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1 Introduction

Let us consider a functional integral involving the spacetime metric g,,, and other fields ¢;

Z = / Dy, Dp ¢59uw-9) (1.1)
where we assume the action to be
S = Cil\f + Sa, (1.2)
S = /d“x\/&(R + %8%18#@51 + V(¢1)>, (1.3)
Sy = /d4x\/§<;aﬂ¢Qau¢2 + V(@)). (1.4)

Here the scalar field ¢ in S7 couples to the gravitational field with the coupling constant G and the
scalar field ¢9 in Sy is a purely quantum theory on curved spacetime. When we take Gy — 0 limit,
there may exist a saddle point (or multiple saddle points). Around any saddle point g and ¢, each
field is expanded as

g=3+\VGnh,  é1=¢1+/Gnén (1.5)

where g and ¢ satisfy
S _, 95

— - 9 i - 0' (1.6)
59;11/ 01
Then the full quantum gravity action and its functional integral are approximated to

_59g,41]

S =~ GN +S£2)(g7$17h75¢1)+SZ(§17¢2)+"' ’ (17)
5{9(5,3) (@) T _
2 o g /DhWDéqleqbg o (87 @A b 501+ 21g.60] 4+ ) (1.8)



In this situation, h and d¢1 in S£2) can be treated as the same way of the quantum field ¢ in So. Thus,
even though we do not know yet how to handle the full quantum gravity theory, we can approximately
study the quantum behavior under a gravitational interaction by the semi-classical approximation.

2 Quantization of fields

2.1 In flat spacetimes

Firstly let us review the free scalar field theory in flat spacetimes, g,, = 7)., as follows
1
§=3 /d4x [na%,aw — m2¢2], (2.1)
558 — V2 +m?p=0 (2.2)

and construct the field operator expansion in momentum space

~ 3 . .
o(t,x) = / (2‘717)1;/2\}5 (vl’i(t)eZk'xdk + vk(t)e_’k’x&D . (2.3)

The canonical momenta operator is defined and yielded as

3 3 . .

Then we postulate the following commutation relations
[6(t, %), 7 (t,y)] = i6(x—y),  [6(t;%),6(t,y)] = [7(t, %), 7(t,y)] = 0 (2.5)
in terms of the time-independent operators ax and &L
i, af,] = 6k = K), [, dae] = [af, 4] = 0. (2.6)

which are annihilation and creation operators respectively.

Now we check the mode expansion (2.3) satisfies orthonormal condition so that the field operator
& properly get operator valued. Plugging the field operator (2.3) into the equation of motion (2.2),
the mode functions are required to satisfy

by + wive = 0 (2.7)

where w? = k? + m?. The commutation relations with (2.3) and (2.4) are consistent with (2.5) only
when the following normalization condition is satisfied

Ok () v (t) — vk (t) 0 () = 2i. (2.8)
This condition is indeed the Wronskian of the independent complex solutions vk (t) and vy (t)
Wlvg, vi] = vk (t)vg(t) — vk ()0 (t). (2.9)

On the other hand, if Wz, x2] = 0 this indicates the matrix

<a’;1(t) xl(t)) (2.10)

i‘g (t) X9 (t)



is degenerate for each t.
The norm of the field operator is defined by Klein-Gordon inner product of the mode function such
as

(01, 09) = —i / dBxfo (£, %)03 (¢, %) — b1 (£, )03 (£, %)] (2.11)

but this does not produce a genuine inner product space since it can be positive or negative, depending
on values of v; and v¥; (or ve and v2). This definition is deeply related to the Klein-Gordon charge
density which is

d d
(¢, 9) Zi/d3x [cb*atcb—cbatcb*} =Q (2.12)

where ) can be negative. We identify the subspace of positive-energy solutions as the physical space
of state vectors and restrict the Klein-Gordon inner product to this subspace. The general solution
for (2.7) is obtained as

