
DMRG: 2D Systems 
and Advanced Topics

E.M. Stoudenmire Oct 2019 - Pohang

2

FIG. 1. Numbering scheme in order to transform the 2D lat-
tice into a 1D chain. The horizontal direction is the direction
along the cylinder, the vertical one around the cylinder. As
an example, we show a cylinder of width Ly = 12 (a) real
space, (b) mixed real and momentum space approach.

Charge conservation and spin-rotation are of this form.
However, when snaking in real space, a rotation of the
cylinder permutes the sites, so does not factorize as
above, and cannot be used to accelerate computations.

To bring a rotation of the cylinder into an onsite form
we use a mixed real-space and momentum-space basis. In
a fermion system, the Hilbert space of a real space site
is spanned by the occupations nx,y = 0, 1 of the single-
particle fermion orbitals. We instead Fourier transform
the single particle orbitals in the direction around the
cylinder and pass to the many-body basis {nx,ky = 0, 1}.
A crucial property of fermions is that the hard-core con-
straint is a direct consequence of the Pauli-exclusion, so
remains true in momentum space. This would not be
true in a bosonic system; projecting into the nx,y = 0, 1
space does not lead to an equivalent restriction on nx,ky .
Thus we focus on fermion systems, though it would be
interesting to develop a bosonic version for application
to spin-systems.

The 1D chain is again chosen to snake through the
orbitals i = (x, ky) as shown in Fig. 1(b). While it is im-
perative that x remains ordered in the chain, to reduce
the bipartite entanglement, there is freedom in choos-
ing the ordering of the ky. Indeed, different orderings
may require different intermediate DMRG bond dimen-
sions (and hence different computational efficiencies) de-
pending on the phase in question.34 For example, if the
state forms a charge density wave (CDW) at wavevector
Qy = ⇡, it is advantageous to keep ky, ky + ⇡ close to-
gether in the chain, as the CDW is dimerization in ky
space. In this work we study liquid phases, so we choose
the simplest sequential ordering.

We note that while it is tempting to pass entirely
to momentum space,35,36 this would destroy locality in
the x-direction. The efficiency of the DMRG algorithm

implicitly relies on short-range interactions along the
length of the cylinder. Even though eigenstates of non-
interacting fermionic systems are product states in this
basis, this behavior immediately changes once interaction
terms are taken into account as the Hamiltonian becomes
highly non-local in the momentum basis.37

In the new “mixed” basis, a rotation of the cylinder
takes the onsite form Ty =

Q
x,ky

eikyn̂x,ky , so can be ex-
ploited for a considerable speedup in computation time
and a drastic reduction of memory usage by introducing
an additional ZLy momentum quantum number where Ly

is the number of unit cells around the cylinder. Further-
more, we readily obtain quantities such as the entangle-
ment spectrum momentum-resolved without any further
computation. We present numerical results benchmark-
ing the mixed space algorithm versus the traditional real
space approach for the interacting fermionic Hofstadter
model in the following section.

III. NUMERICAL RESULTS

A. Hofstadter model

To demonstrate the efficiency of our approach, we
employ the infinite version of the algorithm (iDMRG)
to calculate the ground states of the interacting Hofs-
tadter model on an infinite cylinder geometry for different
parameters. The Hofstadter model describes fermions
hopping on a square lattice subject to a magnetic field
and the single-particle spectrum was shown to exhibit
a fractal structure for arbitrary flux densities.33 In the
case of rational flux densities given by �/�0 = p/q
per square plaquette, the spectrum separates into q en-
ergy bands with non-trivial Chern number Ci.38,39 For
non-interacting fermions, the model hosts incompressible
states when an integer number of bands are fully occu-
pied, and displays a Hall conductivity of

�xy = C
e2

h
, (2)

where C =
Pn

i=1 Ci is the sum over the Chern numbers
of the occupied bands.39 More complex physics, however,
arises in the case of a fractionally filled Chern band where
lattice analogues of the fractional quantum Hall effect can
emerge. These fractional Chern insulators (FCI) were
theoretically proposed and numerically detected in nu-
merous works for C = 1

40–43 as well as for higher Chern
numbers.44–46

However, experimental realizations of FCI states re-
main elusive up to now. The Hofstadter model is of
particular interest in this respect since its single-particle
Hamiltonian has recently been realized in a system of
ultracold atoms in an optical lattice47,48 and the Chern
number of the lowest band has been experimentally de-
termined to be unity.49

In the following, we will numerically investigate the
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DMRG is an algorithm for finding ground states 
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General approach called 2D DMRG 
with snaking path  ! :

MPS  
path:

Figure from: Motruk, Zaletel, Mong, Pollmann, arxiv:1512.03318
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FIG. 1. Numbering scheme in order to transform the 2D lat-
tice into a 1D chain. The horizontal direction is the direction
along the cylinder, the vertical one around the cylinder. As
an example, we show a cylinder of width Ly = 12 (a) real
space, (b) mixed real and momentum space approach.

Charge conservation and spin-rotation are of this form.
However, when snaking in real space, a rotation of the
cylinder permutes the sites, so does not factorize as
above, and cannot be used to accelerate computations.

To bring a rotation of the cylinder into an onsite form
we use a mixed real-space and momentum-space basis. In
a fermion system, the Hilbert space of a real space site
is spanned by the occupations nx,y = 0, 1 of the single-
particle fermion orbitals. We instead Fourier transform
the single particle orbitals in the direction around the
cylinder and pass to the many-body basis {nx,ky = 0, 1}.
A crucial property of fermions is that the hard-core con-
straint is a direct consequence of the Pauli-exclusion, so
remains true in momentum space. This would not be
true in a bosonic system; projecting into the nx,y = 0, 1
space does not lead to an equivalent restriction on nx,ky .
Thus we focus on fermion systems, though it would be
interesting to develop a bosonic version for application
to spin-systems.

