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Information theory everywhere

[Physics] physical entity of entropy

[Statistics] hypothesis testing

[Communication theory] minimal coding length, channel capacity, 

rate distortion

[Machine learning] distance measures between data and model

[Bioinformatics] information contents in DNA sequences

“it from bit” –Wheeler
“human body, mediator of genetic information” -Dawkins



How much “information” in data?

𝑃1 = 𝑃2 = 𝑃3 = 𝑃4 = 𝑃5 = 𝑃6 =
1

6
𝑃1 = 1, 𝑃2 = 𝑃3 = 𝑃4 = 𝑃5 = 𝑃6 = 0

𝑛!

𝑛1! 𝑛2!⋯𝑛6!
𝑃1
𝑛1𝑃2

𝑛2⋯𝑃6
𝑛6

{1, 3, 2, 1, 4,1,5,4,3,6}

{6, 5, 2, 1, 3,1,3,4,4,1}

⋮

𝐼(𝑄||𝑃) = 0

Prior probability

{1, 1, 1, 1, 1,1,⋯ , 1}{1, 2, 1, 3, 4,1,5,3,4,6}

𝑛1 = 3, 𝑛2= 1, 𝑛3= 2, 𝑛4= 2, 𝑛5= 1, 𝑛6= 1

𝑛1 + 𝑛2+ 𝑛3+ 𝑛4+ 𝑛5+ 𝑛6= 10

Data

log 𝑛! ≈ 𝑛 log 𝑛 − 𝑛

log
𝑛!

𝑛1! 𝑛2!⋯𝑛6!
𝑃1
𝑛1𝑃2

𝑛2⋯𝑃6
𝑛6 = −෍

𝑋

𝑄𝑋 log
𝑄𝑋
𝑃𝑋

= −𝐼(𝑄||𝑃)

𝑄𝑋 =
𝑛𝑋
𝑛

Information

Log-likelihood



How to extract features from data?

Given a prior probability 𝑃𝑋 and a constraint σ𝑋 𝑇 𝑋 𝑄𝑋 = 𝜃, obtain 𝑄𝑋
∗ closest to 𝑃𝑋

𝐼 𝑄||𝑃 =෍

𝑋

𝑄𝑋 log
𝑄𝑋
𝑃𝑋

ℒ 𝑄𝑋 = 𝐼 𝑄||𝑃 + 𝛼 ෍

𝑋

𝑄𝑋 − 1 + 𝛽 ෍

𝑋

𝑇 𝑋 𝑄𝑋 − 𝜃

𝑄𝑋
∗ =

𝑃𝑋𝑒
−𝛽𝑇(𝑋)

𝑍
, 𝑍 =෍

𝑋

𝑃𝑋𝑒
−𝛽𝑇(𝑋)

𝐼 𝑄||𝑃 ≥ 𝐼 𝑄∗||𝑃

𝐼 𝑄∗||𝑃 = −𝛽𝜃 − log 𝑍

𝑇 𝑋 = 𝐸 𝑋 , 𝜃 = ത𝐸, 𝛽 =
1

𝑇

𝑃𝑋 = 1 (prior distribution)

𝑄∗ 𝐸 =
𝑒−𝛽𝐸

𝑍
ℱ = ത𝐸 − 𝑇𝑆

Statistical mechanics

One can extract features in data using 𝑄𝑋
∗ or 𝐼 𝑄∗||𝑃



Recipe of extracting features from data

① Assign maximally-likely prior distribution 𝑃𝑋 of data 𝑋

② Design appropriate transformation (estimator) 𝑇(𝑋) of data to extract features in your interest

③ Obtain a special data distribution 𝑄𝑋
∗ minimally-distant from 𝑃𝑋 constrained by the expectation of 𝑇(𝑋)

④ Extract features from the optimized distribution 𝑄𝑋
∗ and the minimum discrimination information 𝐼 𝑄∗||𝑃



