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Motivation

• Detections of gravitational waves 
• Observations of x-ray binaries 
• Heavy ion experiments

�2

NICER Neutron star Interior Composition ExploreR LIGO Laser Interferometer Gravitational-Wave Observatory 

RAON 



Plan

1. Gravitational Waves from Compact Stars 
- Tidal Love number (tidal deformability) of neutron stars 

2. Neutron Star Structure & Observations 
- White dwarf, neutron stars, and black holes 
- Low-mass X-ray binaries  
- Physics of Dense Stellar Matter 

3. Workout Problem 
- Polytropic structure of compact stars
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Part 1

Gravitational Waves and Compact Stars



Why Neutron Stars ?

Ultimate testing place for physics of dense matter

M = 1.5 ⇠ 2.0M�

R = 10 ⇠ 15 km

A ⇠ 1057 nucleons

e+e� pair creation
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Nuclear matter is not an ideal gas
F.  Weber 2005

• still uncertain due to the nature of strong interactions 
• introduction of 3 body forces 
• exotic states with strangeness 
• … …
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Condensed Matter:  
   - electron degeneracy 
   - EM interaction
Neutron Star:  
   - hadron (p,n) degeneracy 
   - strong interaction



Why neutron stars

Ultimate testing place for physics of dense matter
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✓ chiral symmetry restoration 
✓ color superconductivity 
✓ color-flavor locking 
✓ quark-gluon-plasma
✓ AdS/QCD
✓ symmetry energy
✓ tensor forces
✓ 3-body forces
✓ … …



Gravitational waves from neutron star binaries

• B1913+16 / Hulse & Taylor (1975) 
• change in the orbital period due to GW radiation 
• 1993 Nobel Prize 
• LIGO is based on  

NS binary mergers 
• GW expected in 2019 

d = O(100 Mpc)

Weisberg, Nice, Taylor, ApJ (2010)
1975 2005
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NS (radio pulsar) which will coalesce within Hubble time 

(2003) 
(2004)
(1990)
(2004)
(1975)
(1990)
(2000)
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sGRB short-hard gamma-ray bursts from NS mergers 
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GRB and Kilonova from NS binaries
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r-process peak at A~195



Heavy Elements from NS mergers

 Sources of Heavy Elements

S Rosswog 2015

 solar pattern vs NS-merger

• Supernovae:  
neutrino-driven wind 
r-process peak at A~130 

• NS mergers: 
r-process peak at A~195
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Network of gravitational wave  observatories

8544.68km 

8867.18km 3026.76km 

LIGO, Hanford, WA 

LIGO, Livingston, LA 

Virgo, Cascina, Italy 

Distance in light-time 
HO/LO-Virgo  ~ 0.03 sec 
HO-LO ~ 0.01 sec
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40kg fused Silica (SiO2) 
(absorption < 1ppm)

Nd:YAG laser 
1064nm (infrared)

Goal 750 kWGoal 200 W

Laser Interferometer Gravitational-wave Observatory



Sensitivity of Interferometers

If the length resolution is 𝛌laser, detectable strain is 

Due to quantum nature of the photons, the length resolution could be 
reduced

h ⌘ �l

l
=

�laser

l
=

10�6m

103m
= 10�9

Fabry-Perot cavity (~ 250 bounces) :

h ⇠ �l

leff
⇠ �laser

�GW
⇠ 10�6m

106m
= 10�12
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�GW ⇠ 1000 km for 300 Hz

h ⇠ 1p
Nphotons

�laser

�GW
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N: measured number of photons over period τ  

Poisson distribution
�N =

p
N̄

�t�E � ~
2

E = ~2⇥c
�l

N �E = ~2⇥c
�l

p
N̄

�⇥ = 2⇥c
�t

�l

Uncertainty in the phase measurement :

�t�E =
�⇥�l

2⇥c
~2⇥c

�l

p
N̄ � ~

2

�⇥ � 1p
N̄

N � 1
2(�⇥)2

Measuring the phase shift by averaging over some period τ  



Shot noise

Collect photons for a time of the order of the period of GW wave

Nphotons =
Plaser

hc/�laser
⌧ ⇠ Plaser

hc/�laser

1

fGW

⌧ ⇠ 1/fGW

For 1W laser with λlaser=1 µm, fGW=300Hz,  Nphotons=1016

By adopting high power laser (20W for O1) and Power Recycling, 
we can reach ‘astrophysical sensitivity’ of ~10-22.

h ⇠ �l

leff
⇠

N�1/2
photons�laser

�GW
⇠ 10�8 ⇥ 10�6m

106m
= 10�20
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GW propagating in z-direction 

h+ hx
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plus polarisation cross polarisation



Principle of GW detection Image credit: LIGO/T. Pyle
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• TT gauge 
- mirrors & beam splitters remain at rest 
- GW (h) interact with interferometer’s light 

• local Lorentz (LL) frame 
- in the proper reference frame of beam splitter 
- beam splitter is freely falling with GW 
- mirrors are moving 
- tiny correction due to GW & light interaction 

• physical observables should be independent of coord choice 

Kip Thorne
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What is interacting with GW, laser light or test mass?



Detectability of LIGO 2015

• 1/1000 of proton diameter in a distance of 4km 
(1/10 of hair thickness in a distance of 1 light year) 

• Strong LASER power (20 W       700 W      100 kW)  
(design goal : 200 W       750 kW) 

• 280 bounces between mirrors (effective distance :1120 km) 

• Detection limit : 
NS binary merger - 10 billion light year   
BH binary merger - 30 billion light year
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중력파 검출
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LIGO

1st detection of GW

Sep 14th, 2015

Livingston, LA

Hanford, WA

�23



Sound of BH binary merger Image credit : LIGO
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Korean TIme Sep 14, 2015, pm 6:51



GW150914

• 36       BH + 29       BH (final BH with 62      ) 
• 3        in GW energy   

maximum luminosity ~ 50 times of the total light luminosity of the Universe  

• distance : 13 billion light year (red shift z=0.09) 
• GW frequency : 30-150 Hz 
• GW maximum strain : 10-21  

- 4x10-16 cm variation in 4km 
  (correspond to hair thickness in 1 light year)

Georgia Tech animation
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2017 Nobel Prize in Physics



GW 170817 (d=40 Mpc) 
GRB 170817A by Fermi-GBM 
Kilonova/X-ray/Optical Afterglows

Credit: NSF/LIGO/SSU/A.Simonnet

Press Release Oct 16, 2017 
GW from Binary NS Mergers
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soon after the announcement of  
2017 Nobel Prize



GW170817 NS binary merger



Interstellar original scenario by kip Thorne

• 2019 LIGO detected GW from Saturn 
- GW from BH/NS binary mergers 
- No BH/NS near Saturn 
- Existence of a Warm Hole near Saturn 