The 1D chain is again chosen to snake through the
orbitals i = (x, ky) as shown in Fig. 1(b). While it is im-
perative that x remains ordered in the chain, to reduce
the bipartite entanglement, there is freedom in choos-
ing the ordering of the ky. Indeed, different orderings
may require different intermediate DMRG bond dimen-
sions (and hence different computational efficiencies) de-
pending on the phase in question.34 For example, if the
state forms a charge density wave (CDW) at wavevector
Qy = ⇡, it is advantageous to keep ky, ky + ⇡ close to-
gether in the chain, as the CDW is dimerization in ky
space. In this work we study liquid phases, so we choose
the simplest sequential ordering.

We note that while it is tempting to pass entirely
to momentum space,35,36 this would destroy locality in
the x-direction. The efficiency of the DMRG algorithm

implicitly relies on short-range interactions along the
length of the cylinder. Even though eigenstates of non-
interacting fermionic systems are product states in this
basis, this behavior immediately changes once interaction
terms are taken into account as the Hamiltonian becomes
highly non-local in the momentum basis.37

In the new “mixed” basis, a rotation of the cylinder
takes the onsite form Ty =

Q
x,ky

eikyn̂x,ky , so can be ex-
ploited for a considerable speedup in computation time
and a drastic reduction of memory usage by introducing
an additional ZLy momentum quantum number where Ly

is the number of unit cells around the cylinder. Further-
more, we readily obtain quantities such as the entangle-
ment spectrum momentum-resolved without any further
computation. We present numerical results benchmark-
ing the mixed space algorithm versus the traditional real
space approach for the interacting fermionic Hofstadter
model in the following section.

III. NUMERICAL RESULTS

A. Hofstadter model

To demonstrate the efficiency of our approach, we
employ the infinite version of the algorithm (iDMRG)
to calculate the ground states of the interacting Hofs-
tadter model on an infinite cylinder geometry for different
parameters. The Hofstadter model describes fermions
hopping on a square lattice subject to a magnetic field
and the single-particle spectrum was shown to exhibit
a fractal structure for arbitrary flux densities.33 In the
case of rational flux densities given by �/�0 = p/q
per square plaquette, the spectrum separates into q en-
ergy bands with non-trivial Chern number Ci.38,39 For
non-interacting fermions, the model hosts incompressible
states when an integer number of bands are fully occu-
pied, and displays a Hall conductivity of

�xy = C
e2

h
, (2)

where C =
Pn

i=1 Ci is the sum over the Chern numbers
of the occupied bands.39 More complex physics, however,
arises in the case of a fractionally filled Chern band where
lattice analogues of the fractional quantum Hall effect can
emerge. These fractional Chern insulators (FCI) were
theoretically proposed and numerically detected in nu-
merous works for C = 1

40–43 as well as for higher Chern
numbers.44–46

However, experimental realizations of FCI states re-
main elusive up to now. The Hofstadter model is of
particular interest in this respect since its single-particle
Hamiltonian has recently been realized in a system of
ultracold atoms in an optical lattice47,48 and the Chern
number of the lowest band has been experimentally de-
termined to be unity.49

In the following, we will numerically investigate the
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If 2D ground state obeys boundary law (area law), 
means 

Entanglement of MPS is bounded by log(m)
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DMRG for two-dimensional systems (cylinders) 
requires extreme care
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Like exact diagonalization, but only exponential in one 
direction (Ny), linear in other direction 

Only Ny ~ 8–12 usually reachable



However, 2D DMRG can be very effective

Advantages over other 2D methods: 

• robust convergence for fixed bond-dimension 

• no statistical error (as in QMC) 

• treat any Hamiltonian (no sign problem) 

• can measure most any observable, including 
correlation functions and entanglement

"Only" limitation is poor scaling with Ny
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ITensor
itensor.org

Automatic tensor contractions

"Magnetic" indices "snap" together

A * B  

A<latexit sha1_base64="56rOjeax84WvCwDElMkh8e+ygWI="></latexit> B
<latexit sha1_base64="A0gvSLgDldGbvgVWUrtzKG4AlTg="></latexit>

C + D  

k
i

j

C
<latexit sha1_base64="6qdHbHxha/7ejdK+owIEA2vNI4A="></latexit>

k

j
i

D
<latexit sha1_base64="jd5/wVD1RrHHf2d/xDdMljypbq8="></latexit>+

<latexit sha1_base64="IaajP4rNmn8lyZEVSeb1M8XZrLw="></latexit>



int N = 100; 
auto sites = SpinHalf(N); 

auto ampo = AutoMPO(sites); 
for(auto j : range1(N-1)) 
  { 
  ampo += 0.5,”S+",j,"S-",j+1; 
  ampo += 0.5,"S-",j,"S+",j+1; 
  ampo +=     ”Sz”,j,"Sz",j+1; 
 } 

auto H = toMPO(ampo); 

auto state = InitState(sites); 
for(auto j : range1(N)) 
  { 
  state.set(j,(j%2==1 ? "Up" : "Dn")); 
  } 
auto psi0 = MPS(state); 

auto sweeps = Sweeps(5); 
sweeps.maxdim() = 10,20,100; 
sweeps.cutoff() = 1E-6; 
auto [energy,psi] = dmrg(H,psi0,sweeps);

