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3	PW	interferogram	
		Ar	gas:	10	bar	
		laser	energy:	10	J	
		1	mm	to	nozzle	(~	1019	–	1020	#/cc)	
		probe	delay:	0	mm	

TW	shadowgram	
	Ar	gas:	50	bar	

Laser	energy:	5	J	
	1	mm	to	nozzle	

probe	delay:	67.6	mm	

Laser	beam		
on	pre-plasma	

B	:	106	~	109	gauss	
TB:	a	few	pico	second	

Laser	beam	
on	neutral	atom	



Astrophysical	jet	(wikipedia	images)	 4	



Spiral	galaxy	(wikipedia	images)	 5	



Blandford–Znajek	process.	This	theory	explains	the	extraction	of	energy	
from	magnetic	fields	around	an	accretion	disk,	which	are	dragged	and	
twisted	by	the	spin	of	the	black	hole.	Relativistic	material	is	then	feasibly	
launched	by	the	tightening	of	the	field	lines.	
	
Penrose	mechanism.	Here	energy	is	extracted	from	a	rotating	black	hole	by	
frame	dragging,	which	was	later	theoretically	proven	to	be	able	to	extract	
relativistic	particle	energy	and	momentum,	and	subsequently	shown	to	be	a	
possible	mechanism	for	jet	formation.	
	

https://en.wikipedia.org/wiki/Astrophysical_jet	

Since	the	1960s,	there	have	been	two	leading	hypotheses	or	
models	for	the	spiral	structures	of	galaxies;	
star	formation	caused	by		
										-	density	waves	in	the	galactic	disk	of	the	galaxy		
										-	shock	waves	in	the	interstellar	medium.	
	
	(https://en.wikipedia.org/wiki/Spiral_galaxy)	

ENERGY	SOURCES:	
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ds2 = dx2 + dy2

ds2 = dx2 + dy2 + dz2

ds2 = dx2 + dy2 + dz2 − c2dt2

Line	elements	in	Eucledian/Minkowsky	space	

Line	elements	and	a	metric	tensor	in	a	general	space	(manifold)	

  
ds2 = gµν (x)dxµdxν

 dy

 dx

 ds

Q	

P	

  = −c2dt2 + dr 2 + r 2dθ 2 + r 2 sin2θdφ 2
  

η =

−c2 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

 
gµνwhere									is	called	a	metric	tensor	and	characterizes	the	specific	manifold.	

Superscript	is	used	for	contravariant	components	(								)	and	subscript	is		
used	for	covariant	components	(														)	of	tensors.		

 dxµ

 
∂µ =

∂
∂xµ
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gµνgµλ = gµλgµν = δν

λ

Metric	tensor	and	magnitude	of	a	vector/tensor	

  
Γαβ ,γ =

1
2

∂gαγ

∂xβ +
∂gβγ

∂xα −
∂gαβ

∂xγ

⎛

⎝
⎜

⎞

⎠
⎟

  
Γα β

γ = gγλΓαβ ,λ

ß	First	kind	

ß	Second	kind	

 
Aµ = gµν Aν

  

1
2g

∂g
∂xα = Γα β

β

Affine	connection	

In	differential	geometry,	an	affine	connection	is	a	geometric	object	on	a	smooth	manifold	which	
connects	nearby	tangent	spaces,	and	so	permits	tangent	vector	fields	to	be	differentiated	as	if	
they	were	functions	on	the	manifold	with	values	in	a	fixed	vector	space	

https://en.wikipedia.org/wiki/Affine_connection	

  
A

2
= gµν Aµ Aν = Aµ Aµ (≠ Aµ Aµ )

Is	the	inverse	of	 
gµν  g

µν

ß									Is	the	determinant	of		 g  
gµν
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Covariant	derivative	

DαAβ = ∂αAβ − Γβ α
γ Aγ

 
Dα Aβ = ∂α Aβ − Γγ α

β Aγ

											is	a	tensor	of	2nd	rank	whereas											is	not	a	tensor	since	it	does		
not	follow	the	tensorial	transformation	properties	under	coordinate		
transformation.	