• Interstellar starts 40 years after GW detection from Saturn

2017 Nobel Prize
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GW170817 / GRB170817A
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http://horizon.kias.re.kr
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Fermi/Integral 
gamma-ray

Telescopes in Chile



http://horizon.kias.re.kr
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Korean Telescopes 
Nature 551, 71 (2017)

Chandra X-ray VLA radio



Kilonova / Geometry of GW170817 Nature 551, 71 (2017)
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Optical/ IR / X-ray



NS binary merger
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BH formation 
GW 

Gamma-ray    
X-ray 
Light 
Radio

Earth



Origin of Solar System Elements
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GW Catalog 2018.12.05
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Gravitational-Wave & Multi-Messenger Astronomy

• First direct detection of GW in 2015 
• First detection of BHs with masses 30 ~ 60 solar mass  
• GW, Gamma-ray, Optical, X-ray, Radio from NS mergers 
• New era for GW Astronomy & Multi-Messenger Astronomy 
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Response of NS to GW during Inspiral

perturbative approaches
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Einstein’s field equation with source

G↵� ⌘ R↵� � 1

2
g↵�RG↵� =

8⇡G

c4
T↵�

T↵� =

0

@
energy density energy flux

mom. endsity stress tensor

1

A

r�T
↵� = 0 r�G

↵� = 0

Bianchi identitylocal conservation 
of energy-momentum

Newtonian limit
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Principles of Gravitational Waves

c = 1 unit
long timescale change

short timescale oscillation
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Linearized Vacuum Einstein Equation 

g↵� = ⌘↵� + h↵�
⌘↵� = diag(�1, 1, 1, 1) =

0

BB@

-1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

1

CCA
|hµ⌫ | ⌧ 1

⇤ ⌘ ⌘↵�@↵@� = � @2

@t2
+ ~r2

�R↵� =
1

2
[�⇤h↵� + @↵V� + @�V↵] = 0

V↵ ⌘ @�h
�
↵ � 1

2
@↵h

�
�

h�
↵ = ⌘��h�↵

x0↵ = x↵ + ⇠↵(x)

h0
↵� = h↵� � @↵⇠� � @�⇠↵

⇤h0
↵� = 0

Gauge transformation

Lorentz gauge

Field equation
V 0
↵ ⌘ @�h

0�
↵ � 1

2
@↵h

0�
� = 0
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Linearized Gravitation vs Electromagnetism

h↵�(x)
⇣
�(t, ~x), ~A(t, ~x)

⌘

�R↵���(x) ~E(t, ~x), ~B(t, ~x)

h↵� ! h↵� � @↵⇠� � @�⇠↵
~A ! ~A+ ~r⇤

� ! �� @⇤/@t

@�h
�
↵ � 1

2
@↵h

�
� = 0 ~r · ~A+ @�/@t = 0

⇤h↵� = 0
⇤ ~A = 0

⇤� = 0

basic potential

fields

Gauge transformation

Lorentz gauge

field equation
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Transverse-traceless (TT) gauge

h↵� =

0

BB@

0 0 0 0
0 a b 0
0 b -a 0
0 0 0 0

1

CCA ei(
~k·~x�!t)

⇤h↵� = 0

a =
1

2
(hxx � hyy)

b = hxy

further impose TT gauge

impose Lorentz gauge

wave equation

�45



Regions of space around a source of GW
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GW propagating in z-direction in TT gauge 

hTT
µ⌫ = h+(t� z)

0

BB@

0 0 0 0
0 1 0 0
0 0 �1 0
0 0 0 0

1

CCA+ h⇥(t� z)

0

BB@

0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

1

CCA

plus polarisation cross polarisation

ds2 = �dt2 + (1 + h+)dx
2 + (1� h+)dy

2 + dz2 + 2h⇥dxdy

line element

Lx =

Z x2

x1

p
1 + h+dx ⇡ (1 +

1

2
h+)Lx0;

Ly =

Z y2

y1

p
1� h+dy ⇡ (1� 1

2
h+)Ly0

h+ hxlengths in x- & y-directions
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Typical wave forms

Kip Thorne



Tidal deformability & Love number

�49

• A.E.H. Love (1909) - The Yielding of the Earth to Disturbing Forces 
• K.S. Thorne & A. Campolattaro (1967) - non-radial pulsation of NS 
• J.B. Hartle & K.S. Thorne (1969) - stability of rotating NS 
• … … 
• K.S. Thorne (1998) - Tidal stabilization of rigid rotating, fully relativistic  

                                 neutron star 
• … …

Selected references



Tidal deformability & Love number

�
(1 + gtt)

2
= �

m

r
�

3Qij

2r3

✓
ninj

�
1

3
�ij

◆
+O

✓
1

r3

◆
+

Eij

2
r2ninj +O(r3)

ni =
xi

r

Qij = ��Eij

� : Tidal deformability

k2 =
3

2
G�R�5

k2 : l = 2 Tidal Love number

Qij =

Z
d3x�⇢(x)

✓
xixj �

1

3
r2�ij

◆

Eij : external quadrupole tidal field
Qij : quadrupole moment of NS

Hinderer et al. PRD 81 (2010)

dimensionless parameter
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Regge-Wheeler gauge 
linear l = 2 perturbation onto spherically symmetric star

f =
d✏

dp
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Tidal love number
k2 =

3

2
G�R�5

k2 : l = 2 Tidal Love number

y =
R�(R)

H(R)
C =

M

R
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Laser Interferometer

• Consider a simple Michelson 
interferometer with lx ≈ ly ≈l. 

• The phase difference of returning 
lights reflected by x and y ends 

• Toward the photo-detector:  

• For small Δ𝜙, 

�� = �x � �y ⇡ 2!0 [lx � ly + lh(t)]

EPD / ei�x � ei�y = ei�y (ei�� � 1)

Time varying part

IPD / |ei�� � 1|2 ⇡ |��|2 ⇡ 4!2
0(lx � ly)

2 + 8!2
0(lx � ly)lh(t)
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 (f) = 2⇡ftc � 2�c �
⇡