ITensor library DMRG interface:
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int N = 100;
auto sites = SpinHalf(N);

auto ampo = AutoMPO(sites);
for(auto j : range1(N-1))
  {
  ampo += 0.5,”S+",j,"S-",j+1;
  ampo += 0.5,"S-",j,"S+",j+1;
  ampo +=     ”Sz”,j,"Sz",j+1;
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 }
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auto state = InitState(sites);
for(auto j : range1(N))
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auto psi0 = MPS(state);

auto sweeps = Sweeps(5);
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Have entire wavefunction afterward, 
can do any measurements:

for(int j = 1; j <= N; ++j) 
    { 
    psi.position(j); 

    Real Szj = elt(psi(j)* op(sites,"Sz",j) * dag(prime(psi(j),"Site"))); 

    println("Sz_",j," = ",Szj); 
    } 

Sz_1 = 0.405242 
Sz_2 = -0.202632 
Sz_3 = 0.119827 
...



2D DMRG with ITensor:

auto lattice = squareLattice(Nx,Ny,{"YPeriodic",true}); 

auto ampo = AutoMPO(sites); 
for(auto b : lattice) 
    { 
    ampo += 0.5,"S+",b.s1,"S-",b.s2; 
    ampo += 0.5,"S-",b.s1,"S+",b.s2; 
    ampo +=     "Sz",b.s1,"Sz",b.s2; 
    } 
auto H = MPO(ampo);        

squareLattice function returns array (vector) of structs 
labeling site pairs defining square lattice



using ITensors, Printf 
let 
  N = 100 
  sites = spinOneSites(N) 

  ampo = AutoMPO() 
  for j=1:N-1 
      add!(ampo,"Sz",j,"Sz",j+1) 
      add!(ampo,0.5,"S+",j,"S-",j+1) 
      add!(ampo,0.5,"S-",j,"S+",j+1) 
  end 
  H = toMPO(ampo,sites) 

  psi0 = randomMPS(sites) 

  sweeps = Sweeps(5) 
  maxdim!(sweeps, 10,20,100,100,200) 
  cutoff!(sweeps, 1E-10) 
  @show sweeps 

  energy, psi = dmrg(H,psi0, sweeps) 
  @printf("Final energy = %.12f\n",energy) 
end 

#include "itensor/all.h" 
using namespace itensor; 

int 
main() 
    { 
    int N = 100; 
    auto sites = SpinOne(N);                           

    auto ampo = AutoMPO(sites); 
    for(auto j : range1(N-1)) 
        { 
        ampo += 0.5,"S+",j,"S-",j+1; 
        ampo += 0.5,"S-",j,"S+",j+1; 
        ampo +=     "Sz",j,"Sz",j+1; 
        } 
    auto H = toMPO(ampo); 

    auto psi0 = randomMPS(sites); 

    auto sweeps = Sweeps(5); 
    sweeps.maxdim() = 10,20,100,100,200; 
    sweeps.cutoff() = 1E-10; 
    println(sweeps); 

    auto [energy,psi] = dmrg(H,psi0,sweeps,"Quiet"); 

    return 0; 
    }

ITensor coming to Julia Language

Matt Fishman

Katie Hyatt



using ITensors, Printf 
let 
  N = 100 
  sites = spinOneSites(N) 

  ampo = AutoMPO() 
  for j=1:N-1 
      add!(ampo,"Sz",j,"Sz",j+1) 
      add!(ampo,0.5,"S+",j,"S-",j+1) 
      add!(ampo,0.5,"S-",j,"S+",j+1) 
  end 
  H = toMPO(ampo,sites) 

  psi0 = randomMPS(sites) 

  sweeps = Sweeps(5) 
  maxdim!(sweeps, 10,20,100,100,200) 
  cutoff!(sweeps, 1E-10) 
  @show sweeps 

  energy, psi = dmrg(H,psi0, sweeps) 
  @printf("Final energy = %.12f\n",energy) 
end 
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Applications of 2D DMRG



2D quantum magnets

Prototypical model is the Heisenberg model
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With careful finite-size scaling, 
2D DMRG competitive with quantum Monte Carlo

M0 is consistent with, and of comparable accuracy to, the
best QMC result.

For the triangular lattice, we have studied a variety of
clusters and pinning fields; these results consistently sup-
ported that the triangular system has the three-sublattice
120! order found in other studies. The cluster orientation
shown in Fig. 1 seems to be the most convenient and
efficient for a DMRG analysis to obtain M0. Our DMRG
results for comparable lattice sizes are only slightly less
accurate than for the SLHM.

Unfortunately, the finite-size analysis for the TLHM is
much less accurate. The allowed widths in the preferred
geometry must be multiples of 3, and our results for Ly "
12 are of low accuracy, leaving only Ly " 3; 6; 9.
Currently, we do not have comparable analytical guidance,
such as predictions for the optimal aspect ratio, for the
triangular case. In Fig. 5 we show results for the TLHM
with this orientation and also for lattices rotated by 90!.
The scaling behavior appears to be quite similar to the
SLHM, but with a somewhat smaller !c # 1:6– 1:7.
Assuming this behavior, we estimate M0 " 0:205$15%,

consistent with recent QMC calculations and series expan-
sions [7,8]. The results for the rotated clusters seem to have
larger finite-size effects and are less useful.

In conclusion, we have developed improved techniques
for studying ordering in 2D lattice systems using DMRG,
making DMRG competitive with QMC calculations and
series expansions for the SLHM and TLHM systems.
These techniques include proper scaling of local quantities
with the discarded weight, and the use of nontraditional
cluster geometries and BCs to improve finite-size scaling.