1 . ,
V() = — Ak(iw')t + Bkeflwt , 2.13
() = = ) (213)
where w is positive with respect to ¢, and from (2.8) the constants of integration Ay and By must obey

|Ax|? — | By)? = 1. (2.14)
The Hamiltonian is calculated as
] * ¥ A A AT A AT A 1
H = /d?’kwk [AkBkakak + AkBkCLLaT_k + (|Ak‘2 + ‘Bk’2> (aLak + 2(5(3)<0)):| (2.15)
where Ay By = 0 is required. Together with (2.14), the coefficients are determined as
Ay =€, Br=0 (2.16)

where i can set to be zero, and then the mode function becomes

1 .
v (t) = ———e™kt, (2.17)

2.2 In curved spacetimes

The free scalar field in curved spacetime is written as
s=3 d%\/fg[ga%w — mg? (2.18)
and the Klein-Gordon inner product is defined as
(1, 0) = —i / 45 /55 [ult, X)0,0" (£, %) — (Dt X))o (£, %), (2.19)
While the mode function in (2.3) is uniquely fixed in flat spacetime as we have seen the result (2.17),

in curved spacetime the mode function is not uniquely determined since there is no canonical choice
to pick positive frequency solutions.



3 Quantum Vacuum in Minkowski spacetimes
In Minkowski spacetimes, there is a unique Poincare-invariant vacuum |Ojs) such as
P,|On) =0, Juw|Onr) =0 (3.1)

where P, is the translation generator and .J,,, is Lorentz transformation generator. Let us consider a
mode expansion of a scalar field as follows

b= ape T fee,  ap|Ow) =0 (3.2)
P

where w is a positive value with respect to ¢ and the annihilation operator a; defines the Minkowski
vacuum. Under a coordinate transformation #’# = A¥,z", the field operator is rewritten as

b= Z &E,e—w,t,”k,'a + c.c. (3.3)

k/
where the new annihilation operator ag; satisfies
i;5|0n) = UlazUn|On) = 0. (3.4)

Thus there exists a unique vacuum in Minkowski spacetimes.

4 Quantum Vacuum in Cosmology
The spatially flat Friedmann universe is conformally equivalent to the Minkowski metric as follows

ds? = —dt* + a*(t)d;pdx’da® (4.1)
= a®(n)[—dn* + dipda’da®] = o® (), dztdz” (4.2)

where the conformal time is introduced as

77(75)5/ ac(ii)' (4.3)

Let us consider again a free scalar field theory
1
§=3 / v=gd'z [g%,m - m%Q] (44)

and take the spacetime metric (4.2) which is ¢®? = =21 and /=g = a*. Then the action explicitly
takes a form of

S = % d3xdn a? [ — ¢+ (Vo)? — m2a2¢2} , (4.5)
and if redefining a field
X = a(n)o, (4.6)
the action is rewritten as
1 a//
S = 5 /d3xd7] [—X/Q + (Vx)? — <m2a2 - a) XQ] . (4.7)



Performing the Fourier Transformation to the momentum space

3 . -
xx) = [ e, (48)

the complex Fourier modes xk(7) is required to satisfy the equation of motion

Xt + W ()X = 0 (4.9)

where w?(n) = k* + m2g = k* + m2a(n)? — %" and k = |k|. The general solution would take a form of
1 . ;

xk(n) = 75 [awotn) + aon(o)] (4.10)

and plugging this to (4.8) the field solution yields as

d3k * T ik-x
x (11, %) \f (2m)3/2 “k”k<77)+a_kvk(n)}e (4.11)

d3k * tk-x T —ik-x
\f (2n)32 akvk(n) + ave(n)e } (4.12)

Inserting this to the equation of motion the mode function should obey the following differential
equation
vy 4 wiv, = 0. (4.13)

For the field solutions to get operator valued, they should satisfy the commutation relation such as
(2.5) and (2.6), and this automatically requires for the mode functions to be

W vk, vp] = vivf — vpvit = 2iIm(v'vx). (4.14)

Here the Wronskian (4.14) is time-independent and becomes non-zero if and only if v; and v}, are
linearly independent solutions. We take Im(v'v*) = 1 which can be always chosen if W # 0.