4
+

3

128⌘v5
�(f)

v = (⇡fM)1/3

5PN

6PN

h̃T(f) = Af�7/6ei T(f)
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phase shift vs deformability

dimensionless

⌘ = m1m2/M
2

x = (!M)2/3 )
✓
!
GM

c3

◆2/3

�55

⇤ =
�

m5
) G�

✓
c2

Gm

◆5

⇡ 950.5
⇣m�

m

⌘5
✓

�

1036 g cm2 s2

◆

⇤ = G

✓
c2

Gm

◆5

⇥ 2

3

R5

G
k2 =

2

3

✓
Rc2

Gm

◆5

k2 ⇡ 9495

✓
R10km

mM�

◆5

k2

d T

dx

����
tidal,5PN

= �195

8

x3/2

⌘

�̃

M5
/ �̃

M5
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accumulated GW phase  
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|��GW(f)| =
�� (f)pp(3.5PN) � (f)pp(3.5PN)+tidal(5PN)
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accumulated GW phase

waveform model: 
TaylorF2(SPA)

Mch=1.188M⦿

M1=M2=1.365M⦿

~600 Hz

1/2-cycle
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Λ(M=1.4M⦿)=800 

Local group Virgo cluster Virgo supercluster

GW170817

Y.B. Choi, H. S. Cho, C.-H. Lee

Dotted line : 5PN
Solid lined  : 6PN

Measurement error vs. source distance
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GW 170817 (d=40 Mpc) 
GRB 170817A by Fermi-GBM 
Kilonova/X-ray/Optical Afterglows

Credit: NSF/LIGO/SSU/A.Simonnet

Press Release Oct 16, 2017 
GW from Binary NS Mergers
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soon after the announcement of  
2017 Nobel Prize
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GW170817 
 Information of Neutron Star Structure                

has been revealed by Gravitational Waves 



perfer lower ⇤
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(soft EOS)



Slide from YMKim

Neutron Star of Known Mass

 63

GW170817:
BNS

M1: 1.36~1.60 M⦿ 

(1.36~2.26)
M2: 1.17~1.36 M⦿

(0.86~1.36)

J. Lattimer,  Annu.Rev.Nucl.Part.Sci.62,485(2012) 
and https://stellarcollapse.org by C. Ott

https://stellarcollapse.org


Slide by YMKim

Prospects of the Observing Runs

 64

“Prospects for Observing and Localizing Gravitational-Wave Transients with Advanced LIGO, Advanced Virgo and KAGRA”, 
arXiv:1304.0670v4, LIGO-P1200087-v45,  Living Rev. Relativity, 21, 3 (2018)

We expect to observe more BNS and/or NS-BH



LIGO

• First detection of gravitational-waves 
• First detection of black hole binary 
• First observation of heavy black holes 
• New possibilities: grativational-wave astronomy 
• Neutron stars, black holes, supernovae, gamma-ray bursts, … 

• … …
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Future Gravitational-Wave Observatories

eLISA 
2034

Einstein Telescope
ESA / 2030? (designing stage)
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106 km
10 km LISA pathfinder 

2015.12.3



Part 2

Neutron Star Equation of State



Physics of White Dwarfs

S. Chandrasekhar (1967)  
Stellar Structure 

S.L. Shapiro & S.A. Teukolsky (1983)  
Black Holes, White Dwarfs, and Neutron Stars : The Physics of Compact Object 

D. Maoz (2006)  
Astrophysics in a Nutshell
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Thermodynamics

dP (r)

dr
= �GM(r)⇢(r)

r2

dM(r)

dr
= 4⇡r2⇢(r)

dT (r)

dr
= �3L(r)(r)⇢(r)

4⇡r24acT (r)3

dL(r)

dr
= 4⇡r2⇢(r)✏(r)

P = P (⇢, T, composition)

 = (⇢, T, composition)

✏ = ✏(⇢, T, composition)
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Hydrostatic equilibrium

Mass continuity

Radiative energy transport

Energy conservation

without nuclear burning
zero temperature limit



Pressure

• Radiation pressure of photon & neutrino 

• Thermal (kinetic) pressure of ideal gas 

• Quantum degeneracy pressure of ideal gas 

• Pressure from strong interactions

(PV = NkT )
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3
aT 4
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Pkin = nkT
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Pdeg =?
<latexit sha1_base64="hFe6QespgJkSHHhyoPijiFelBQE=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0mqoBex6MVjBfsBbQibzaRdutmE3Y1QQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZF6ScKe0439bK6tr6xmZpq7y9s7tXsfcP2irJJIUWTXgiuwFRwJmAlmaaQzeVQOKAQycY3U79ziNIxRLxoMcpeDEZCBYxSrSRfLvS9PO+jHEIgwm+wte+XXVqzgx4mbgFqaICTd/+6ocJzWIQmnKiVM91Uu3lRGpGOUzK/UxBSuiIDKBnqCAxKC+fHT7BJ0YJcZRIU0Ljmfp7IiexUuM4MJ0x0UO16E3F/7xepqNLL2cizTQIOl8UZRzrBE9TwCGTQDUfG0KoZOZWTIdEEqpNVmUTgrv48jJp12vuWa1+f15t3BRxlNAROkanyEUXqIHuUBO1EEUZekav6M16sl6sd+tj3rpiFTOH6A+szx9OF5Iz</latexit>

�70

(Pauli exclusion)
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Pnuclear matter =?
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n = N/V
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Virial theorem dP (r)

dr
= �GM(r)⇢(r)

r2

Z R

0

dP

dr
4⇡r3dr =

Z R

0

✓
�GM

r2
⇢

◆
4⇡r3dr
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Z R

0

dP

dr
4⇡r3dr = P · 4⇡r2

��R
0
�
Z R

0
3P · 4⇡r2dr
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1

2

Z R

0
3P · 4⇡r2dr
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1

2
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�2Etherm = EG
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Virial theorem Etherm = �1

2
EG =

1

2
|EG|

<latexit sha1_base64="7GuTMn9IWLGnYOxkOJI4vdhfoAc=">AAACF3icbVDLSgMxFM3UVx1foy7dBIvgxjJTBd0UilJ0WcE+oC1DJs20oUlmSDJCmfYv3Pgrblwo4lZ3/o3pA9HWA4Fzz7mXm3uCmFGlXffLyiwtr6yuZdftjc2t7R1nd6+mokRiUsURi2QjQIowKkhVU81II5YE8YCRetC/Gvv1eyIVjcSdHsSkzVFX0JBipI3kO/myn7Ykh7pHJB/BIjxphRJh6BVg2b+2i/CnHJp66Ds5N+9OABeJNyM5MEPFdz5bnQgnnAiNGVKq6bmxbqdIaooZGdmtRJEY4T7qkqahAnGi2unkrhE8MkoHhpE0T2g4UX9PpIgrNeCB6eRI99S8Nxb/85qJDi/aKRVxoonA00VhwqCO4Dgk2KGSYM0GhiAsqfkrxD1kgtAmStuE4M2fvEhqhbx3mi/cnuVKl7M4suAAHIJj4IFzUAI3oAKqAIMH8ARewKv1aD1bb9b7tDVjzWb2wR9YH9/7YZyn</latexit>