We acknowledge the support of the NSF under Grant
No. DMR-0605444 (S. R. W.) and the DOE under Grant
No. DE-FG02-04ER46174 (A. L. C.).
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Beyond ability of most other methods to treat
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Magnetization of triangular-lattice Heisenberg model 
(using DMRG):

M0 is consistent with, and of comparable accuracy to, the
best QMC result.

For the triangular lattice, we have studied a variety of
clusters and pinning fields; these results consistently sup-
ported that the triangular system has the three-sublattice
120! order found in other studies. The cluster orientation
shown in Fig. 1 seems to be the most convenient and
efficient for a DMRG analysis to obtain M0. Our DMRG
results for comparable lattice sizes are only slightly less
accurate than for the SLHM.

Unfortunately, the finite-size analysis for the TLHM is
much less accurate. The allowed widths in the preferred
geometry must be multiples of 3, and our results for Ly "
12 are of low accuracy, leaving only Ly " 3; 6; 9.
Currently, we do not have comparable analytical guidance,
such as predictions for the optimal aspect ratio, for the
triangular case. In Fig. 5 we show results for the TLHM
with this orientation and also for lattices rotated by 90!.
The scaling behavior appears to be quite similar to the
SLHM, but with a somewhat smaller !c # 1:6– 1:7.
Assuming this behavior, we estimate M0 " 0:205$15%,

consistent with recent QMC calculations and series expan-
sions [7,8]. The results for the rotated clusters seem to have
larger finite-size effects and are less useful.

In conclusion, we have developed improved techniques
for studying ordering in 2D lattice systems using DMRG,
making DMRG competitive with QMC calculations and
series expansions for the SLHM and TLHM systems.
These techniques include proper scaling of local quantities
with the discarded weight, and the use of nontraditional
cluster geometries and BCs to improve finite-size scaling.
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2D topological phases  ("topological order")

• phase transitions not due to conventional order 

• intrinsically robust to perturbations 

• 'anyon' quasiparticle excitations 

• physical edge can have special properties

phases of matter. Fractional quantum Hall !FQH" states
contain a new kind of order—topological order !Wen,
1995, 2004"—that is, beyond Landau theory. The collec-
tive excitations of the FQH states are not scalar bosons.
Instead, they have fractional statistics !Arovas et al.,
1984", statistics somewhere in between Bose and Fermi
statistics !Leinaas and Myrheim, 1977; Wilczek, 1982".

So there is still hope. Perhaps gauge bosons and fer-
minons can emerge from new phases of matter—phases
of matter that are beyond Landau theory. This is indeed
the case. Recently, it was realized that a new class of
phases of matter—three-dimensional !3D" string-net
condensed phases !Levin and Wen, 2003, 2005b; Wen,
2003b"—have the desired property. String-net con-
densed states are liquids of fluctuating networks of
strings !see Fig. 3". In some sense, they are analogous to
Bose condensed states, except that the condensate is
formed from extended objects rather than particles.1

However, the collective excitations above string-net con-
densed states are not scalar bosons, but rather gauge
bosons and fermions! Roughly speaking, the vibrations
of the strings give rise to gauge bosons, while the ends of
the strings correspond to fermions !see Sec. VI".

This result may change our conception of gauge
bosons and fermions. If we believe that the vacuum is
some kind of string-net condensed state, then gauge
bosons and fermions are just different sides of the same
coin !Levin and Wen, 2003". In other words, string-net
condensation provides a way to unify gauge bosons
!such as photons" and fermions !such as electrons". It
explains what gauge bosons and fermions are, where
they come from, and why they exist. One application of
this deeper understanding is the construction of 3D spin
systems that contain both artificial photons and artificial
electrons as low-energy collective excitations !see Sec.
VII.B" !Wen, 2002, 2003b".

IV. STRING-NET CONDENSATION

What is string-net condensation? Let us first describe
string-nets and string-net models. A string-net is a net-
work of strings. The strings, which form the edges or
links of the network, can come in different “types” and
can carry a sense of orientation. Thus string-nets can be
thought of as networks or graphs with oriented, labeled
edges.

String-net models are a special class of local bosonic
models whose low-energy physics is described by fluctu-
ating string-nets. To understand how this works, con-
sider a general local bosonic model with the states on
site i labeled by ai=0,1 ,… ,N. The states of this model
can be thought of as configurations of string-nets in
space. We regard the state with all ai=0 as the no-string
state. We think of the state with a loop of sites in the
#a!0$ state as containing a closed “type-a” string %see
Fig. 4!a"& . More complicated states will correspond to
networks of strings as in Fig. 4!b". The orientations of
the corresponding strings are determined by some speci-
fied orientation convention, where one assigns some !ar-
bitrary" orientation to each site i.

For most local bosonic models, this string-net picture
is misleading. Each local bosonic degree of freedom
fluctuates independently and the physics is better de-
scribed by individual spins than by extended objects.
However, for one class of local bosonic models, the
string-net picture is appropriate. These are local bosonic
models with the property that when strings end or
change string type in empty space, the system incurs a
finite energetic penalty. In these models, energetic con-
straints force the local bosonic degrees of freedom on
the lattice sites to organize into effective extended ob-
jects. The low-energy physics is then described by the
fluctuations of these effective string-nets. String-net
models are local bosonic models with this additional
property.

To specify a particular string-net model, one needs to
provide several pieces of information that characterize
the structure of the effective string-nets. First, one needs
to give the number of string types N. Second, one needs

1While the terminology is similar, the reader should not con-
fuse the theory of string-net condensation with string theory.
The two theories are quite different. One important distinction
is that the strings in string theory are microscopic—with a typi-
cal length on the order of the Planck length—while the ex-
tended objects in string-net condensates are macroscopic—
with a typical length on the order of the system size.