Dynamics and time series 

𝒙 = (𝑥1, 𝑥2, 𝑥3, ⋯ , 𝑥𝑛) 𝐻𝑖 𝑡 =෍

𝑗=1

𝑛

𝑊𝑖𝑗𝑥𝑗(𝑡)𝑥1 1 , 𝑥2 1 , 𝑥3 1 ,⋯ , 𝑥𝑛 1

𝑥1 2 , 𝑥2 2 , 𝑥3 2 ,⋯ , 𝑥𝑛 2

𝑥1 3 , 𝑥2 3 , 𝑥3 3 ,⋯ , 𝑥𝑛 3

𝑥1 𝐿 , 𝑥2 𝐿 , 𝑥3 𝐿 ,⋯ , 𝑥𝑛 𝐿

⋯ ⋯ ⋯ ⋯

⋯

time

Brain activities

Gene/protein expressions

Biochemical reactions

Population dynamics

Currency exchange rates

Stock trading prices

Human activities

…

𝑥1

𝑥2

𝑥4

𝑥5

𝑥5
𝑊15

Network

𝑥𝑖 𝑡 + 1 = 𝑥𝑖 𝑡 + 𝐻𝑖 𝑡

ሶ𝑥𝑖(𝑡) =
𝑥𝑖 𝑡 + 𝑑𝑡 − 𝑥𝑖 𝑡

𝑑𝑡
=෍

𝑗=1

𝑛

𝑊𝑖𝑗𝑥𝑗(𝑡)

Deterministic dynamics

𝑃 𝑥𝑖 𝑡 + 1 = ±1|𝒙(𝑡) =
exp(±𝐻𝑖 𝑡 )

exp(𝐻𝑖 𝑡 ) + exp(−𝐻𝑖 𝑡 )

Stochastic dynamics



Minimum discrimination information

𝑃0 𝒙 =
1

𝐿
෍

𝑡=1

𝐿

𝛿(𝒙 − 𝒙 𝑡 )

ℎ𝑖
0 =෍

𝒙

𝐻𝑖 𝒙 𝑃0 𝒙 =
1

𝐿
෍

𝑡=1

𝐿

𝐻𝑖(𝒙 𝑡 )

𝑚𝑗
0 =෍

𝒙

𝑥𝑗𝑃0 𝒙 =
1

𝐿
෍

𝑡=1

𝐿

𝑥𝑗(𝑡)

𝑥1 1 , 𝑥2 1 , 𝑥3 1 ,⋯ , 𝑥𝑛 1

𝑥1 2 , 𝑥2 2 , 𝑥3 2 ,⋯ , 𝑥𝑛 2

𝑥1 3 , 𝑥2 3 , 𝑥3 3 ,⋯ , 𝑥𝑛 3

𝑥1 𝐿 , 𝑥2 𝐿 , 𝑥3 𝐿 ,⋯ , 𝑥𝑛 𝐿

⋯ ⋯ ⋯ ⋯

⋯

𝑃 𝒙 ?

𝒙 = (𝑥1, 𝑥2, 𝑥3, ⋯ , 𝑥𝑛)

Generation probability

𝑚𝑗 =෍

𝒙

𝑥𝑗𝑃 𝒙

ℎ𝑖 =෍

𝒙

𝐻𝑖 𝒙 𝑃 𝒙

𝐼 𝑃: 𝑃0 ≥ 𝐼 𝑃∗: 𝑃0

𝐼 𝑃∗: 𝑃0 = 𝐺(𝒎, 𝒉) = 𝑱 ∙ 𝒎 + 𝜷 ∙ 𝒉 − log𝑍(𝑱, 𝜷)

𝑃∗ 𝒙 =
𝑃0 𝒙 exp(𝑱 ∙ 𝒙 + 𝜷 ∙ 𝑯)

𝑍

𝑍 𝑱, 𝜷 =෍

𝒙

𝑃0 𝒙 exp(𝑱 ∙ 𝒙 + 𝜷 ∙ 𝑯)

𝜕 log𝑍

𝜕𝑱
= 𝒎

𝜕 log𝑍

𝜕𝜷
= 𝒉

𝐼 𝑃: 𝑃0 =෍

𝒙

𝑃 𝒙 log
𝑃(𝒙)

