on ℝ𝟐 × 𝐒𝟏 all SL(2,C) flat-connections on 𝐍 Only irreducible SL(2,C) flat-connections

𝐂𝐨𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧 𝟐 𝐝𝐞𝐟𝐞𝐜𝐭 𝐨𝐧 ℝ𝟐 × 𝐒𝟏 ×𝑲 → Coupling T[SU(2)] theory on ℝ𝟐×𝑲

T[SU(2)] : SU(2)xSU(2) momenta operators , μC and μH Coupled to bulk su(2) gauge fields
⟨μH⟩ = log 𝐴Aׯ

Claim : T6d,full[𝑴,𝑲] T6d,irred[𝑴,𝑲] T6d,irred[𝑴,𝑲] 
Choose a particular 
H-saddle corresponding 
to the component of 
irreducible ones

Superpotential
deformation W= μC

It explains why   1) only irreducible flat-connections

2) Generically 𝑈 1 𝐴 instead of 𝑆𝑈 2 𝐴

𝑆𝑈 2 𝐴 symmetry condition :

μC is irrelevant

⟨μH⟩ ≠ 0 No irreducible flat 
connections on 𝑀 = 𝑁𝐴
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TDGG[𝑁,𝐴]=[
(free Φ)⊗#(T)

𝐻⊂ )𝑈(1 # 𝑇
𝐾

]

+(𝑊𝑠𝑢𝑝 using chiral primaries)

N : a 3-manifold with a torus boundary
𝐴 ∈ 𝐻1 𝜕𝑁, ℤ

- LHS of duality

• Based on an ideal triangulation of 𝑁, #(T) : number of ideal tetrahedrons

• (Different ideal triangulations) = (Different duality frame)

• Vacua on ℝ𝟐 × 𝐒𝟏 = (Irreducible SL(2,C) flat-connections on 𝑁)

From analysis of 6d dual

Question : Will 𝑼 𝟏 𝑨 𝒃𝒆 𝒆𝒏𝒉𝒂𝒏𝒄𝒆𝒅 𝒕𝒐 𝑺𝑼 𝟐 𝑨?
For generic A, the answer is No!! 
( Monopole is TDGG[𝑁,p𝐴 + 𝐵] is heavy when large p )
Let us answer the question from 6d dual

𝑆𝑈 2 𝐴 symmetry condition :

μC is irrelevant

⟨μH⟩ ≠ 0 No irreducible flat 
connections on 𝑀 = 𝑁𝐴

No irreducible flat connections on 𝑀 = 𝑁𝐴

TDGG[𝑁,A] has 𝑺𝑼 𝟐 𝑨 symmetry
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- IR Symmetry enhancement of DGG theory

No irreducible flat connections on 𝑀 = 𝑁𝐴
𝑆𝑈 2 𝐴 symmetry condition :

μC is irrelevant

⟨μH⟩ ≠ 0 No irreducible flat 
connections on 𝑀 = 𝑁𝐴

TDGG[𝑁,A] has 𝑺𝑼 𝟐 𝑨 symmetry

Consistent check : 

Thurston’s theorem : Except only finite many 𝐴 ∈ 𝐻1 𝜕𝑁, ℤ ,  𝑀 = 𝑁𝐴 is hyperbolic  

For hyperbolic 𝑀 = 𝑁𝐴, there is always an irreducible flat connections

For only finite many 𝐴 ∈ 𝐻1 𝜕𝑁, ℤ , TDGG[𝑁,A] has 𝑺𝑼 𝟐 𝑨 symmetry

Comptibile with the fact that TDGG[𝑁,p𝐴 + 𝐵] = (Gauging 𝑈 1 𝐴 of TDGG[𝑁,A]with CS level p ) 
can not have 𝑺𝑼 𝟐 𝑨 for large p
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- IR Symmetry enhancement of DGG theory

No irreducible flat connections on 𝑀 = 𝑁𝐴
𝑆𝑈 2 𝐴 symmetry condition :

μC is irrelevant

⟨μH⟩ ≠ 0 No irreducible flat 
connections on 𝑀 = 𝑁𝐴

TDGG[𝑁,A] has 𝑺𝑼 𝟐 𝑨 symmetry

Consistent check : 

Example :

, (𝐴 = 𝑚𝑒𝑟𝑑𝑖𝑎𝑛 )

= 𝑼 𝟏 𝑨

𝑺𝑼 𝟐 𝑨𝑺𝑶 𝟑 𝑨 = 𝑺𝑼 𝟐 𝑨

cf) [Gaiotto,Komargodski,Wu;’18] [Benini,Benvenuti; ‘18]

( 𝑁𝐴=𝑆
3, 𝑛𝑜 𝑖𝑟𝑟𝑒𝑑𝑢𝑐𝑖𝑏𝑙𝑒 𝑓𝑙𝑎𝑡 𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑖𝑜𝑛)



IR Dynamics of DGG theory from duality across dim
- IR Symmetry enhancement of DGG theory

No irreducible flat connections on 𝑀 = 𝑁𝐴
𝑆𝑈 2 𝐴 symmetry condition :

μC is irrelevant

⟨μH⟩ ≠ 0 No irreducible flat 
connections on 𝑀 = 𝑁𝐴

TDGG[𝑁,A] has 𝑺𝑼 𝟐 𝑨 symmetry

- 3d Index as an order parameter

TDGG[𝑁,A] has 𝑺𝑼 𝟐 𝑨 symmetry

(3d Index : Polynomial in q with integer coefficient)



Summary 

Claim : T6d,full[𝑴,𝑲] T6d,irred[𝑴,𝑲] T6d,irred[𝑴,𝑲] 
Choose a particular 
H-saddle corresponding 
to the component of 
irreducible ones

Superpotential
deformation W= μC

T6d,(irred)[𝑀,𝐾] 
~(6d su(2) (2,0) theory on ℝ𝟏,𝟐 ×𝑴
with co-dimenson 2 defect along ℝ𝟏,𝟐 ×𝑲)

M : a 3-manifold without boundary
𝐾 𝑖𝑠 𝑎 𝑘𝑛𝑜𝑡 𝑖𝑛𝑠𝑖𝑑𝑒 𝑀

N : a 3-manifold with a torus boundary
𝐴 ∈ 𝐻1 𝜕𝑁, ℤ

1-1 correspondence
𝑁 = 𝑀 ∖ 𝐾, 𝐴 ∶ 𝑐𝑖𝑟𝑐𝑙𝑒 𝑙𝑖𝑛𝑘𝑖𝑛𝑔 𝐾
𝑀 = 𝑁𝐴

TDGG[𝑁,𝐴]=[
(free Φ)⊗#(T)

𝐻⊂ )𝑈(1 # 𝑇
𝐾

]

+(𝑊𝑠𝑢𝑝 using chiral primaries)

TDGG[𝑁,A] has 𝑺𝑼 𝟐 𝑨 symmetry If No irreducible flat connections on 𝑀 = 𝑁𝐴