FIG. 3. A typical string-net configuration in a string-net con-
densed state. The fluctuations of the strings correspond to
gauge bosons !such as photons" and the ends of strings corre-
spond to fermions !such as electrons".

FIG. 4. !Color online" The empty circles are sites in the #0$
state. The filled circles are sites in some #a!0$ state. !a" A
string formed by a loop of sites with state a. !b" A string-net
formed by a type-a string, a type-b string, and a type-c string.
The string-net has two branching points where the three types
of strings join.
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We show how to numerically calculate several quantities that characterize topological order starting

from a microscopic fractional quantum Hall Hamiltonian. To find the set of degenerate ground states, we

employ the infinite density matrix renormalization group method based on the matrix-product state

representation of fractional quantum Hall states on an infinite cylinder. To study localized quasiparticles of

a chosen topological charge, we use pairs of degenerate ground states as boundary conditions for the

infinite density matrix renormalization group. We then show that the wave function obtained on the

infinite cylinder geometry can be adapted to a torus of arbitrary modular parameter, which allows us to

explicitly calculate the non-Abelian Berry connection associated with the modularT transformation. As a

result, the quantum dimensions, topological spins, quasiparticle charges, chiral central charge, and Hall

viscosity of the phase can be obtained using data contained entirely in the entanglement spectrum of an

infinite cylinder.
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Over the last decades, several new kinds of phases have
been discovered that cannot be characterized by spontane-
ous symmetry breaking but instead exhibit topological order
[1,2]. A prominent example of a topological ordered phase
is the fractional quantum Hall (FQH) effect [3]. These
systems support quasiparticles (QPs) with exotic exchange
statistics (i.e., they are neither fermions nor bosons) and
have been proposed as a platform for a ‘‘topological’’
quantum computer [4– 7]. Exact diagonalization (ED)
numerics have played a decisive role in the study of FQH
phases [8– 10], and many characteristics of the topological
order can be extracted directly from the ground states (GSs)
via their entanglement structure [11– 16]. However, the
exponential growth of the Hilbert space as a function of
particle number means that ED is prohibitively expensive
beyond ! 20 particles. While it is possible to obtain very
accurate results for some systems with a small correlation
length, such as the ! ¼ 1=3 Coulomb state, more compli-
cated systems (system with higher Landau level, hierarchy
states, or non-Abelian phases) are much harder to access and
finite size effects are much stronger.

In this Letter, we address the limitations of ED by using
the infinite density matrix renormalization group (iDMRG)
algorithm to obtain the matrix product state (MPS) repre-
sentation of the GSs of FQH Hamiltonians on infinitely
long cylinders with finite circumference L (see Fig. 1).
The space of MPSs has been shown to be an exact and
efficient representation of the model quantum Hall (QH)
states [17,18]; iDMRG extends these results to nonmodel
states by variationally optimizing an MPS with respect to a
microscopic Hamiltonian [19]. For a system of size Lx #
Ly, finite DMRG reduces the computational complexity

from OðbLxLyÞvia ED to OðLxLyb
LxÞ, with b * 1; taking

Ly ! 1 using infiniteDMRG givesOðbLxÞ. Several groups
have by now implemented finite DMRG to simulate FQH
Hamiltonians [20– 25]. The infinite cylinder geometry has
several additional numerical advantages, such as translation
invariance both along and around the cylinder, zero curva-
ture effects [25], and the absence of gapless edge excitations
that slow down the convergence. In contrast to the standard
bipartition of the torus [14,26,27], cutting the infinite cylin-
der gives the entanglement spectrum of a single edge.
We demonstrate how to obtain various characterizing

quantities of quantum Hall systems from microscopic
Hamiltonians using the iDMRG simulations. Like the
torus, the infinite cylinder has topologically degenerate
ground states, which we systemically obtain in the MPS
representation using iDMRG. In addition to the QP quan-
tum dimensions da [11,12,28], we also show how to extract
their charges and topological spins, the chiral central
charge of the edge conformal field theory (CFT), and the
Hall viscosity of the bulk using only the entanglement
spectra. By forming domain walls between pairs of degen-
erate GSs, we obtain the energy and MPS of a localized
QP of a chosen topological charge. We apply the infinite

x

y
B

FIG. 1 (color online). Single particle states ’ðx; yÞin the low-
est Landau level of an infinite cylinder. L is the circumference of
the cylinder, and ‘B is the magnetic length.
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Quantum Hall systems: prototypical topological phase

Hamiltonian defined in the continuum

Approximate continuum by set of orbital functions 
wrapping around a cylinder

after iDMRG optimization. For many QH states, this
is a consequence of MESs’ distinct quantum numbers K,
though we suspect the result is more general (Supplemental
Material [38]). If we find optimized energies such that
E!1

< E!2
, then the state derived from initial state !2 is

rejected. The iDMRG is the numerical check that a given!
leads to one of the m GSs.

The entanglement entropy of each MES j!ai scales
with the circumference as S ! sL" "a, where

"a ¼ log
ffiffiffiffiffiffiffiffiffiffiffiffiP

bd
2
b

q
" logðdaÞ are the topological entangle-

ment entropies (TEEs) and da are the quantum dimensions
of the QPs [11,12,28]. From the TEEs "a we can determine
if we have the complete set of MESs [29]. As an example
of an Abelian model (da ¼ 1 for all a), we consider # ¼
2=5 filling for Haldane pseudopotentials V3=V1 ¼ 0:05, for
which the seed j01010i and its’ translates were numerically
determined to provide the five MESs. This has been con-
sidered before in an ED study with Coulomb interactions
on a torus for circumferences up to L ¼ 18‘B [14], from
which it was difficult to determine " accurately. We are
able to go up to L ¼ 23:5‘B and obtain the results shown
in Fig. 2. The estimated TEE is " ! 0:83 (close to
ð1=2Þ log5 ! 0:8047).

