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In[e]:= QU'i t[]

B B

n- KIB_y z_] := z#/? Hypergeometric2F1[—, =,
2 2

Bs z];

The conformal block:
mp= glo_, L_1[z_, zb_] := k[A+L, z] k[A-L, zb] +k[A+L, zb] k[A-L, 2]}
1
(zzb)“’— ((1-2) (1—zb))“’
(((1-2) (1-2zb))* g[a, L1[z, zb] - (z zb)** g[a, L] [1-z, 1—zb]);

= FLAd_y A_, L_1[Zz_, zb_] :=

our functional:
- vector[h_] := {h[0.5, ©.55] -h[0.5, 0.4], h[0.5, 0.6] -h[0.43, 0.35]};
normalize the vector for better display:

- normalizeF[A¢_, A_, L_] := Module|
{v = vector[F[as, A, L]],
A=If[L>0,1-L/20,1-(a-L)/10]},
Av /Norm[v]
13
np= Flist[L_, amin_] := Module[{A¢ = 0.125},
Table[normalizeF[ad, A, L],
{a, amin, amin+4, 1 /260}
]
|E

Flist[0, amin_] := Module[{a¢ = 0.125},
Table[normalizeF[A¢, A, O],
{a, amin, amin+ 4, 1/100}
B

n-1- stressTensorVector = normalizeF[0.125, 2, 2];



2 | 2d example.nb

1= Show[ListPlot[{Flist[2, 2], Flist[4, 4], Flist[6, 6], Flist[0, 0.1]},
AxesOrigin - {0, 0}, Joined » True, AspectRatio-» 1,
InterpolationOrder -» 4, PlotRange » {{-1, 1}, {-1, 1}}],
Graphics[{Dashed, Line[{-2 stressTensorVector, 2 stressTensorVector}]}]]

1.0

Out[*]= L

-}~ Show[ListPlot[{Flist[2, 2], Flist[4, 4], Flist[6, 6], FlList[0, 0.2]},
AxesOrigin - {0, 0}, Joined » True, AspectRatio-» 1,
InterpolationOrder -» 4, PlotRange » {{-1, 1}, {-1, 1}}],
Graphics[{Dashed, Line[{-2 stressTensorVector, 2 stressTensorVector}]}]]

1.0

-1.0-
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1= Show[ListPlot[{Flist[2, 2], Flist[4, 4], Flist[6, 6], Flist[0, 0.5]},
AxesOrigin - {0, 0}, Joined » True, AspectRatio-» 1,
InterpolationOrder -» 4, PlotRange » {{-1, 1}, {-1, 1}}],

Graphics[{Dashed, Line[{-2 stressTensorVector, 2 stressTensorVector}]}]]
1.0

0.5

Out[*]= L

-1.0-

n-- Show[ListPlot[{Flist[2, 2], Flist[4, 4], Flist[6, 6], Flist[0, 0.8]},
AxesOrigin - {0, 0}, Joined » True, AspectRatio-» 1,
InterpolationOrder -» 4, PlotRange » {{-1, 1}, {-1, 1}}],

Graphics[{Dashed, Line[{-2 stressTensorVector, 2 stressTensorVector}]}]]
1.0

-1.0-



4 | 2d example.nb

1= Show[ListPlot[{Flist[2, 2], Flist[4, 4], Flist[6, 6], Flist[0, 1.1]},
AxesOrigin - {0, 0}, Joined » True, AspectRatio-» 1,
InterpolationOrder -» 4, PlotRange » {{-1, 1}, {-1, 1}}],
Graphics[{Dashed, Line[{-2 stressTensorVector, 2 stressTensorVector}]}]]

1.0

0.5

Out[+]= L

-1.0-

-}~ Show[ListPlot[{Flist[2, 2], Flist[4, 4], Flist[6, 6], FList[0, 1.03]},
AxesOrigin - {0, 0}, Joined » True, AspectRatio-» 1,
InterpolationOrder -» 4, PlotRange » {{-1, 1}, {-1, 1}}],
Graphics[{Dashed, Line[{-2 stressTensorVector, 2 stressTensorVector}]}1]

1.0

0.5 -

-1.0-

We can conclude that if a unitary CFT has a scalar operator with scaling dimension Ay =1/8, then
there might be another scaling operators in the spectrum, whose scaling dimension is lower that
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1.03.

Two dimensional ising model is solvable using Virasoro algebra. We know exactly the scaling
dimension of the magnetization operator o to be 1/8, and the scaling dimension of the thermal
operator €to be 1.

The test above shows that using Ay =1/8 as an input, the bound we obtained is very close to the
exact value.

