
 

 

Youngman Kim 
 
 

Institute for Basic Science, Daejeon, Korea 

Mean field method and beyond  
in dense matter 



Contents 

• Models for low energy QCD 

• Nuclear matter: definition, properties, etc 

• Mean field approximation and beyond: overview 

• Mean field approximation: some details  

• Beyond the mean field approximation: FRG 

 

 



         Models for low energy QCD 



Figure: taken from G.F. Bertsch, D.J. Dean, and W. Nazarewicz, SciDAC  
Review 6, 42 (2007) 
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After all, QCD (quantum chromodynamics) is here to 
describe busy things: quarks, baryons, nuclei.   

Nuclear physics is governed by strong  and electroweak interaction!  



As it is, life cannot be that simple! 

Asymptotic freedom makes QCD messy at low energies  



QCD-rooted effective theories (models) should come in for baryons and nuclei. 







Quantum fluctuations of the vacuum of QCD 
        (Derek's Visual QCD - The QCD Vacuum) 

YK: RAON and the QCD vacuum? 



Low energy QCD 

• Mesons and baryons 

• (spontaneous) Chiral symmetry breaking 

• Condensates  

• Various EFTs 

 

 



(partial) chiral symmetry restoration? 

• Chiral symmetry 

 

: vector transform 

: axial-vector transform 

wikipedia 



 chiral limit: m=0 

Chiral symmetry breaking 

 Explicit chiral symmtery breaking 

 SSB of chiral symmetry 



Mesons and chiral symmetry 

 



Linear sigma-model 

* SSB  



Quantum hadrodynamics (QHD) is a framework for describing the nuclear 
many-body problem as a relativistic system of baryons and mesons. 

Recent progress in quantum hadrodynamics  
Brian D. Serot, John Dirk Walecka, Int. J. Mod. Phys. E6 (1997) 515-631  



Nuclear matter 



Semi-Empirical Mass Formula for Nuclei 

1. The nucleus consists of incompressible matter so that R~A1/3. 
2. The nuclear force is identical for every nucleon and in particular does not       
   depend on whether it is a neutron or a proton. 
3. The nuclear force saturates 





N.B.: neutron stars are gravitationally bound (not self-bound objects).  

E/A-M 





Energy per particle in neutron matter at various orders of chiral EFT. 

F. Sammarruca, Modern Physics Letters A 32,  (2017) 1730027 

The typical output of nuclear matter calculations is the energy per particle as a 
function of density, known as the equation of state (EoS).  







A BCS-like trial ground state  --> true vacuum contains chiral (quark-antiquark)  
condensates in free space [Finger & Mandula, NPB 199, 168 (1982)] 

In dense matter, chiral condensates will 
be reduced as low energy phase space is 
already occupied by the fermions in Fermi 
sea. 







But, results are quite model-dependent! 



• Liquid-gas transition: phase transition between the nuclear liquid and a 
gas of nucleons, Tc were found to be in the range 10-20 MeV .  

• Number density can be served as an order parameter for the LGT in n
uclear matter. 

 

Liquid-gas transition 



Finite size effects!!! 



It is shown that the phase transition is very sensitive to the density dependence 
of the equation of state and the symmetry energy. For an isospin asymmetry of 
0.2 and a mixed phase with a fraction of 20% of quarks, a transition density in 
the interval 2ρ0 < ρ < 4ρ0 was obtained for temperatures 30 < T < 65 MeV. 



Symmetry energy 

• At low densities, uniform nuclear matter becomes unstable against cluster formation.  Indeed, 

     at densities of ρ < ρ0/2 the inter-nucleon separation becomes comparable to the range of 

     the NN interaction, so it becomes energetically favorable for the system to fragment into 

     neutron-rich clusters. Cluster formation significantly increases the symmetry energy at very 

     low densities 

• Heavy-ion collisions at incident energies from about 35 to 150 MeV per nucleon give access 
to the symmetry energy at densities from about 50% above ρ0 down to about 0.1ρ0. 

• Specifically, the region at about twice saturation density is critical for the determination of ne
utron-star radii. 





• Neutron skin  

Symmetry energy: nuclear structure 

Z=82 

* Heavy nuclei are expected to have a neutron-
rich skin due to the large neutron excess and 
the Coulomb barrier (which reduces the proton 
density at the surface). 
 
* The stiffer the equation of state the thicker 
the neutron skin. 



The thickness of the neutron skin depends on the pressure of neutron-
rich matter: the greater the pressure, the thicker the skin as neutrons 
are pushed out against surface tension. The same pressure supports a 
neutron star against gravity. Thus models with thicker neutron skins 
often produce neutron stars with larger radii [C. J. Horowitz and J. Piekarewicz, 

Phys. Rev. Lett. 86, 5647 (2001)]. 

Symmetry energy: neutron stars 

We note, however, that the neutron star radius reflects the pressure due to the 
symmetry energy at a range of densities and is also highly sensitive to its 
pressure at 2-3 times saturation density [Lattimer, J.M. et al, Science 23, 536 
(2004).]  





Mean field approximation and beyond: overview 





Mean field 



Clusters of levels   shell structure 
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Inert core 

Interacting SM HF (RMF) 







Ab initio No Core Shell Model for nuclear structure 

• Ab initio: nuclei from first principles using fundamental 
interactions without uncontrolled approximations. 

• No core: all nucleons are active, no inert core. 

• Shell model: harmonic oscillator basis 

• Point nucleons 
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Y. Kim,  I. J. Shin, A.M. Shirokov, M. Sosonkina, P. Maris, J.P. Vary, Proc. Int 
Conference Nuclear Theory in the Supercomputing Era, IBS Headquarters, 
Daejeon, Korea 29 October – 2 November 2018.  



Nuclear Lattice EFT Collaboration  



e-Print: arXiv:1906.01674 [nucl-th] 









Mean field approximation: some details  





























Inputs to fix the parameters in the model 
1. Saturation density: 0.16 fm-3 

2. Binding energy: E/A= -16 MeV 
3. Incompressibility: K=240 MeV 
4. Nucleon effective mass: M* =  0.75M 
5. Symmetry energy at the saturation density: 30.5 MeV   



Beyond the mean field approximation: FRG 



Fluctuations 

• Nucleons, though massive, can fluctuate near the 
Fermi surface as p-h excitations. 

• The pion and sigma mesons can fluctuate. 

• Vector mesons such as omega mesons may not 
fluctuate because they are massive. Only as mean 
field.   

• FRG is a good way to handle (above-mentioned) 

fluctuations.  



Renormalization group method with different goals 

• To remove infinities (UV divergences) 

• To describe the scale dependence of physical 
parameters 

• To re-sum the perturbation expansion in QFT 

• To solve strongly coupled theories 

• …  



                     

Effective action in QFT: 
• The generating functional of the 1PI Green functions.  
• The field equations derived from the effective action include all quantum 

effects. 
• In thermal and chemical equilibrium the effective action includes in addition 

the thermal fluctuations and depends on the temperature and chemical 
potential.  

• In statistical physics it corresponds to the free energy as a functional of some 
(space dependent) order parameter. 

























In practice some approximations (truncations) are required.  
One them is “the derivative expansion,” which sounds  
reasonable since we are mostly interested in the long distance  
physics (small momentum). 











Finite temperature and density? 