As an example that has a non-Abelian phase, we con-
sider the filling # ¼ 1=2 that contains both the gapless
composite Fermi liquid (CFL) phase and the gapped,
non-Abelian Moore Read (MR) phase [40,42]. Using a
sum of Haldane pseudopotentials V1 and V3, we tune
between the CFL (small V3=V1) and MR (intermediate
V3=V1) phases. We start the iDMRG either with the
j0110i configuration (which provides four states via trans-
lation) or j0101i (which provides two). We observe that in
the suspected CFL phase the energies of the two sectors are
split, whereas the MR phase is nearly sixfold degenerate,
as illustrated in Fig. 3(a). Fixing a point in the MR phase,

the difference in the entanglement entropies of the MESs is
S0101 " S0110 ! 0:36, which implies that the S0101 state is
associated with a non-Abelian particle of quantum dimen-
sion 1.43 (close to that of the e=4 excitation,

ffiffiffi
2

p
! 1:41),

as illustrated in Fig. 3(b). This supports the non-Abelian
nature of the state.
In the cylinder geometry, the QPs appear as domain

walls between the degenerate GSs. To generate a QP of
type a in the vicinity of y ¼ 0, we use the Bmatrices of the
identity MPS j!1i for sites at y & 0 and the B matrices of
j!ai for y ' 0. In the vicinity of y ¼ 0, we insert a finite
number of B matrices, which we numerically optimize.
For efficiency, we work with QPs of fixed momentum K;
the resulting QPs for the # ¼ 1=3 state are illustrated in
Fig. 4. To calculate the charge of the particle we measure

(a) (b)

FIG. 2 (color online). (a) Entanglement entropy S of the
# ¼ 2=5 state as a function of the circumference L, for a biparti-
tion into two half-infinite cylinders. The inset shows the estimated
TEE" ¼ LðdS=dLÞ " SðLÞ converging to" ¼ ð1=2Þ log5 (green
line) for large L. (b) Estimate of the chiral central charge c=24,
the topological spin h of the e=5 QP, and the Hall viscosity as
expressed through the ‘‘shift,’’ S ¼ $H 8%‘

2
B=@# [46]. Dashed

lines show expected hierarchy values of 2=24, 1=5, 4=16, respec-
tively. That h is identically correct is peculiar to Abelian QPs.

(a) (b)

FIG. 3 (color online). (a) The relative energy difference be-
tween states in the 0110 and 0101 sectors at # ¼ 1=2 filling and
L ¼ 16‘B, plotted against the ratio of pseudopotential strengths
V3=V1. At small V3=V1, the energies E0110 >E0101, and hence
there is only a twofold GS degeneracy (CFL phase), whereas at
large V3=V1, the energies are roughly equal, which gives rise to a
sixfold GS degeneracy (MR phase). Inset shows the real-space
entanglement spectrum of the 0101 state plotted versus "K.
(b) Fixing a point V3=V1 ¼ 0:4 in the MR phase, we increase
L and measure the difference in entanglement entropies S0101 "
S0110. The result is consistent with d& ¼

ffiffiffi
2

p
for the e=4 QP.

. . . . . .

FIG. 4 (color online). (a) The MPS used to represent a QP a.
(b) The charge density 'ðyÞ of the numerically optimized QP
with charge þe=3 (solid blue) and "e=3 (dashed green) of the
# ¼ 1=3 state. The cylinder has circumference L ¼ 16‘B, and
the potential approximates a dipolar r"3 interaction.
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charge quasiparticles



2D strongly correlated electrons

• model systems (Hubbard, tJ) often studied 

• qualitative understanding of high-Tc 
superconductivity? 

• possibility of seeing exotic Mott insulator physics 
(spin liquids & topological order)
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Observation of a chiral spin liquid phase of the Hubbard model on the triangular
lattice: a density matrix renormalization group study

Aaron Szasz,1, 2, ⇤ Johannes Motruk,1, 2 Michael P. Zaletel,3, 1 and Joel E. Moore1, 2

1Department of Physics, University of California, Berkeley, California 94720, USA
2Materials Sciences Division, Lawrence Berkeley National Laboratory, Berkeley, California 94720, USA

3Department of Physics, Princeton University, Princeton, New Jersey 08540, USA
(Dated: August 3, 2018)

Motivated by experimental studies that have found signatures of a quantum spin liquid phase
in organic crystals whose structure is well described by the two-dimensional triangular lattice, we
study the Hubbard model on this lattice at half filling using the infinite-system density matrix
renormalization group (iDMRG) method. On infinite cylinders with finite circumference, we iden-
tify an intermediate phase between observed metallic behavior at low interaction strength and Mott
insulating spin-ordered behavior at strong interactions. Chiral ordering from spontaneous break-
ing of time-reversal symmetry, a fractionally quantized spin Hall response, and characteristic level
statistics in the entanglement spectrum in the intermediate phase provide strong evidence for the
existence of a chiral spin liquid in the full two-dimensional limit of the model.