Indeed, this normalization condition (4.14) is not enough to determine the solutions. Their linear
combination can also become a solution

ur(n) = ovr(n) + Brvg(n) (4.15)

where oy and S are time-independent complex values and obey the condition

o l® = |Brl® =1 (4.16)

that is consistent with the normalization condition for ug(n) to be Im(u'u*) = 1. Then, with the new
mode functions uy and uj, the field solution can be written as

d3k 1k-x —1k-x
(%) = / o7 [ e+ b)) (4.17)

Taking operator values to the field solutions, the annihilation operators ax and l;k and the creation
operators &;r( and b;r( are related by the following Bogoliubov transformation

ax = Oé};i)k + Bk‘i)ika &;f{ = ak’i);f( + /BZZ;—IQ (418)

l;k = a0k — Bkdik, l;;r{ = Oz;:,&;r( — fra—x, (4.19)



where the annihilation operators define each vacuum as
ax|0a) =0,  bi|Oy) = 0. (4.20)

Let us take a-particle number operator ng o) — L ax to b-vacuum

<Ob!N |0y) = (Oplad dine| Op)
= (Oy) (bl + Bib_so) (b + BrbT )|Ob)
= (Ob|(Brb—10) (BrbT 1 )|Os) = |B|26%(0) (4.21)

where the expectation value for the particle number in mode k is non-zero. To drop the delta function,
we use the mean density of the a-particles in the mode k as follows

i = |yl (4.22)

and calculate the total mean density of all particles

n = /d3k|6k|2. (4.23)

Two vacua are related to

Op) =

oo ()
B 1 (B \" 0 a
= 1;[ PREE ( > (20%> |nk,n_k>) . (4.24)

Physical vacuum can be chosen by the preference set of the mode functions that describe the “actual”
physical vacuum and particles.

Quantum mechanical analogy

This particle creation, the time dependent metric case (4.2), has an analogy with the quantum
mechanics as follows. The equation of motion for the mode function (4.13), which is

d?uy,
W + wkvk = 0
is compared to the stationary Schrodinger equation for a particle in an one-dimensional potential such
as
d2¢
A+ (B- V(@) =0 (4.25)

by replacing vy, — 1, n — x, and wz — E—V(x). Which indicates that the particle creation mechanism
in expanding universe can be understood by quantum-mechanical potential barrier problem. When
an incident wave function meets the potential barrier at some position of x the wave function is split
to the transmission and the reflection part. Normalizing the transmitted wave to unity (7" = 1) the
incident wave probability (|a|?) and the reflected wave probability (|3|?) satisfy the conservation of
probability that |a|?> = |3|? + 1, which is analogous to (4.16). Here the transmitted wave can be
compared to the initial vacuum fluctuation and the reflected wave can correspond to “the particle
creation” that occurs in the expanding universe .



5 Quantum Vacuum in Black Holes Spacetimes

5.1 Rindler spacetime

Let us start with an observer in the two-dimensional Minkowski spacetime
ds® = —dt* + da?. (5.1)
and consider another constantly accelerating observer with the acceleration « which is defined as
napdidi? = o? (5.2)

in the inertial frame (¢, z). The trajectory in the inertial frame is described as
L .
XH* = —(sinh a, cosh ar) (5.3)
a

which means 1 )
t(r) = —sinhar, z(1) = — coshar. (5.4)
o o

We would like to find a metric in the accelerating frame whose coordinate is (1, ) and takes a form of
ds® = Q% (1, )[~dn* + d€?). (5.5)
Then the trajectory can be expressed in terms of n and & as follows

1 1
t(n, &) = Eeag sinh an, x(n, &) = 56“5 cosh an (5.6)

where o = ae~ %, and the metric in the accelerated frame is written as
ds® = 2% [—dn? + d€?] (5.7)

where —oo < 1 < oo and —oo < £ < oo. This metric is known as Rindler spacetime.
In a lightcone coordinate, the Minkowski spacetime and the Rindler spacetime become

ds* = —dUdV, (5.8)
= —e2%dudy (5.9)
where
1
U=t—x=——e (5.10)
a
1
V=t+z=—-e" (5.11)
a
u=mn-—E¢, (5.12)
v=n-+E& (5.13)

The Rindler coordinates covers only one quarter of the Minkowski spacetimes, which is U < 0 and
V >0, see Fig. (1)