Notice we have not used Virasoro algebra in the calculation, the conformal blocks that we have
used are fixed by sl(2)®sl(2) algebra. In higher dimensions, we do not have Virasoro in our hand, the
above result suggests that this method could be generalized to higher space-time dimensions.
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Short Review on Numerical
Bootstrap Results
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2D bootstrap with Z2 symmetry [arXiv:1602.07982]

Ay
A=6
Disallowed Mm’m.“? m>3
I A=8
L5¢ A=28
. ; X
2d Ising y
L ‘
1.0}
I Allowed
0.5}
‘..
' Free
1 1 1 1 1 1 A(})
0.05 0.10 0.15 0.20 0.25 0.30

1. The bounds converge as we increase the derivative truncation parameter A
2. All the minimal models appear along a straight line
3.2D Ising model appear as a kink
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A similar study in 3D gives [arXiv:1203.6064]

A

1.8 - Disallowed
3d Ising?
1.6
14 +
Allowed

1.2 +
1'O|||I||l||||1|‘l‘||I|||J|||IAU

0.50 0.52 0.54 0.56 0.58 0.60 0.62 0.64

3D Ising model again appears as a kink. Notice in 3D we do not have Virasoro algebra. 3D Ising
models is very very very very hard to solve. This is a non perturbative result.
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The same plot in fractional dimension [arxiv: 1309.5089]

Ve

FIG. 1. Upper bounds on 7, as a function of ~v,, plotted for D = 2,2.25,...,4. For each D < 4,
the bound shows a kink, where a CFT belonging to the Ising model universality class is conjectured
to live (black dots, fitted by the blue dashed curve). An example of theories in the bulk of the

allowed region are Gaussian models, where v, = 27, (black dotted line).

Compare with e - expansion

0.12 ' ' = LOF ' ]
0.1+ ] ]
0.08 F 4 ] 08 - y ]

0.06 - p ] /
. 004+ ] 06 . ]

= * =
002" p ] 04+ - y
02+ —
0kt 00Lc " o
0.0 05 10 15 20 0.0 05 10 15 20
4-D 4-D

FIG. 2. Black dots: The anomalous dimensions corresponding to the kinks in Fig. 1. Red
bands: The same dimensions determined by Borel-resumming the e-expansion series [31]. Since

7o = O(£?), we use a square root scale on the 7, axis.
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Feymann loops calculations :

"Critical exponents from seven loop strong coupling
20* theory 1in three dimensions" Hagen Kleinert

this requires calculating thousands of Ferymann Diagrams.

Another problem s that the series you get does not converge,

proper resummartion method is necessary.
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[arXiv:1602.07295]

3.5

Bound on Aj
NN W
o 9 o

=
92

18506 07 08 09 10 11 12
Ay

At wider range, the plot intersect with Ag' = 3 at around Ag ~1.04.
This is a general bound for ANY 2nd order phase transition.

There must exist an operator invariant under any global symmetry, and have scaling dimension
A>1.04.

In terms of critical exponents, this corresponds to

v>0.51

Certains lattice simulation results has being excluded by this number.

Itis hard for lattice simulation to tells so called weakly first order phase transtion from 2nd order
phase transition.
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[arXiv : 1602.07295]

4.0
3.5} ,
L BL0 _______________

\‘<_I,N2.5w 11 ‘‘‘‘‘‘‘ AAAAAAAAAAA X
< : '

2.0} él'c()).so A 0.51
1.5}

185 060708091011 121314
A

FIG. 1. The upper bound on the scaling dimension A3 of the
lowest dimensional charge two scalar operator appearing in
O1 x O1 OPE as a function of A;. The same bound applies
to 02 X 02 ~ 04.

conformal bootstrap result can be used to constrain symmetry enhancement on lattice.

take Z, » U(1) as an example

Arecent hot topic in condensed matter physics is the phase transition from Neel phase to so VBS
phase.

which could be studies by simulating so called J-Q models using quantum Monte Carlo method, the
models has a IR fixed point with SU (N) x U(1), symmetry, where the U(1), is the topological U(1)
flavor symmetry mentioned by Dongmin yesterday.

Depends on the type of latticed used in the simulation, only some subgroup of U(1) is preserved. Z,
on square lattice, Z3 on honey-comb lattice, Z, on rectangular lattice and so on.

Suppose the CFT contains an operator with U(1) charge q=2 which is relevant (A<3), on rectangular
lattice, it requres extra fine tuning to reach the fixed point.

From the bootrap, we notice that, for Z, - U(1) enhancement to happen, Aygs > 1.02. Or in terms of
critical exponents nygs > 1.02. (This is a big number).
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A simulation on square lattice was done in [PRL108.137201].