Quantum spin liquids1–3 have been the subject of con-
siderable interest since the concept was first introduced
in 1973 by Anderson, who suggested that geometrical
frustration on the triangular lattice could lead to a res-
onating valence bond ground state of the antiferromag-
netic Heisenberg model4. Although it is now known
that the Heisenberg model on the triangular lattice in
fact exhibits a three-sublattice 120� order in the ground
state5,6, antiferromagnetic models on the triangular lat-
tice remain some of the most promising systems to re-
alize a phase in which spins remain disordered even
down to zero temperature. The triangular lattice has
seemed particularly promising since the work of Shimizu
et al., who found that the organic crystal -(BEDT-
TTF)2Cu2(CN)3, which is well-described by independent
2D layers with nearly isotropic triangular lattice struc-
ture, shows no sign of spin-ordering even down to tens
of mK, indicative of a possible spin liquid ground state7.
Subsequent studies of this crystal have found that the
heat capacity is T -linear at low temperature8, suggest-
ing the presence of low-lying gapless excitations, but
also that the thermal conductivity has no such T -linear
contribution9, indicating to the contrary that there is a
gap in the energy spectrum. The true nature of spin liq-
uid phases in this and other triangular lattice materials
such as EtMe3Sb[Pd(dmit)2]210–13 remains unclear.

Substantial theoretical e↵ort has gone into answering
this question, primarily in studying the antiferromagnetic
Heisenberg model with additional terms, such as second-
neighbor interactions and ring exchanges, that frustrate
the expected three-sublattice order14–23. The Heisenberg
model and its extensions are derived from a perturbative
expansion of a model of itinerant electrons, the Hubbard
model24; by studying the Hubbard model directly, we
can capture additional e↵ects that may be important in
actual materials, at the cost of increased computational
e↵ort—compared with spin-1/2 models, the size of the
local Hilbert space is doubled, so the system sizes that
can be accessed by full-Hilbert-space numerical methods

are only about half as large.
Although there is now a wide variety of theoretical evi-

dence pointing to the existence of a non-magnetic insulat-
ing phase of the triangular lattice Hubbard model14,25–33,
there is still little agreement on the precise nature of the
phase. Some candidates, suggested by results on both
the Hubbard and extended Heisenberg models, include
a U(1) spin liquid with a spinon Fermi sea14,15,18,31, a
nodal spin liquid17,29, a gapped chiral spin liquid19,34–36,
and a Z2 spin liquid19,20. In this work, we confirm the
existence of a nonmagnetic insulating phase of the Hub-
bard model on the triangular lattice at half filling, pro-
vide strong evidence that it is a gapped chiral spin liquid,
and comment on possible experimental signatures.
We study the triangular lattice Hubbard model on infi-

nite cylinders with finite circumference using the density
matrix renormalization group (DMRG) technique37–40, a
variational method to find the ground state of a Hamil-
tonian within the matrix product state (MPS) ansatz.
This method has previously been applied to the Hub-
bard model on a triangular lattice two-leg ladder, provid-
ing evidence for a U(1) spin liquid phase with a spinon
Fermi surface31. For systems larger than the two-leg lad-
der, to our knowledge there exists only one prior paper33

that uses DMRG to study the triangular lattice Hubbard
model. The authors of that study used the finite-system
DMRG to confirm the existence of a nonmagnetic in-
sulating phase; in our infinite-system DMRG study, we
study the nature of the phase by investigating the entan-
glement spectrum and the response to adiabatic spin-flux
insertion through the cylinder.
The Model: The model we study is the standard

Hubbard Hamiltonian,

H = �t

X

hiji�

c
†
i�cj� +H.c. + U

X

i

ni"ni#, (1)

where ci� (c†i�) is the fermion annihilation (creation) op-
erators for spin � on site i and n = c

†
c is the number

operator; h·i indicates nearest neighbor pairs on the tri-

ar
X

iv
:1

80
8.

00
46

3v
1 

 [c
on

d-
m

at
.st

r-
el

]  
1 

A
ug

 2
01

8

a b

d

a

b c

U/tX X
Metal NMI Spin-ordered
Gapless Gapped Gapped

10.6≈ 8.3

Spin liquid observed in  
triangular lattice Hubbard model with DMRG:

Szasz, Motruk, Zaletel, Moore, arxiv:1808.00463 (2018)



Best Practices for 2D DMRG



Treat each transverse size Ny  
as its own system:

Ny = 2

Ny = 3

Ny = 4



Figure from: Motruk, Zaletel, Mong, Pollmann, arxiv:1512.03318
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FIG. 1. Numbering scheme in order to transform the 2D lat-
tice into a 1D chain. The horizontal direction is the direction
along the cylinder, the vertical one around the cylinder. As
an example, we show a cylinder of width Ly = 12 (a) real
space, (b) mixed real and momentum space approach.

Charge conservation and spin-rotation are of this form.
However, when snaking in real space, a rotation of the
cylinder permutes the sites, so does not factorize as
above, and cannot be used to accelerate computations.

To bring a rotation of the cylinder into an onsite form
we use a mixed real-space and momentum-space basis. In
a fermion system, the Hilbert space of a real space site
is spanned by the occupations nx,y = 0, 1 of the single-
particle fermion orbitals. We instead Fourier transform
the single particle orbitals in the direction around the
cylinder and pass to the many-body basis {nx,ky = 0, 1}.
A crucial property of fermions is that the hard-core con-
straint is a direct consequence of the Pauli-exclusion, so
remains true in momentum space. This would not be
true in a bosonic system; projecting into the nx,y = 0, 1
space does not lead to an equivalent restriction on nx,ky .
Thus we focus on fermion systems, though it would be
interesting to develop a bosonic version for application
to spin-systems.