Etot = EG + Etherm =
1

2
EG = �1

2
|EG| < 0

<latexit sha1_base64="MYMSIk0dKj3JcFehQNvjxUFGNDY="></latexit>

�72

• Star forms by slow gravitational contraction 
• Total energy becomes more negative 

- T & density increase as star loses energy

i) start nuclear burning (thermal pressure dominates) 
ii) reach quantum state (degeneracy pressure dominates) 
   - contraction stops and cools down



Ideal Degenerate Electron Gas

dP (r)

dr
= �GM(r)⇢(r)

r2

ne =

Z pf

0

8⇡

h3
p2dp =

8⇡

3h3
p3f = Zn+ = Z

⇢

Amp

�x�px > h d3pdV > h3

⇢WD ⇠ 106 g/cm3

TWD ⇠ 107 K

⇢quantum ⇡ mp

(�e/2)3
=

8mp(3mekT )3/2

h3
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⇢quantum(T = 108 K) ⇡ 11, 000 g/cm3

⇢quantum(sun, center) ⇡ 640 g/cm3

Quantum degeneracy pressure dominates : thermal pressure negligible

p / ⇢� / ⇢(n+1)/n

Pdeg ⇡ 3⇥ 1022dyne/cm2

Pth ⇡ 2⇥ 1020dyne/cm2

n : polytropic index

ne, n+
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Polytropic Structure

� =
cp
cV ratio of specific heats

pV � = constant

ideal Fermi gas p / ⇢� / ⇢(n+1)/n

n : polytropic index
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adiabatic process (thermal pressure)

E =
3

2

N

V
kT
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Polytropic Structure

ideal Fermi gas

Pe =

✓
3

⇡

◆2/3 h2

20mem
5/3
p

✓
Z

A

◆5/3

⇢5/3

nonrelativistic

Pe =

✓
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8⇡

◆1/3 hc

4m4/3
p

✓
Z

A

◆4/3

⇢4/3

ultrarelativistic

� =
5

3

� =
4

3

p / ⇢� / ⇢(n+1)/n

n =
3

2

n = 3

n : polytropic index
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Lane-Emden Equation

dP (r)

dr
= �GM(r)⇢(r)

r2

dM(r)

dr
= 4⇡r2⇢(r)

1

r2
d

dr

✓
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⇢

dP
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◆
= �4⇡G⇢

⇢ = ⇢c✓
n

r = a⇠

P = K⇢�

1

⇠

d

d⇠
⇠2

d✓
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Boundary conditions ⇢ = ⇢c✓
n
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center

surface

r = a⇠



⇢ = ⇢c✓
n
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center

surface

R = a⇠1
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R = a⇠1
<latexit sha1_base64="NHKj+xo35Q2T/Zc4JsEDh3xLFWY=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EUIevEYxTwwWcLspJMMmZ1dZmbFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glhwbVz321laXlldW89t5De3tnd2C3v7dR0limGNRSJSzYBqFFxizXAjsBkrpGEgsBEMryd+4xGV5pG8N6MY/ZD2Je9xRo2VHu4uCSXtJ97xOoWiW3KnIIvEy0gRMlQ7ha92N2JJiNIwQbVueW5s/JQqw5nAcb6daIwpG9I+tiyVNETtp9OLx+TYKl3Si5QtachU/T2R0lDrURjYzpCagZ73JuJ/XisxvQs/5TJODEo2W9RLBDERmbxPulwhM2JkCWWK21sJG1BFmbEh5W0I3vzLi6ReLnmnpfLtWbFylcWRg0M4ghPw4BwqcANVqAEDCc/wCm+Odl6cd+dj1rrkZDMH8AfO5w8SWo/f</latexit>



Constants of Lane-Emden equation
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r = a⇠



Polytropic Structure

ideal gas

Pe =

✓
3

⇡

◆2/3 h2

20mem
5/3
p

✓
Z

A

◆5/3

⇢5/3

nonrelativistic

Pe =

✓
3

8⇡

◆1/3 hc

4m4/3
p

✓
Z

A

◆4/3

⇢4/3

ultrarelativistic

� =
5

3

� =
4

3

p / ⇢� / ⇢(n+1)/n

n =
3

2

n = 3

n : polytropic index
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Chandrasekhar Mass

Ultra-relativistic � =
4

3
n = 3

M = 1.457

✓
2

µe

◆2

M�

�81

independent of central density

µe = A/Z ⇡ 2 for He, C, O, ..

R = 3.347⇥ 104
✓

⇢c
106 g cm�3

◆�1/3 ✓ 2

µe

◆2/3

km



White Dwarfs

�82

R

M

ultra relativistic 

non-relativistic

n = 3

n =
3

2



Physics of Neutron Stars

S.L. Shapiro & S.A. Teukolsky (1983)  
Black Holes, White Dwarfs, and Neutron Stars: The Physics of Compact Object 

J. M. Lattimer (2016)  
Neutron Stars are Gold Mines (G.E.Brown Memorial, World Scientific, 2017) 

… …
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Q) What about neutron star?

Nucleon degeneracy pressure



Evolution of star
as star radiates

R

T
H

Nuclear burning

He C/O Si…

Brown 
Dwarf White Dwarf

Neutron 
Star

Viral theorem

gravity ⇠ Pdeg,nucleon
<latexit sha1_base64="AHyImdt3nh9wuqPB+ebi6jD3vNw=">AAACEHicbVC7TsMwFHXKq5RXgJHFokIwoCopSDBWsDAWiT6kpqoc102t2k5kO5WiKJ/Awq+wMIAQKyMbf4ObZoCWI13p6Jx77XuPHzGqtON8W6WV1bX1jfJmZWt7Z3fP3j9oqzCWmLRwyELZ9ZEijArS0lQz0o0kQdxnpONPbmd+Z0qkoqF40ElE+hwFgo4oRtpIA/s09SSHgURTqpMMeopy2Bzk4pAE51DEmJFQZAO76tScHHCZuAWpggLNgf3lDUMccyI0ZkipnutEup8iqal5Mat4sSIRwhMUkJ6hAnGi+ml+UAZPjDKEo1CaEhrm6u+JFHGlEu6bTo70WC16M/E/rxfr0XU/pSKKNRF4/tEoZlCHcJYOHFJJsGaJIQhLanaFeIwkwtpkWDEhuIsnL5N2veZe1Or3l9XGTRFHGRyBY3AGXHAFGuAONEELYPAInsEreLOerBfr3fqYt5asYuYQ/IH1+QOIupzl</latexit>