Figure 1: Rindler spactimes covers only one quarter of the Minkowski spacetimes

Rindler spacetime from Black hole spacetime

The Rindler spacetime also can appear near horizon of black hole spacetimes. Let us consider the
Schwarzschild black hole spacetime

2M oM\ !
ds® = — (1 - ) dT? + <1 — > dR? + R%*dQ? (5.14)
R R
and change a variable as follows
X2
R—-2M = —. 5.15
SM ( )

Taking the expansion near the horizon at R =~ 2M and fixing angular values, the metric takes a form
of
ds* ~ —(kX)%dT? + dX?, (5.16)

which is the two dimensional Rindler spacetime that is equivalent to (5.7) by a proper coordinate
transformation.

5.2 Unruh Effect

For a massless scalar field in a lightcone coordinate, the standard mode expansion is written as

R o0 d 1 . .
¢—/ (%T;L;/?ﬁ[e_“(]&mLeWUdL]+(left-m0Ving> (5.17)
0 w
< dQ L iou; iQuit lef :
— [ s agle e+ et (.19

where the Minkowski vacuum and the Rindler vacuum are defined as d,|Ons) = 0 and bo|Og) = 0
respectively. These operators satisfy the commutation relation

[a, ] = 6w —u'),  [ba,bly] = 8(Q—Q), (5.19)

UJ/



and the operators a,, dL and 139, B;r) are related by Bogoliubov transformation

bo = / dwlauwi, — Bowal) (5.20)
0

where the inverse Bogoliubov transformation is not deﬁned since the Rindler spacetime covers only
the quarter of the Minkowski spacetime. Replacing bg and bQ in (5.19) with (5.20), the normalization
condition for the Bogoliubov coefficient is obtained

/0 dw(aowady, — BawBly,) = 6(Q — ). (5.21)

Plugging (5.20) into (5.18) and comparing it with (5.17),

1 ; < dY g
76_“‘](] _ d (aQ/we_zQ
Vw o v

and multiplying et both side and integrating with respect to u, we obtain

dQ' 2 /
du\/> —iwU£iQu / du/ OéQ/we i(QFQ)u ﬁ* Z(QiQ )“) (523)

v BE, e (5.22)

Using the following relation

/ =gy, = 275 (Q — Q), (5.24)

the Bogoliubov coefficients take a form of

Qe = —\/ / du e~ WUF (5.25)
BE. = %‘/5 / du, e~ WU (5.26)

t=e o, (5.27)

Let us change variables

then (5.26) is yielded as

2 1w 1 Q o0
QW = —\/ / dtt—alewt = — = b_s/ dy y*te Y, (5.28)
2ma 2ra V w 0

fslnb -1 _—
= — d Y 5.29
27Ta / yy e ( )
where
, 0
b= =10 (5.30)
a a
If we do the analytic continuation
. 0
b:—ﬂ—l—e, s:—z——i—e, e>0 (5.31)
a a

10



we can use the following definition

I'(s) = /000 dy y*te™V, Re(s) >0 (5.32)
Inb = In(|b|e®). (5.33)

Then the each coefficients are calculated to

gy = i ReBumlg|+ gy (JQ) , (5.34)

2ra V w a

1 Q i w s Q
Bow = ——— | S |25 <_Z> : (5.35)
2ra V w a

and they yield the following relationship

27T

= |Bowl?. (5.36)

]aQw|2 =e

Let us take a number operator NQ = IA)}LIIA)Q to the Minkowski vacuum

(Na) = (Oum|NalOxr) = (Ou] bhba |Onr) (5.37)
—(Oul [ dulatual ~ fiui) [ de'lanui — Bl )iOn), (5.38)
0 0
Z/dw\ﬁgﬁ (5.39)
1
= 5 ——0(0) (5.40)
e a —1

where (5.21) and (5.36) were used in the last line. This is the mean number of particles with frequency
Q observed by the accelerated observer. The mean number density with the frequency €2 is written as

N, 1
ng = (Vo) _ — (5.41)
14 ea —1

which is the Bose-Einstein distribution with the Unruh temperature

a
T= o (5.42)
5.3 Hawking Pair
Let us consider the Minkowski and Rindler spacetime
ds? = —dt* + da* = 2®(—dn? + d€?)
and the action for a massless scalar field
5= [ dtde {~@0) + .07} = 5 [ dean{~(0,0)° + (0c0)*}. (5.43)