 
Dα Aβ  

∂α Aβ

Riemannian	curvature	tensor	and	torsion	tensor	

  
Dγ gαβ = 0

  
Dγ gαβ = 0

  
Dγδα

β = 0
(for	a	scalar	field						)	 f

 
Dα Dβ − Dβ Dα( )Aγ

 

= ∂β Γγ α
η − ∂α Γγ β

η + Γγ α
ε Γε β

η − Γγβ
ε Γε α

η( )Aη + Γα β
δ − Γβ α

δ( )Dδ Aγ

= Rγ αβ
η Aη + Sα β

δ Dδ Aγ

 
Dγ f = ∂γ f
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Ricci	curvature	tensor	and	Einstein’s	field	equation	

 
Rαβ = Rα βη

η = gεηRαεβη

  
Dα R β

α − 1
2
δ β

α R
⎛
⎝⎜

⎞
⎠⎟
= 0  

R = gαβ Rαβ (						:	scalar	curvature)	 R

  
G β

α ≡ R β
α − 1

2
δ β

α R (Einstein	tensor)	

  
DαG β

α = 0 (Divergence	of	Einstein	tensor	vanishes)	

  
Rαβ −

1
2

Rgαβ + Λgαβ =
8πG

c4 Tαβ

G	is	the	Newton’s	gravitational	constant,	T	represents	the	matter	distribution,		Λ	is	the	
cosmological	constant.	Thus	the	geometrical	field	g		is	determined	by	the	matter	tensor		T.	
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For	spherically	symmetric	and	stationary	system,	the	solution	is		
Schwarzschild	solution;	

  
ds2 = − 1− a

r
⎛
⎝⎜

⎞
⎠⎟

c2dt2 + 1− a
r

⎛
⎝⎜

⎞
⎠⎟

−1

dr 2 + r 2dθ 2 + r 2 sin2θdφ 2

where						is	the	Schwarzschild	radius.																		
  

a = 2Gm
c2

⎛
⎝⎜

⎞
⎠⎟ a

Non-rotating	(J	=	0)	 Rotating	(J	≠	0)	

Uncharged	(Q=0)	 Schwarzschild	(1915)	 Kerr	(1963)	

Charged				(Q	≠	0)	 Reissner-Nordstrom	
(1916-1918)	 Kerr-Newman	(1965)	

Exact	solutions	of	Einstein’s	field	equation	 11	

   a⊙ ≈ 3km
  aE ≈ 9mm



  

ds2 = − 1− ar
r 2 + b2 cos2θ

⎡

⎣
⎢

⎤

⎦
⎥c2dt2 − 2abr sin2θ

r 2 + b2 cos2θ
cdtdφ + r 2 + b2 cos2θ

r 2 − ar + b2

⎡

⎣
⎢

⎤

⎦
⎥dr 2

+ r 2 + b2 cos2θ( )dθ 2 + r 2 + b2 + ab2r sin2θ
r 2 + b2 cos2θ

⎡

⎣
⎢

⎤

⎦
⎥sin2θ dφ 2

  

ds2 = − 1− ar
r 2 + b2χ 2

⎧
⎨
⎩

⎫
⎬
⎭

c2dt2 −
2abr 1− χ 2( )

r 2 + b2χ 2 cdtdφ + r 2 + b2χ 2

r 2 − ar + b2 dr 2

+ r 2 + b2χ 2

1− χ 2 dχ 2 + 1− χ 2( ) r 2 + b2 +
ab2r 1− χ 2( )

r 2 + b2χ 2

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
dφ 2

  χ = cosθ dχ = sinθdθ χ ∈ −1, 1⎡⎣ ⎤⎦

For	a	spherically	symmetric	rotating	system	with	an	angular	
momentum	J,	the	equation	is	solved	in	Boyer-Lyndquist	coordinates;	

 
b = J

mc

  
a = 2Gm

c2
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gαβ =

−1+ ar
r 2 + b2χ 2 0 0 −

abr 1− χ 2( )
r 2 + b2χ 2

0 r 2 + b2χ 2

r 2 − ar + b2 0 0

0 0 r 2 + b2χ 2

1− χ 2 0

−
abr 1− χ 2( )
r 2 + b2χ 2 0 0 1− χ 2( ) r 2 + b2 +

ab2r 1− χ 2( )
r 2 + b2χ 2

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

  