gravity ⇠ Pdeg, electron
<latexit sha1_base64="L8tny1FgmI1iCLB48JmmxRHoJaQ=">AAACEnicbVDLSgMxFM3UV62vqks3wSIoSJmpgi6LblxWsA/olJJJb9vQJDMkmUIZ+g1u/BU3LhRx68qdf2M6nYW2HggczrmXm3OCiDNtXPfbya2srq1v5DcLW9s7u3vF/YOGDmNFoU5DHqpWQDRwJqFumOHQihQQEXBoBqPbmd8cg9IslA9mEkFHkIFkfUaJsVK3eJb4SuCBImNmJlPsayZwrZuKPRic+xg4UKNCOe0WS27ZTYGXiZeREspQ6xa//F5IYwHSUE60bntuZDoJUYZRDtOCH2uICB2RAbQtlUSA7iRppCk+sUoP90NlnzQ4VX9vJERoPRGBnRTEDPWiNxP/89qx6V93Eiaj2ICk80P9mGMT4lk/uMeUDcwnlhCqmP0rpkOiCDW2xYItwVuMvEwalbJ3Ua7cX5aqN1kdeXSEjtEp8tAVqqI7VEN1RNEjekav6M15cl6cd+djPppzsp1D9AfO5w8Zf529</latexit>

Black 
Hole

gravity � Pdeg,nucleon
<latexit sha1_base64="SlD9f1mYyEOtJq+Tq/BjFp7T1Fg=">AAACD3icbVDLSgMxFM3UV62vqks3waK4kDJTBV0W3bisYB/QliGTSaehSWZI7hTK0D9w46+4caGIW7fu/BvTx0JbD1w4nHNvcu8JEsENuO63k1tZXVvfyG8WtrZ3dveK+wcNE6easjqNRaxbATFMcMXqwEGwVqIZkYFgzWBwO/GbQ6YNj9UDjBLWlSRSvMcpASv5xdOsoyWONBlyGI1xJ4pwzZ9qIYvOsUqpYLEa+8WSW3anwMvEm5MSmqPmF786YUxTyRRQQYxpe24C3Yxo4PbFcaGTGpYQOiARa1uqiGSmm03vGeMTq4S4F2tbCvBU/T2REWnMSAa2UxLom0VvIv7ntVPoXXczrpIUmKKzj3qpwBDjSTg45JpRECNLCNXc7oppn2hCwUZYsCF4iycvk0al7F2UK/eXperNPI48OkLH6Ax56ApV0R2qoTqi6BE9o1f05jw5L8678zFrzTnzmUP0B87nD5genGA=</latexit>

Tas star radiates R ~ fixed
gravity ⇠ Pquantum?

<latexit sha1_base64="IEUazspTDSslHzCo/98oArqPPJs=">AAACDXicbVA9SwNBEN3zM8avU0ubxShYhbsoaGfQxjKC+YBcCHubTbJkd+/cnQuEI3/Axr9iY6GIrb2d/8ZNcoUmPhh4vDfDzLwwFtyA5307S8srq2vruY385tb2zq67t18zUaIpq9JIRLoREsMEV6wKHARrxJoRGQpWDwc3E78+ZNrwSN3DKGYtSXqKdzklYKW2e5wGWuKeJkMOozEODJe40p6KDwlRkMgxvmq7Ba/oTYEXiZ+RAspQabtfQSeiiWQKqCDGNH0vhlZKNHAq2DgfJIbFhA5IjzUtVUQy00qn34zxiVU6uBtpWwrwVP09kRJpzEiGtlMS6Jt5byL+5zUT6F62Uq7iBJiis0XdRGCI8CQa3OGaURAjSwjV3N6KaZ9oQsEGmLch+PMvL5JaqeifFUt354XydRZHDh2iI3SKfHSByugWVVAVUfSIntErenOenBfn3fmYtS452cwB+gPn8wdmPJvB</latexit>
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What’s inside black hole ?

lPlanck ⇠ 10�33 cm
<latexit sha1_base64="lXUL85txqtT7Luhbq8dDm7rG2S4=">AAACD3icbVC7TsMwFHV4lvIKMLJYVCAWqqRFgrGChbFI9CE1IXJcp7VqO5HtIFVR/oCFX2FhACFWVjb+BjftAC1HutLROffq3nvChFGlHefbWlpeWV1bL22UN7e2d3btvf22ilOJSQvHLJbdECnCqCAtTTUj3UQSxENGOuHoeuJ3HohUNBZ3epwQn6OBoBHFSBspsE9YkHmSwyZDAo9y6CnKoevcZ2f1eu7BwsM8D+yKU3UKwEXizkgFzNAM7C+vH+OUE6ExQ0r1XCfRfoakppiRvOyliiQIj9CA9AwViBPlZ8U/OTw2Sh9GsTQlNCzU3xMZ4kqNeWg6OdJDNe9NxP+8XqqjSz+jIkk1EXi6KEoZ1DGchAP7VBKs2dgQhCU1t0I8RBJhbSIsmxDc+ZcXSbtWdevV2u15pXE1i6MEDsEROAUuuAANcAOaoAUweATP4BW8WU/Wi/VufUxbl6zZzAH4A+vzBx71m3A=</latexit>

tPlanck =
lPlanck

c
⇠ 10�43 s

<latexit sha1_base64="ES+g65hMipx+44hvvPrV77eUFrM=">AAACKXicbVDLSsNAFJ34rPUVdelmsAhuLElb0I1QdOOygn1AU8tkOmmHzkzCzEQoIb/jxl9xo6CoW3/EaZqFbT1w4XDOvdx7jx8xqrTjfFkrq2vrG5uFreL2zu7evn1w2FJhLDFp4pCFsuMjRRgVpKmpZqQTSYK4z0jbH99M/fYjkYqG4l5PItLjaChoQDHSRurbdd1PPMlhgyGBxym8gl4gEU7YnJwmOIWeohy6zkNyXqumHsx8lfbtklN2MsBl4uakBHI0+vabNwhxzInQmCGluq4T6V6CpKaYkbToxYpECI/RkHQNFYgT1UuyT1N4apQBDEJpSmiYqX8nEsSVmnDfdHKkR2rRm4r/ed1YB5e9hIoo1kTg2aIgZlCHcBobHFBJsGYTQxCW1NwK8QiZpLQJt2hCcBdfXiatStmtlit3tVL9Oo+jAI7BCTgDLrgAdXALGqAJMHgCL+AdfFjP1qv1aX3PWlesfOYIzMH6+QXjFqZf</latexit>

gravity ⇠ Pquantum?
<latexit sha1_base64="IEUazspTDSslHzCo/98oArqPPJs=">AAACDXicbVA9SwNBEN3zM8avU0ubxShYhbsoaGfQxjKC+YBcCHubTbJkd+/cnQuEI3/Axr9iY6GIrb2d/8ZNcoUmPhh4vDfDzLwwFtyA5307S8srq2vruY385tb2zq67t18zUaIpq9JIRLoREsMEV6wKHARrxJoRGQpWDwc3E78+ZNrwSN3DKGYtSXqKdzklYKW2e5wGWuKeJkMOozEODJe40p6KDwlRkMgxvmq7Ba/oTYEXiZ+RAspQabtfQSeiiWQKqCDGNH0vhlZKNHAq2DgfJIbFhA5IjzUtVUQy00qn34zxiVU6uBtpWwrwVP09kRJpzEiGtlMS6Jt5byL+5zUT6F62Uq7iBJiis0XdRGCI8CQa3OGaURAjSwjV3N6KaZ9oQsEGmLch+PMvL5JaqeifFUt354XydRZHDh2iI3SKfHSByugWVVAVUfSIntErenOenBfn3fmYtS452cwB+gPn8wdmPJvB</latexit>