Here we suppose the two patches of the Rindler spacetimes, which are denoted by the region “R”
for U < 0,V > 0 and the region “L” for U > 0,V < 0, see Fig(2). The two regions are casually

11



Figure 2: Two patches of Rindler spactimes

disconnected. The field operator which cover two regions can be expanded as

b= Z BEWE + BEVE + c.c (5.44)

where the each mode function is split by the two independent modes depending on the sign of the
momentum, which are the left-moving and right-moving. Namely, for the mode function B,}j

Bt = ethe=ion (| > () — e7 @08 — omiwu — BR(y) : right-moving (5.45)
(k < 0) — e7 w0t — g=iwv — BR(y)) : left-moving (5.46)
and for the mode function B

BE = eFeen (k> 0) — (10 = ¢iwv — BL(y) : left-moving (5.47)
(k < 0) — @08 = giwv — BL(y,) : right-moving (5.48)

Then the field operators are expanded as follows
Minkowski : ¢ = Ay + Auby + Aual, + Audl, (5.49)

w

Rindler(R,L): ¢ = > BIOS+ BIbE + BLOL + BLbL + cc. (5.50)

for the Minkowski spacetime and the two patches of the Rindler spacetimes respectively. Accordingly,
the each vacuum is defined as

aw|On) = aw|Onr) = 0, (5.51)
b5 "OR) = b5 7|OR) = 0 (5.52)
and the following mode functions take the positive frequency with respect to 7" and 7
Minkowski : A, ~e @V A, ~e WU (5.53)
Rindler(R,L): B~ e “vQ(V), BL ~ ¢“v@(-V) (5.54)
BE ~emiwug(—U),  BE ~@vQ(U). (5.55)

12



By the Bogoliubov transformation, the annihilation operator in the Minkowski spacetime is expressed
by the linear combination of the operators in the two patches of the Rindler spacetimes

aw =Y ol bf+ BES + ol 0k + BB (5.56)
UJI
and similarly can be done for a,,, b,’s. Thus the Minkowski vacuum can be defined as
0uOu) — > (affw,l;f + BE BB 4 ok BE 4 £W,B£T> |0x) = 0. (5.57)
w/

Here we would like to find the relation between |Oyr) and |Og). To do so, let us use the following
trick. Pretending the operators to be

. . d R . 0
b x? b ax7 b y7 b 8y7 (5'58)
(5.57) can be written as
3} 0
(x +ao Tyt 3y> Y(x,y) =0. (5.59)

This first order differential equation, however, is not solvable. So we take a different approach as
follows. Our observation is that e ™'V is analytic in the lower half plane of V' when «’ > 0 and
V' — —i0o. The mode function can be written as

Bl = e7vQ(V) = (aV) ¥/ O(V), (5.60)

and let us do the analytic continuation of mode function B
(V) @/e=BE (V>0 (5.61)
— (_av)—iw//a _ (e—z‘wav)—iw//a — o TWa WY e—waBUIJ/’ (V < O). (5.62)

Then we can construct a new mode function that covers the half of the Minkowski spacetime which is
U<0,—oc0o<V <o B
FR = Bl c~mw/epl (5.63)

Like the same way, other mode functions can be generated. The field operator in the Minkowski
spacetime is expanded to

6 =S FIUR 4 FEYE + FRYE 4+ EEYE 4 coc. (5.64)
with new annihilation/creation operators and new mode functions, which are
FR— BR 4 ~mwfapl  pR_ BR 4 erw/apl (5.65)
FL = BL 4 e~m/agR L _ BL | cmw/apR (5.66)
Then the Minkowski vacuum can be re-defined as

0ROy =0, Y ERI0y) = 0. (5.67)

The new mode function (5.64) refers the bogoliubov transformation of the operator in the following
form R X X
blt = a 01 4 BLBIET, (5.68)

W =

13



and due to the normalization condition which are required to satisfying the commutation relation the
new annihilation operators become