𝑃0(𝒙)

𝑇 𝑥 = (𝒙,𝑯 𝒙 )

𝜃 = (𝒎, 𝒉)

𝛽 = (𝑱, 𝜷)



Minimum discrimination information

𝑱 = 𝜷 = 𝟎

𝐼 𝑃∗: 𝑃0 = 𝐺 𝒎0, 𝒉0 = 0

𝑃∗ 𝒙 = 𝑃0 𝒙

𝜕𝐺

𝜕𝒎
= 𝑱 = 𝟎

𝜕𝐺

𝜕𝒉
= 𝜷 = 𝟎

𝐺 𝒎,𝒉 ≈
1

2
෍

𝑗,𝑘

𝜕2𝐺

𝜕𝑚𝑗𝑚𝑘
(𝑚𝑗 −𝑚𝑗

0)(𝑚𝑘 −𝑚𝑘
0)

+
1

2
෍

𝑗,𝑘

𝜕2𝐺

𝜕𝑚𝑗ℎ𝑘
(𝑚𝑗 −𝑚𝑗

0)(ℎ𝑘 − ℎ𝑘
0)

+
1

2
෍

𝑗,𝑘

𝜕2𝐺

𝜕ℎ𝑗ℎ𝑘
(ℎ𝑗 − ℎ𝑗

0)(ℎ𝑘 − ℎ𝑘
0)

𝐼 𝑃: 𝑃0 ≥ 𝐼 𝑃∗: 𝑃0

𝐼 𝑃∗: 𝑃0 = 𝐺(𝒎, 𝒉) = 𝑱 ∙ 𝒎 + 𝜷 ∙ 𝒉 − log𝑍(𝑱, 𝜷)

𝑃∗ 𝒙 =
𝑃0 𝒙 exp(𝑱 ∙ 𝒙 + 𝜷 ∙ 𝑯)

𝑍

𝑍 𝑱, 𝜷 =෍

𝒙

𝑃0 𝒙 exp(𝑱 ∙ 𝒙 + 𝜷 ∙ 𝑯)

𝜕 log𝑍

𝜕𝑱
= 𝒎

𝜕 log𝑍

𝜕𝜷
= 𝒉

𝐼 𝑃: 𝑃0 =෍

𝒙

𝑃 𝒙 log
𝑃(𝒙)

𝑃0(𝒙)



Minimum discrimination information

𝐻𝑖 𝒙 =෍

𝑗=1

𝑛

𝑊𝑖𝑗𝑥𝑗

ℎ𝑖 =෍

𝑗=1

𝑛

𝑊𝑖𝑗𝑚𝑗

𝑊𝑖𝑗 =
𝜕ℎ𝑖
𝜕𝑚𝑗

=෍

𝑘

𝜕2𝐺

𝜕ℎ𝑖𝜕𝑚𝑘

−1
𝜕2𝐺

𝜕𝑚𝑘𝑚𝑗

=෍

𝑘

𝐶𝑂𝑉(𝐻𝑖 , 𝑥𝑘) 𝐶𝑂𝑉
−1 𝑥𝑘 , 𝑥𝑗

𝐻𝑖 𝒙 =෍

𝑗=1

𝑛

𝑊𝑖𝑗𝑥𝑗 +
1

2
෍

𝑗,𝑘=1

𝑛

𝑄𝑖𝑗𝑘𝑥𝑗𝑥𝑘

Linear regression!

𝐺 𝒎,𝒉 ≈
1

2
෍

𝑗,𝑘

𝜕2𝐺

𝜕𝑚𝑗𝑚𝑘
(𝑚𝑗 −𝑚𝑗

0)(𝑚𝑘 −𝑚𝑘
0)

+
1

2
෍

𝑗,𝑘

𝜕2𝐺

𝜕𝑚𝑗ℎ𝑘
(𝑚𝑗 −𝑚𝑗

0)(ℎ𝑘 − ℎ𝑘
0)

+
1

2
෍

𝑗,𝑘

𝜕2𝐺

𝜕ℎ𝑗ℎ𝑘
(ℎ𝑗 − ℎ𝑗

0)(ℎ𝑘 − ℎ𝑘
0)