N=2, nygs =0.20 (2)
N=3, nvgs = 0.42 (3)
N=4, nvgs =0.64 (5)

suppose you put these models on rectangular lattice, all of them should undergos 1st order phase
transition.

[PRL108.137201] shows that
N=4 we have 2nd order phase transtion
which N=2,3 case we have 1st order phase transtion.

The N=4 case is slightly in tenstion with bootstrap result.

It was argued that the SU (2) x U(1), models has IR symmetry enhancement to SO(5). This has been
rules out by another bootsrap study.
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The famous Ising bootstrap island [arXiv:l406.4858] [arXiv:1603.04436]:
A,

1.7+
16"
15 -
1.4 ,%/
1.3 /
1.2 ,

115,

7",.l",.\‘“,I.‘..\““I.‘..l““l.“.lAa_
10.5 0.51 0.52 0.53 0.54 0.55 0.56 0.57 0.58
Figure 2: Allowed region of (A,,A.) in a Zg-symmetric CFT3 where A, > 3 (only one
Zs-odd scalar is relevant). This bound uses crossing symmetry and unitarity for (cooo),
(ooee), and (eeee), with npax = 6 (105-dimensional functional), vmax = 8. The 3D Ising point
is indicated with black crosshairs. The gap in the Zy-odd sector is responsible for creating a
small closed region around the Ising point.
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[arXiv : 1603.04436]
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|
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|
|
|
a

1.413 |
[ Monte Carlo

1.4129

R

1.4128

T

1.4127

T

1.4126

T
-
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|

1.4125 ¢

T

1.4124

1 1 1 1 | 1 Ad
0.51808 0.5181 0.51812  0.51814  0.51816  0.51818

Fig. 30. Bound on (As,A¢) in a unitary 3d CFT with a Z symmetry and two relevant
scalars o, e with Zy charges —, +. The bound comes from studying crossing symmetry
of (cooo), (ooee), (eeee), and is computed with A = 43 using SDPB. The allowed region
is the blue sliver. The dashed rectangle shows the 68% confidence region for the current
best Monte Carlo determinations.
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A, =0.5181489 (10)
Ae = 1.412625 (10)

Just for fun, let us check this number on “inverse symbolic calculator”.

ne3= Feigen2 = 2.502907875095892822283902873218;

——  Feigen2
Gamma[1 /6]

outa4= 1.412624973231575784493604374302

Exercise:
1) Search wiki "the second Feigenbaum constant".
2) Search "Feigenbaum constant + renormalization".

Itis not clear to me whether this means a connection between Ising model and chaos.
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How to encode global symmetry

(0 ¢ ¢O) = sz Zrevar PP Zoer A2pg0 g (U, v)

X12

Notice there is an extra summation over the irreps appearing in VxV.

For O(n) group, we have
P ijkl = 6IJ 6kl

PMij = 5.k O+ > 5.1 O — 5ij O
PA iy = 5|k 6 - 5 Ojk

which tell us how to decompose reducible reps VxV into irreps. For example,
i @ @'

isan O(n) singlet.

One can also check that

P(l)ijkl Oi 6 =dim .

Crossing equation is

X—122A¢X342Aw revsy POk Zoer A2pgo ga (U, v) = X—BZAQ,XMZAO, s evsr POkt Zoer A% g0 ga (v, U)

. . . . . 2 2 2 2
RHS is LHS with i<>}, 1<>3 flip. Remember y = 8254/ = XX
X13° X24 X13° X24

Let us define a matrix M by
PR)git = SpMe r PP
the crossing equation becomes
T2 (PR Zoer A2ggo VA gau(u, v)) = Sp Mg PPl Zocr A2gg0 U™ ga (v, u)
PRia( Zoer A2gg0 VA2 gas(u, V) = SeMrr Zoer A%ggo U™ gay(v, u)) =0 (1)

we have three independent equations. We have omitted the summation over operators in eqch
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irreps.

The numerical code works with
Fens(u, v) =B ga (u, v) £ uPe ga (v, u).

This is because the derivatives acting on the diagional (u=v) direction vanish for F_. The off dia-

gional (u=- v) direction directive vanish for F.. We need to get rid of these flat directions when doing
numerics, otherwise the numerics becomes instable.

In egn (1), make the replacement u<>v.

PRi( Zoer A2gg0 UR* g (v, U) = Mrg Zoer A’ggo V24 ga (U, v))=0 (2)

(1)%(2) we get
(Zoer Ao Fra U, V) F o Mg Zoer Ao Fra,(u, v)) =0
which would be collectively written as
Toes Apgo Feny (U, V)
(LF M) Zoer A%gg0 Fray (u, v) [FO

Toea A%pg0 Feny (U, v)

This is basically the crossing equation.