K = Rαβγδ Rαβγδ =
12a2 r 2 − b2χ 2( ) r 2 + b2χ 2( )2

−16r 2b2χ 2⎡
⎣⎢

⎤
⎦⎥

r 2 + b2χ 2( )6

Quadratic	curvature	invariant	(Kretschmann	scalar)	
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Singularities	and	surfaces	

  
r 2 − ar + b2 = 0 → r± =

a ± a2 − 4b2

2

  
r 2 − ar + b2χ 2 = 0 → r±

E =
a ± a2 − 4b2χ 2

2

curvature	singularity	

event	horizons	

ergosphere	à	frame	dragging	

 
b = J

mc

  
a = 2Gm

c2 Schwarzschild	radius	

angular	momentum	

  r
2 + b2χ 2 = 0 → r = 0 and χ = 0 (θ = π / 2)

  (x2 + y2 = b2 and z = 0)

“The	Kerr	spacetime:	A	brief	introduction”		
Matt	Visser,	arXiv:0706.0622v3	(15	Jan	2008)	
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15	

Leonard	Parker,	University	of	Wisconsin,	Milwaukee	
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FORTRAN	code	
+	Mathematica	
à 1.3	MB	of	script	text	file	for	
						input	to	Mathematica	2.2		



Orange:		
					quadratic	curvature	invariant	
					(Kretschmann	scalar)	
Blue:		
					coordinate	singularity	if	zero	
					(event	horizon:	inner,	outer)	
Green:		
					zero	curvature	invariant	plane	
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= 2b

a( )
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Figure	1:	Scale	drawings	of	16	black-hole	binaries	 in	the	Milky	
Way	(courtesy	of	J.	Orosz).	The	Sun–Mercury	distance	(0.4	AU)	
is	 shown	 at	 the	 top.	 The	 estimated	 binary	 inclination	 is	
indicated	 by	 the	 tilt	 of	 the	 accretion	 disk.	 The	 color	 of	 the	
companion	star	roughly	indicates	its	surface	temperature.	
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22	XTE	J1550-564	
			A	=	9.6	
			S	=	0.76	
			Q	=	0	

GRO	J1655-40	
			A	=		6.3	
			S	=	0.98	
			Q	=0	

GRS	1915+105	
			A	=		14		
			S	=	0.98	
			Q	=0	

CYG	X-1	1956+350	
			A	=	10	
			S	=	0.05	
			Q	=0	



23	XTE	J1550-564	
			A	=	9.6	
			S	=	0.76	
			Q	=	0	

GRO	J1655-40	
			A	=		6.3	
			S	=	0.98	
			Q	=0	

GRS	1915+105	
			A	=		14		
			S	=	0.98	
			Q	=0	

CYG	X-1	1956+350	
			A	=	10	
			S	=	0.05	
			Q	=0	



24	XTE	J1550-564	
			A	=	9.6	
			S	=	0.76	
			Q	=	0	

GRO	J1655-40	
			A	=		6.3	
			S	=	0.98	
			Q	=0	

GRS	1915+105	
			A	=		14	
			S	=	0.98	
			Q	=0	

CYG	X-1	1956+350	
			A	=	10	
			S	=	0.05	
			Q	=0	

orange:	R2	
blue:						R=0	
Green:			event	horizon	



1.	Basic	formalism	leading	to	the	Einstein’s	field	equation	and	some	of	the	exact		
				solutions	are	introduced.	(Schwarzschild	metric	and	Kerr-Newman	metric)	

2.	Kerr	metric	in	Boyer-Lindquist	coordinates	system	has	been	discussed	and	
				graphical	presentations	of	quadratic	curvature	invariant	as	well	as	the	event		
				horizon	and	ergosphere	for	some	of	black	holes	have	been	given,	which	were			
				obtained	by	using	Mathematica	program	(ver.	11.3).	
	
3.	Further	investigation	related	to	this	topic	would	include	more	detailed	analysis		
				on	the	space-time	structure,	astrophysical	jet,	universal	magnetic	fields	and		
				reconnection,	worm	hole,	and	so	on,	as	well	as	the	applications	to	the	analysis	
				of	observational	data.	
	
4.	Possible	extension	of	the	theory	to	include	the	spontaneous	magnetic	fields	
					in	the	formalism	will	be	pursued.								
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