E ⇠ ~c
l

<latexit sha1_base64="80KH0ZbtniIwSnk8eASGOKjs8BY=">AAACAXicbVBNS8NAEJ34WetX1IvgZbEInkpSBT0WRfBYwX5AE8pmu2mX7iZhdyOUEC/+FS8eFPHqv/Dmv3Hb5qCtDwYe780wMy9IOFPacb6tpeWV1bX10kZ5c2t7Z9fe22+pOJWENknMY9kJsKKcRbSpmea0k0iKRcBpOxhdT/z2A5WKxdG9HifUF3gQsZARrI3Usw9vkKeYQF4oMcm8YYAlInnG855dcarOFGiRuAWpQIFGz/7y+jFJBY004Viprusk2s+w1Ixwmpe9VNEEkxEe0K6hERZU+dn0gxydGKWPwliaijSaqr8nMiyUGovAdAqsh2rem4j/ed1Uh5d+xqIk1TQis0VhypGO0SQO1GeSEs3HhmAimbkVkSE2WWgTWtmE4M6/vEhatap7Vq3dnVfqV0UcJTiCYzgFFy6gDrfQgCYQeIRneIU368l6sd6tj1nrklXMHMAfWJ8/+ViWmQ==</latexit>

M ⇠ E

c2
<latexit sha1_base64="T96XPuaoJ59A5nqE0+mtsjLVm8c=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRV0GVRBDdCBfuAppbJdNIOnUnCzESoIfgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/gxZ0o7zre1sLi0vLJaWCuub2xubds7uw0VJZLQOol4JFs+VpSzkNY105y2Ykmx8Dlt+sPLsd98oFKxKLzTo5h2BO6HLGAEayN17f0b5CkmkBdITNKrLCX3laxrl5yyMwGaJ25OSpCj1rW/vF5EEkFDTThWqu06se6kWGpGOM2KXqJojMkQ92nb0BALqjrp5PoMHRmlh4JImgo1mqi/J1IslBoJ33QKrAdq1huL/3ntRAfnnZSFcaJpSKaLgoQjHaFxFKjHJCWajwzBRDJzKyIDbHLQJrCiCcGdfXmeNCpl96RcuT0tVS/yOApwAIdwDC6cQRWuoQZ1IPAIz/AKb9aT9WK9Wx/T1gUrn9mDP7A+fwDDaZTJ</latexit>

GMm

l
⇠ G

l

E

c2
m ⇠ G

lc2
~c
l
m =

G~
l2c

m ⇠ mc2
<latexit sha1_base64="hE8yyPNoJNtF5f8pOYHkFr92XMc="></latexit>

l ⇠
r

G~
c3

<latexit sha1_base64="mOWkSJVs7kLuzfNynLCP60TqCEs=">AAACCXicbVC7TsMwFHV4lvIKMLJYVEhMVdIiwVjBAGOR6ENqSuW4TmvVcYJ9g1RFWVn4FRYGEGLlD9j4G9w2A7Qc6V4dnXOv7Hv8WHANjvNtLS2vrK6tFzaKm1vbO7v23n5TR4mirEEjEam2TzQTXLIGcBCsHStGQl+wlj+6nPitB6Y0j+QtjGPWDclA8oBTAkbq2VhgT/PQtHsFqRcoQtMrb+gTlaX0rpplPbvklJ0p8CJxc1JCOeo9+8vrRzQJmQQqiNYd14mhmxIFnAqWFb1Es5jQERmwjqGShEx30+klGT42Sh8HkTIlAU/V3xspCbUeh76ZDAkM9bw3Ef/zOgkE592UyzgBJunsoSARGCI8iQX3uWIUxNgQQhU3f8V0SEwaYMIrmhDc+ZMXSbNSdqvlys1pqXaRx1FAh+gInSAXnaEaukZ11EAUPaJn9IrerCfrxXq3PmajS1a+c4D+wPr8AeeQmno=</latexit>

quantum gravity
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Initial mass of progenitor star

R

T
H

Nuclear burning

He C/O Si…

Brown 
Dwarf White Dwarf

Neutron 
Star

Black 
Hole

0.09M�
<latexit sha1_base64="qgi9YQFzRKkN3lxaRWo/er1QlVg=">AAAB83icbVDLSgMxFM34rPVVdekmWARXZaYK6q7oxo1QwT6gM5RMJtOGZpIhuSOUob/hxoUibv0Zd/6NaTsLbT1w4eSce8m9J0wFN+C6387K6tr6xmZpq7y9s7u3Xzk4bBuVacpaVAmluyExTHDJWsBBsG6qGUlCwTrh6Hbqd56YNlzJRxinLEjIQPKYUwJW8t2ae43v+76KFPQrVfucAS8TryBVVKDZr3z5kaJZwiRQQYzpeW4KQU40cCrYpOxnhqWEjsiA9SyVJGEmyGc7T/CpVSIcK21LAp6pvydykhgzTkLbmRAYmkVvKv7n9TKIr4KcyzQDJun8ozgTGBSeBoAjrhkFMbaEUM3trpgOiSYUbExlG4K3ePIyaddr3nmt/nBRbdwUcZTQMTpBZ8hDl6iB7lATtRBFKXpGr+jNyZwX5935mLeuOMXMEfoD5/MHXi+Qmw==</latexit>