For O(n)
1 1 _1
n 2 2
__2 - -2 -

M = 2-n-n _2-n _ -2-n ;
n? 2n 2n
-1+n 1 1
n 2 2

IdentityMatrix[3] - Transpose[M] // RowReduce // MatrixForm
IdentityMatrix[3] + Transpose[M] // RowReduce // MatrixForm

1 =2n g
n
O 0 0
O 0 0
0 72 -1+n

n

01 1

0 0 0

So that we have all together three crossing equations.
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AL E ) f(u, v)

F—,A,/(u’ V) 0 -
Zoes Apg0 0 +Zoer A g0 o 1 +Zoea Apg0 Foay(u, v) =0
F+,A,/ (LI, V) n F+’A,/(U, V) Fing (U, V)

Exercise: Derive the crossing equation for SU(N) group, with ¢’ € Adj.
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[arXiv:1307.6856]

O(N) Singlet Bounds
As

2.2} 0(20)

1.8 7
1.6
147

1.2 7

1 : : ' : : : — A,
05 0505 051 0515 052 0525 053 0535

Figure 2: Upper bounds on the dimension of the lowest dimension singlet S in the ¢ X ¢
OPE, where ¢ transforms as a vector under an O(N) global symmetry group. Here, we
show N =1,2,3,4,5,6,10,20. The blue error bars represent the best available analytical and
Monte Carlo determinations of the operator dimensions (Ag, Ag) in the O(N) vector models
for N = 1,2,3,4,5,6 (with N = 1 being the 3D Ising Model). The black crosses show the
predictions in Eq. (4.1) from the large-N expansion for N = 10, 20, ..., 100. In this expansion,
Ay has been determined to three-loop order, while Ag is at two-loop order. The dashed line
interpolates the large-N prediction for N € (4,00).
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[arxiv : 1504.07997]

The O(N) archipelago
A
20+
: ~ 0(20)
1.8+
L p—— 0(4)
1.6+ —0(3)
— 0(2)
14 -Ising
1.2+
1 1 | L L 1 1 | 1 L L 1 | 1 1 1 L | 1 L 1 1 | L 1 L L J A¢
0.505 0.510 0.515 0.520 0.525 0.530
O(2): Multi—Correlator with OPE relation
A
1.520
1515
1510 -
A=19
1505 - C A=
' .« A=35
) ‘He lo
15000 He 30
MonteCarlo A
05185 05190 05195 05200 05205 052107

~ A 1 . ~ /A AN . a1l N LER} A AN

0(2) vector model describes normal phase to superfluid phase transition, red lines are experimen-

tal measurement.
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[arXiv:1211.2810]

SoepxpAdg0” Fa(u, v)=0

0,2 Fagi(U, V) = =Fo (U, v) = SoAo® Fa(u, v)
where we used the normalization Aggid =1

We try to find a linear functional such that

a(FAo,/o(u7 V)) =1

a(Fay(u, v))20foreachOinthe Yy ...

If such a exist, then there is an inequality

Ao,” = —a(Foo(u, v)) = SoA0” a(Fa(u, v)) < —a(Foo(u, v))

We want to find the most restrictive bound, which minimize —a(Foo(u, v)) .

Such that a should satisfy the condition $pAo? a(Fa(u, v)) =0.

On a physical theory, the spectrum is discrete. Remember that Ap? > 0. The only way that the above

eqgn. can be satisfied is the a(Fa /(u, v))=0 on some discrete choices of A, which correspondss to the
physical spectrum.

This means we can read off the physical spectrum A from zeros in a(Fa /(u, v)). This is called the
Extremal Functional Method.

Spin 0 in [0]x[0d]

In(aF)
70
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Zero: 4.000004175, 7.991361449, 8.843618529

The exactvalue are4, 8, 9...

We can solve 2D Ising model without Virosora algebral!
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[arXiv:1807.04434]

290 —m—0mMmMm —————m

2.89 T

2.88} .
< . _

2.87 i

2.86 1 L 1 1 1 L 1 1 1 L 1 1 1 L 1 1 1 L I
0.58440 0.58442 0.58444 0.58446 0.58448 0.58450

Ag
3D supersymmetric Ising model

1

2 | 7 Mo A
L==(0,0) + 9P+ > oYY+

2 8

The models contains Majorana fermions.

It was argued in arXiv:1301.7449 that this models has emergent supersymmetry and could be
realized at the boundary of topological superconductor.
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