135 _ 1 (e,ﬁw/46‘/f + eﬂw/‘%;”), (5.69)
ng _ 1 (eﬁw/%g _ eﬂw/%y)’ (5.70)
2sinh %’J

where we used 8 = %” Now we apply the previous same trick again as follows

(- it o =0 — (5= )ulnn =0 (5.71)

w

~ 8
where bl = b2 + bt and v = ez and similarly

. B % . 0
<b£ >|0M> — <ax - vy)W y) =0. (5:72)
Then two first order differential equations are solved as
Y(z,y) = const. eV, (5.73)

Taking this to the operator values, the Minkowski vacuum can be constructed from the Rindler vacuum
by applying an entangled pair of the creation operators in the R and L regions

|00) = exp [Z eﬁwk/Q(b,’ijgT)] |OR) (5.74)

k

—Bwing/2

=11 Z ‘ (BT (b Ty O ) (5.75)

k Nne= =0
= H Z e PR 2 |y ny) (5.76)

k nk:()
=Y e T ), () (5.77)

{nr}

where nﬁ = nf VE. Thus the entangled pair has the same Hilbert space

Om) = > e PPl )R (5.78)

all states
where
e =TT — Or) (5.79)
. l
b T N
= ) |OR). (5.80)

-1



5.4 Kruskal Vacuum and Boulware vacuum

Let us consider the Schawrzschild black hole spacetime

oM oM\ !
ds® = — <1 — ) dt* + (1 — ) dr® + r2dS (5.81)
r r
and change variables
r
c=r=2M+2Mn (5~ 1) 5.82
Te =T + n{ 557 (5.82)
This naturally lead us to the tortoise lightcone coordinates
2M 2M
ds® = <1 — ) (—dt* + dr?) = <1 — > didv (5.83)
r r
where
U=t —ry, V=14 1. (5.84)

In this background spacetime, the action for the massless scalar field is written as

S[e] = % / d'z/=g 9*$ 00 5. (5.85)
When considering the asymptotic observer near the infinity, the metric approaches
ds* — —dudi = —dt? + dz?, (r — 00) (5.86)
and one of the field solutions takes a form of
¢ e~ _ —iQ(t—rx) (5.87)

which describes a right-moving positive-frequency mode with respect to time t. With the metric (5.86)
the field operator is constructed as

N S V|
6= [ i g | b+ e + (et moving) (588
0

and the vacuum for this asymptotic observer is defined as
ba|OB) =0 (5.89)

which is known as Boulware vacuum.
Now let us introduce new variables

u = —4M exp (—41](4) , v = 4M exp (4?\4) , (5.90)

and plug this to the metric (5.83).

ds® = —

exp <1 - r(“’v)> dudv (5.91)

r(u,v) 2M

which is known as Kruskal-Szekeres coordinates and regular at r = 2M while the the Schawrzschild
metric is singular at = 2M. Taking the vicinity of the horizon, the metric behaves as

ds®* — —dudv = —dT? + dR? (5.92)

15



where
u=T - X, v=T+ X. (5.93)

With the metric (5.92), the field operator is expanded as
" * dw 1 —iwui iwult :
_ .94
o) /0 on 2 Vi [e by, + €., | + (left moving) (5.94)
and the vacuum for the observer near the event horizon is defined as
aw|Or) =0 (5.95)

which is called Kruskal vacuum. o
When the remote observer takes the number operator Ng = bgbg to the Kruskal vacuum, from the
his point of view the Kruskal vacuum contains the particles with the following the thermal spectrum

N axoa 1
(Na) = (O |bhbol Ox) = —5-57—(0), (5.96)
corresponding to the temperature
K 1
T = — = _——__. 5.97
= o~ 8aM (5:97)

This situation has a mathematical similarity with the accelerated observer in the Minkowski space-
time as follows

Accelerated observer Schwarzschild spacetime
Minkowski vacuum |Oys)  Kruskal vacuum |Og)
Rindler vacuum |Og) Boulware vacuum |Op)
Acceleration a Surface gravity x
u=—a"'exp(—ai) u = —k"texp(—ki)
v=a"lexp(ad) v = r"lexp(kD)

6 Hawking Radiation from black hole formation

will be updated
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