8M�
<latexit sha1_base64="dju8AXpZiQGfqa7fOpoFbjKRWNo=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgj0WvXgRKtgPaZeSzWbb0GyyJFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXpBwpo3rfjuFtfWNza3idmlnd2//oHx41NYyVYS2iORSdQOsKWeCtgwznHYTRXEccNoJxjczv/NElWZSPJhJQv0YDwWLGMHGSo91dDfoy1CaQbniVt050CrxclKBHM1B+asfSpLGVBjCsdY9z02Mn2FlGOF0WuqnmiaYjPGQ9iwVOKbaz+YHT9GZVUIUSWVLGDRXf09kONZ6Ege2M8ZmpJe9mfif10tNVPczJpLUUEEWi6KUIyPR7HsUMkWJ4RNLMFHM3orICCtMjM2oZEPwll9eJe1a1buo1u4vK43rPI4inMApnIMHV9CAW2hCCwjE8Ayv8OYo58V5dz4WrQUnnzmGP3A+fwAQ7o/u</latexit>

25 ⇠ 40M�
<latexit sha1_base64="Y8ABk4V2E7Hc/0eTxegbl6bDEzM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiS1osuiGzdCBfuAJoTJZNIOncyEmYlYQn/FjQtF3Poj7vwbp20W2nrgwuGce7n3njBlVGnH+bZKa+sbm1vl7crO7t7+gX1Y7SqRSUw6WDAh+yFShFFOOppqRvqpJCgJGemF45uZ33skUlHBH/QkJX6ChpzGFCNtpMCuNi6gp2gCmw68CzwRCR3YNafuzAFXiVuQGijQDuwvLxI4SwjXmCGlBq6Taj9HUlPMyLTiZYqkCI/RkAwM5Sghys/nt0/hqVEiGAtpims4V39P5ChRapKEpjNBeqSWvZn4nzfIdHzl55SnmSYcLxbFGYNawFkQMKKSYM0mhiAsqbkV4hGSCGsTV8WE4C6/vEq6jbp7Xm/cN2ut6yKOMjgGJ+AMuOAStMAtaIMOwOAJPINX8GZNrRfr3fpYtJasYuYI/IH1+QOz15Lx</latexit>

ZAMS (zero age main sequence) mass







Neutron Star Formation from Fe Core Collapse 

Nuclear Photodisintegration

Neutralisation

� +
56
Fe ! 13

4
He + 4 n (124 MeV is consumed)

When Fe core reaches Chandrasekhar Limit

� +
4
He ! 2 p + 2 n (28.3 MeV is consumed)

Econsumed(10
57p) ⇠ 1.4⇥ 1052 erg ⇠ 1011year with L�

e� + p ! n + ⌫e

e� +56Fe !56Mn+ ⌫e

e� +MnFe !56Cr + ⌫e ⌧fall ⇠ a few seconds

RFe ⇠ 1500km

RNS ⇠ O(10km)

�90

core collapse NS + Supernova 
(n : neutron)



Properties of Neutron Star

�91

M = 1.5 ⇠ 2.0M�

R = 10 ⇠ 15 km

A ⇠ 1057 nucleons

e+e� pair creation

Pulsar



Educated Guesses 

M = 1.457

✓
2

µe

◆2

M�

white dwarfs

Quantum degeneracy pressure of protons/neutrons
neutron stars

⇢WD ⇠ 106 g/cm3

TWD ⇠ 107 K

R = 3.347⇥ 104
✓

⇢c
106 g cm�3

◆�1/3 ✓ 2

µe

◆2/3

km

µe = A/Z ! µn = 1

MNS,Chan ⇡ 0.2

✓
2

µn

◆2 ✓ hc

Gm2
p

◆3/2

mp ⇡ 4⇥ 1.4M� = 5.6M�

RNS ⇡ 2.3⇥ 109 cm

✓
me

mn

◆✓
1

µn

◆5/3 ✓ M

M�

◆�1/3

⇡ 14 km

✓
M

1.4M�

◆�1/3

⇢ ⇠ 1014g/cm3
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General Relativity

hydrostatic equilibrium

dP

dr
= �GM⇢

r2

✓
1 +

P

⇢c2

◆✓
1 +

4⇡Pr3

Mc2

◆✓
1� 2GM

rc2

◆�1

dP

dr
= �GM⇢

r2
dM

dr
= 4⇡r2⇢

include all energy sources

�93

physics of dense nuclear matter 
(strong interaction)

dM

dr
= 4⇡r2

⇣ ✏

c2

⌘



Without general relativity

ideal gas

Pe =

✓
3

⇡

◆2/3 h2

20mem
5/3
p

✓
Z

A

◆5/3

⇢5/3

nonrelativistic

Pe =

✓
3

8⇡

◆1/3 hc

4m4/3
p

✓
Z

A

◆4/3

⇢4/3

ultrarelativistic

� =
5

3

� =
4

3

p / ⇢� / ⇢(n+1)/n

n =
3

2

n = 3

n : polytropic index
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� = (n+ 1)/n

� ⇡ 2 (n ⇡ 1)

M / K1/(3��4)R(��2)/(3��4)

� > 2

�95

n = 1/(� � 1)
<latexit sha1_base64="ziSdo6zM8wy/uwk5PTe3vFPSNe8=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQxCPBh3o6AXIejFYwTzgGQJvZNJMmRmdpmZFZYQf8WLB0W8+iHe/Bsnj4MmFjQUVd10d4UxZ9p43reTWVldW9/Ibua2tnd299z9g7qOEkVojUQ8Us0QNOVM0pphhtNmrCiIkNNGOLyd+I1HqjSL5INJYxoI6EvWYwSMlTpuHkt8jX18Vmz3QQjAp/5Jxy14JW8KvEz8OSmgOaod96vdjUgiqDSEg9Yt34tNMAJlGOF0nGsnmsZAhtCnLUslCKqD0fT4MT62Shf3ImVLGjxVf0+MQGiditB2CjADvehNxP+8VmJ6V8GIyTgxVJLZol7CsYnwJAncZYoSw1NLgChmb8VkAAqIsXnlbAj+4svLpF4u+eel8v1FoXIzjyOLDtERKiIfXaIKukNVVEMEpegZvaI358l5cd6dj1lrxpnP5NEfOJ8/lLiSJg==</latexit>

n < 1
<latexit sha1_base64="0cvCo5AxhH6qFWNHmKmeTxTjhpk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoAcPRS8eK9gPaEPZbDft0t1N2N0IJfQvePGgiFf/kDf/jZs0B219MPB4b4aZeUHMmTau++2U1tY3NrfK25Wd3b39g+rhUUdHiSK0TSIeqV6ANeVM0rZhhtNerCgWAafdYHqX+d0nqjSL5KOZxdQXeCxZyAg2mSTRjTes1ty6mwOtEq8gNSjQGla/BqOIJIJKQzjWuu+5sfFTrAwjnM4rg0TTGJMpHtO+pRILqv00v3WOzqwyQmGkbEmDcvX3RIqF1jMR2E6BzUQve5n4n9dPTHjtp0zGiaGSLBaFCUcmQtnjaMQUJYbPLMFEMXsrIhOsMDE2nooNwVt+eZV0GnXvot54uKw1b4s4ynACp3AOHlxBE+6hBW0gMIFneIU3RzgvzrvzsWgtOcXMMfyB8/kDHqmNoQ==</latexit>

nonrelativistic ideal gas

� =
5

3
n =

3

2

ultrarelativistic

� =
4

3
n = 3

M

R
Increasing central density

matter with interactions

M / K1/(3��4)R(��2)/(3��4)



Neutron Star Equation of States

�96

with general relativity & strong interactions !