+⋯

𝐸 𝐻𝑖 𝒙 =෍

𝑗=1

𝑛

𝑊𝑖𝑗𝐸 𝑥𝑗



Iterative inference algorithm

𝐷𝑖 =෍

𝑡

𝑥𝑖 𝑡 + 1 − 𝐸[𝑥𝑖 𝑡 + 1 ] 2

𝑊𝑖𝑗 =෍

𝑘

𝐶𝑂𝑉(𝐻𝑖
′, 𝑥𝑘)𝐶𝑂𝑉

−1 𝑥𝑘 , 𝑥𝑗

𝐻𝑖 𝑡 =෍

𝑗

𝑊𝑖𝑗𝑥𝑗(𝑡)

𝐻𝑖
′(𝑡) =

𝑥𝑖 𝑡 + 1

𝐸[𝑥𝑖 𝑡 + 1 ]
𝐻𝑖(𝑡)

observation

estimation



Benchmark: Kinetic Ising model (N=100, gaussian W)

FEM outperforms for strong coupling and little data regimes

𝑊𝑖𝑗 ~𝒩(0,
𝑔2

𝑁
) L/N2 samples



Quadratic interaction inference

𝐻𝑖(𝑡) =෍

𝑗

𝑊𝑖𝑗 𝑥𝑗(𝑡) +
1

2
෍

𝑗,𝑘

𝑄𝑖𝑗𝑘𝑥𝑗(𝑡)𝑥𝑘(𝑡)



Neural network

Prediction



Currency network

Time-dependent coupling Wij



Hidden variables

𝒙 = (𝑥1, 𝑥2, 𝑥3, ⋯ , 𝑥𝑛)

𝐻𝑖 𝑡 = ෍

𝑗=1

𝑛+ℎ

𝑊𝑖𝑗𝑧𝑗(𝑡)

𝒚 = (𝑦1, 𝑦2, ⋯ , 𝑦ℎ) 𝒛 = (𝑥1, 𝑥2, 𝑥3, ⋯ , 𝑥𝑛, 𝑦1, 𝑦2, ⋯ , 𝑦ℎ)

𝒛 = (𝑥1, 𝑥2, 𝑥3, ⋯ , 𝑥𝑛, 𝑦1, 𝑦2, ⋯ , 𝑦ℎ) → 𝑊𝑖𝑗

Expectation Maximization

M-step

E-step 𝑊𝑖𝑗 → 𝒚 = (𝑦1, 𝑦2, ⋯ , 𝑦ℎ)

𝑥1 1 , 𝑥2 1 , 𝑥3 1 ,⋯ , 𝑥𝑛 1

𝑥1 2 , 𝑥2 2 , 𝑥3 2 ,⋯ , 𝑥𝑛 2

𝑥1 3 , 𝑥2 3 , 𝑥3 3 ,⋯ , 𝑥𝑛 3

𝑥1 𝐿 , 𝑥2 𝐿 , 𝑥3 𝐿 ,⋯ , 𝑥𝑛 𝐿

⋯ ⋯ ⋯ ⋯

⋯

𝑦1 1 , 𝑦2 1 ,⋯ , 𝑦ℎ 1

𝑦1 2 , 𝑦2 2 ,⋯ , 𝑦ℎ 2

𝑦1 3 , 𝑦2 3 ,⋯ , 𝑦ℎ 3

𝑦1 𝐿 , 𝑦2 𝐿 ,⋯ , 𝑦𝑛 𝐿

⋯ ⋯ ⋯

⋯



References



Applications

https://www.youtube.com/watch?v=YLVdRPVj-XMZebrafish brain imaging

https://www.youtube.com/watch?v=eKkaYDTOauQ

https://www.youtube.com/watch?v=llHrk7RR4GEc. elegans brain imaging

https://www.youtube.com/watch?v=YLVdRPVj-XM
https://www.youtube.com/watch?v=eKkaYDTOauQ
https://www.youtube.com/watch?v=llHrk7RR4GE
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