Matrix Product States

Ying-Jer Kao
Department of Physics
National Taiwan University

\M} /MOST #1518

echnology



vector

Aq

& .

Graphical Representation



vector

Graphical Representation

Bll Bln
Bml an
matrix




Graphical Representation

© 4
A2 I 311 Bln

e AN

vector matrix rank-3 tensor
Aq Bag Caﬁv

® - @ Ay

% p




Graphical Representation

© 4
A2 I 311 Bln

e AN

vector matrix rank-3 tensor
Aq Bag Caﬁv

®: @ aiﬁ

rank-n tensor

TOélOéQOég...Oén

a] _—— ~—

On
0% 03



Graphical Representation
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Graphical Representation
product of tensors (matrices)
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Graphical Representation
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Graphical Representation
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Graphical Representation
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Graphical Representation

Overlap

(@P) = ) Qmmy

ninyns

Expectation value

(@|O|P) = Y @ummotmhy

nnsns - Mohs3
n,n'




Entanglement

A, A

ny

» Consider two parts of a system represented by A, and A,

o If the two parts are not entangled: v, , = A, A

ny np

e If they are entangled: Y n, Z Anl 1y

e |f the number of the terms in the sum is small, the two
parts have low entanglement



Matrix Product States

* |f we keep only y virtual bond dimensions , we have an
approximate wave function in MPS

* Size of Hilbert space: d* — y*dL
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AKLT state
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MPS contraction

Overlap C X :: C

<CI)|lP>= d

Efficient Contraction
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O(x*d) O(x’d) O(x’d)
Total cost: O(y°dL)



Gauge Choice

e MPS representation is not unique

o

iInsert gauge matrices
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Entanglement

e A generic quantum state has a d" dimensional Hilbert
space

W)= D, Wi

]1 ]2 ..... L

| > ‘J2> ‘]L>,]n =1...d

e Decompose a state into a superposition of product states
(Schmidt decomposition)
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* Entanglement entropy S = —trp,Inp, = — Z Alog A2



Schmidt Decomposition

* Schmidt Decomposition = Singular Value Decomposition

Wy = C ) m= ooy
‘ n = {jm+1, ...,jL}
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Matrix Product States

o Coefficient in a many-body wave function l//j1 [
IS a rank-L tensor

l//jlajZ """" jL = ( )

Ji J2 J3 JL

* Successive Schmidt decompositions generate an MPS
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Matrix Product States

o Coefficient in a many-body wave function Wi iy

IS a rank-L tensor

l//jlajZ """" jL = ( )

Ji J2 J3 JL

* Successive Schmidt decompositions generate an MPS
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Matrix Product States

o Coefficient in a many-body wave function Wi iy

IS a rank-L tensor

l//jlajZ °°°° jL = ( )

Ji J2 J3 JL

* Successive Schmidt decompositions generate an MPS
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Canonical Forms

 Canonical Form (Vidal) T T T T | |
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Absorb singular values into tensors
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Canonical Forms

 Canonical Form (Vidal) T T T T | |

jl j2 j3 j4 jL—l jL

Absorb singular values into tensors

* Right Canonical Form
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all tensors contract to identity matrix from right

l l l l




Canonical Forms

e Canonical Form (Vidal) T T T T | |

Ji J2 J3 Ja Ji-1

Absorb singular values into tensors

* Mixed Canonical Form (DMRG)
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Expectation value

(w|O|y) =

MPS contraction
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Expectation value
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MPS contraction
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Expectation value
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MPS contraction
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MPS contraction

Expectation value
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MPS contraction

Correlator
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Correlator
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MPS contraction

Correlator

(w|OP;|y) =

Right ransfer matrix: 7%
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MPS contraction

Correlator

(w|O:P;|y) =

Left transfer matrix: 7-
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Matrix Product Operators

* QOperator can also be represented as a matrix product form
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Matrix Product Operators

e MPO representation of O = Z <Ail§i . +BA. +1>
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Matrix Product Operators

e MPO representation of O = Z <Afi+1 +l§iAi+1>
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Matrix Product Operators
H=) S-S,

* Bond dimension of the MPQO?

W H ®lg+1,®Hp+ ) S5-5¢

aA=X,y,Z




~

——

Matrix Product Operators
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MPO acting on MPS

* Whatis y'?




MPO acting on MPS

d

* Whatis y'?




MPO acting on MPS
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* Need to truncate back to bond dimension y



Compression
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* Transform into canonical form and truncate the singular matrix



Variational Method
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Mmax

* Find a bond dimension y MPS such that the overlap between
two MPS’s is maximal.



Variational Method
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* Find a bond dimension y MPS | ®) such that the distance
between | ®) and | W) is minimal.




Optimization




Linear Equations

* Treat tensor as a vector @ = Aglol,, = V.

MG(F
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Linear Equations

* Treat tensor as a vector @ = Ajlol,s =V, n=[ap]

: i

min (V'MV — BV) = M = BV
%

VU MG GVG

mn " n

Similar operations in full updates in TNS



Sweeping

Solve M = BV for A,



Sweeping
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Sweeping
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Energy optimization
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Energy optimization
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Energy optimization
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H o =

Energy optimization

{5 = Aylols= Vg, n=[ap]

reat tensor as a vector
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Energy optimization

min ({y|H|y) — A({y|y) - 1)) = 2 ((wIHlw) — Ay lw))) =0
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H, fV = ANV Mixed Canonical Form: N = [

* Updating A becomes a generalized eigenvalue problem

» Find the ground state of
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Connection between DMRG and MPS

SVD

—P>

block site site block

W) = D Aglya) W)
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block .
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site change of basis
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Connection between DMRG and MPS

MPS tensors = sequence of change of basis



Time Evolution

* Real time evolution

[w () = e | yp)

* Imaginary time evolution

) = lim — V)
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General Time Evolution




Time evolving block decimation

* Consider a Hamiltonian of the form (short range)
H — Z pliJ+1]
J

* Decompose the Hamiltonianinto H = F + G

F = 2 Fll — Z plig+1]

je even je even
G = Z Gl = Z fpLJj+1]
je odd je odd

o [FUI FIrll = G, GV} = 0, but [F, G] # 0



Time evolving block decimation

* Trotter-Suzuki approximation

e—i(F+G)5t — e—iFéte—iGét n 0(5t2)

* Time evolution operators
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Time Evolution

Time evolving block decimation

Tensor Contraction

Truncation
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Time evolving block decimation
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Time evolving block decimation
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Infinite TEBD

* Assume translational invariant wave function, and

N — oo.

* Partially breaks the translational invariance to perform
time evolution

* Two-site unit cell
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Infinite TEBD

Step 1
A B A B
—O——O—=> @@
Ap T A4 T Ap ' Ap Ay Ap
Ur
| |
Step 2 B A
¢ ¢
Ay Ap Ay
Ug

Repeat




Time-dependent Variational Principle

Schrodinger Equation

.d :
i [w(A(D)) = H|yw(A®))




Quantum numbers

* Given global symmetry group, local site basis can be
labeled by irreducible representations of group -
quantum numbers

* U(1): site basis labelled by integer n (particle number)
ln), n=0,1,...

e SU(2): site basis labelled by j, m (spin) | j, m)

Total state associated with good quantum numbers



Symmetry in MPS

* Bond indices can be labelled by same symmetry labels as physical
sites

* U(1) symmetry

Qj+Qn=Qi qj+qn+qi=Q

Perform computation in different g sectors