Mass & radius of neutron star

Neutron Star-White Dwarf Binaries 
1.97 solar mass NS : Nature 467 (2010) 1081

2.01 solar mass NS : Science 340 (2013) 6131
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hard EOS

soft EOS



Nuclear matter is not an ideal gas
F.  Weber 2005

• still uncertain due to the nature of strong interactions 
• introduction of 3 body forces 
• exotic states with strangeness 
• … …

nonrelativistic

ultrarelativistic

� =
5

3

� =
4

3

NS eos includes

� ⇡ 2 (n ⇡ 1)
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Quark stars 
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(u, d, s) quarks ) charge neutrality without electron
<latexit sha1_base64="Zf0etSfxcsO9Xyr2VZN9+V+u95w="></latexit>

� > 2

n < 1
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p / ⇢� / ⇢(n+1)/n

strong interaction dominates



Nuclear Equation of States

E(⇢, x) = �B +
K0

18

✓
⇢

⇢0
� 1

◆2

+
K 0

0

162

✓
⇢

⇢0
� 1

◆3

+ Esym(⇢)(1� 2x)2 + · · ·

K0 ' 230 MeV

K 0
0 ⇠ �2000 MeV

x =
⇢p

⇢p + ⇢n

Incompressibility

Skewness

S0 ⌘ Esym(⇢0)

L ⌘ 3⇢
@Esym

@⇢

����
⇢0

Symmetry Energy
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J.M. Latter, Y. Lim (2016)



Symmetry energy / Theoretical uncertainties

Courtesy of Lie-Wen Chen
�101

waiting for RAON@IBS 
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piecewise polytropic EoS  

P (⇢) = Ki⇢
�i
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Spectral expansion of adiabatic index [Lindblom et al.]
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Prob 3-a)



Prob 3-b)



New constraint by GW observation 1

Abbott et al. (LSC and Virgo),  arxiv:1805.11581 (PRL accepted)

P(2 ρnuc)= 3.5+2.7-1.7 x1034 dyne/cm2

P(6 ρnuc)= 9.0+7.9-2.6 x1035 dyne/cm2

ρnuc= 2.8 x1014 g/cm3

Λ(1.4Μ )=190+390-120
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Universal (Eos-insensitive) relations

• Moment of inertia (I) 
• Tital Love number (Love) 
• Quardupole moment (Q)

I-Love-Q relation, …

• X-ray observations 
• Gravitational-wave measurements 
• Gravitational & astrophysical test of GR

Applications

Yagi & Yunes, PR 681, 1 (2017)
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New constraint by GW observation 2

Abbott et al. (LSC and Virgo),  arxiv:1805.11581 (PRL accepted)

EoS insensitive relations (Yagi&Yunes,PR2017) Parametrized EoS: Mmax >= 1.97 M

R1=10.8 +2.0-1.7 km
R2=10.7 +2.1-1.5 km

R1=11.9 +1.4-1.4 km
R2=11.9 +1.4-1.4 km
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Neutron Star Observations before GW

- Radio pulsars

- Cooling

- Low-mass X-ray binaries
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Millisecond Pulsars

Dipole Radiation

Ėrot = I⌦⌦̇

Ėdipole = �B2
?R

6⌦4

6c3

⌦̇ = �B2
?R

6⌦3

6Ic3
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Masses

• High-mass neutron stars  
in X-ray binaries 
& white dwarf-NS binaries 
(2010 & 2013) 

• Less than 1.5 solar mass 
in double NS binaries 

• Maximum NS mass is still 
uncertain

Prakash 2013 
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Maximum Mass of Neutron Stars

Neutron Star-White Dwarf Binaries 
[Nature 467 (2010) 1081; Science 340 (2013) 6131]
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1.97M�
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2.01M�
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Moment of Inertia / Glitches

D. Antonopoulou (U. Amsterdam, 2015)

Ėrot = I⌦⌦̇

Ėdipole = �B2
?R

6⌦4

6c3

⌦̇ = �B2
?R

6⌦3

6Ic3

⌦̇ / �⌦n

⌧pulsar =
⌦

(1� n)⌦̇
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Superfluid Neutrons
D. Antonopoulou (U. Amsterdam, 2015)

superfluid
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Low-Mass X-ray Binaries (LMXB)
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Accreting Object: NS or BH

Companion: Low-Mass Main Sequence

Age: Old (> 109 year)

Accretion timescale: 107 - 109 year

X-ray energy: Soft ( < 10 keV)



low-mass & high-mass X-ray binaries

Properties LMXBs HMXBs

Accreting object Low B-field NS or BH High B-field NS or BH
Companion Low-mass main sequence High-mass (O or B type) main sequence

(Lopt/Lx ⌧ 0.1) (Lopt/Lx > 1)
Stellar population Old(> 109 yr) Young(< 107 yr)

Mechanism Roche-lobe overflow Stellar wind
Accretion timescale 107 � 109 yr 105 yr

Variability X-ray bursts, Transient behavior Regular X-ray pulsation
X-ray spectra Soft ( 10 keV ) Hard (� 15 keV )

Table 1: Summary of LMXBs and HMXBs (Rosswog et al. 2011)
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M & R from LMXB

Ozel et al. 2009

with Myungkuk Kim, Young-Min Kim, Kyujin Kwak

NS

NS

flux

temperature

radius

expansion

touchdown
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Low-Mass X-ray Binaries (LMXB)
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Steiner, Lattimer, Brown, ApJ, 2010



NICER Neutron star Interior Composition ExploreR

�119

• launch: June 2017, SpaceX 
• platform: ISS ELC (ExPRESS Logistics Carrier)  
• instrument: X-ray (0.2-12 keV) 
• objective 

- structure: neutron star radii to 5%, cooling timescales 
- dynamics: stability of pulsars as clocks, properties of outbursts, oscillations, 
                   and precession 
- energetics: intrinsic radiation patterns, spectra, and luminosities



Principles of NS Equation of State
Workout Session





E =
3

2
nkT
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Pkin = nkT
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20�C = 293K ⇡ 1

40
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But, we don’t know K1 unless we know the interactions !
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