The 1D chain is again chosen to snake through the
orbitals i = (x, ky) as shown in Fig. 1(b). While it is im-
perative that x remains ordered in the chain, to reduce
the bipartite entanglement, there is freedom in choos-
ing the ordering of the ky. Indeed, different orderings
may require different intermediate DMRG bond dimen-
sions (and hence different computational efficiencies) de-
pending on the phase in question.34 For example, if the
state forms a charge density wave (CDW) at wavevector
Qy = ⇡, it is advantageous to keep ky, ky + ⇡ close to-
gether in the chain, as the CDW is dimerization in ky
space. In this work we study liquid phases, so we choose
the simplest sequential ordering.

We note that while it is tempting to pass entirely
to momentum space,35,36 this would destroy locality in
the x-direction. The efficiency of the DMRG algorithm

implicitly relies on short-range interactions along the
length of the cylinder. Even though eigenstates of non-
interacting fermionic systems are product states in this
basis, this behavior immediately changes once interaction
terms are taken into account as the Hamiltonian becomes
highly non-local in the momentum basis.37

In the new “mixed” basis, a rotation of the cylinder
takes the onsite form Ty =

Q
x,ky

eikyn̂x,ky , so can be ex-
ploited for a considerable speedup in computation time
and a drastic reduction of memory usage by introducing
an additional ZLy momentum quantum number where Ly

is the number of unit cells around the cylinder. Further-
more, we readily obtain quantities such as the entangle-
ment spectrum momentum-resolved without any further
computation. We present numerical results benchmark-
ing the mixed space algorithm versus the traditional real
space approach for the interacting fermionic Hofstadter
model in the following section.

III. NUMERICAL RESULTS

A. Hofstadter model

To demonstrate the efficiency of our approach, we
employ the infinite version of the algorithm (iDMRG)
to calculate the ground states of the interacting Hofs-
tadter model on an infinite cylinder geometry for different
parameters. The Hofstadter model describes fermions
hopping on a square lattice subject to a magnetic field
and the single-particle spectrum was shown to exhibit
a fractal structure for arbitrary flux densities.33 In the
case of rational flux densities given by �/�0 = p/q
per square plaquette, the spectrum separates into q en-
ergy bands with non-trivial Chern number Ci.38,39 For
non-interacting fermions, the model hosts incompressible
states when an integer number of bands are fully occu-
pied, and displays a Hall conductivity of

�xy = C
e2

h
, (2)

where C =
Pn

i=1 Ci is the sum over the Chern numbers
of the occupied bands.39 More complex physics, however,
arises in the case of a fractionally filled Chern band where
lattice analogues of the fractional quantum Hall effect can
emerge. These fractional Chern insulators (FCI) were
theoretically proposed and numerically detected in nu-
merous works for C = 1

40–43 as well as for higher Chern
numbers.44–46

However, experimental realizations of FCI states re-
main elusive up to now. The Hofstadter model is of
particular interest in this respect since its single-particle
Hamiltonian has recently been realized in a system of
ultracold atoms in an optical lattice47,48 and the Chern
number of the lowest band has been experimentally de-
termined to be unity.49

In the following, we will numerically investigate the

Figure from: Motruk, Zaletel, Mong, Pollmann, arxiv:1512.03318

Prefer periodic boundary conditions in y, 
open boundary conditions in x:

• y direction is small: periodic helps 
• x direction is large: DMRG doesn't like fully periodic
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FIG. 1. Numbering scheme in order to transform the 2D lat-
tice into a 1D chain. The horizontal direction is the direction
along the cylinder, the vertical one around the cylinder. As
an example, we show a cylinder of width Ly = 12 (a) real
space, (b) mixed real and momentum space approach.

Charge conservation and spin-rotation are of this form.
However, when snaking in real space, a rotation of the
cylinder permutes the sites, so does not factorize as
above, and cannot be used to accelerate computations.

To bring a rotation of the cylinder into an onsite form
we use a mixed real-space and momentum-space basis. In
a fermion system, the Hilbert space of a real space site
is spanned by the occupations nx,y = 0, 1 of the single-
particle fermion orbitals. We instead Fourier transform
the single particle orbitals in the direction around the
cylinder and pass to the many-body basis {nx,ky = 0, 1}.
A crucial property of fermions is that the hard-core con-
straint is a direct consequence of the Pauli-exclusion, so
remains true in momentum space. This would not be
true in a bosonic system; projecting into the nx,y = 0, 1
space does not lead to an equivalent restriction on nx,ky .
Thus we focus on fermion systems, though it would be
interesting to develop a bosonic version for application
to spin-systems.

The 1D chain is again chosen to snake through the
orbitals i = (x, ky) as shown in Fig. 1(b). While it is im-
perative that x remains ordered in the chain, to reduce
the bipartite entanglement, there is freedom in choos-
ing the ordering of the ky. Indeed, different orderings
may require different intermediate DMRG bond dimen-
sions (and hence different computational efficiencies) de-
pending on the phase in question.34 For example, if the
state forms a charge density wave (CDW) at wavevector
Qy = ⇡, it is advantageous to keep ky, ky + ⇡ close to-
gether in the chain, as the CDW is dimerization in ky
space. In this work we study liquid phases, so we choose
the simplest sequential ordering.

We note that while it is tempting to pass entirely
to momentum space,35,36 this would destroy locality in
the x-direction. The efficiency of the DMRG algorithm

implicitly relies on short-range interactions along the
length of the cylinder. Even though eigenstates of non-
interacting fermionic systems are product states in this
basis, this behavior immediately changes once interaction
terms are taken into account as the Hamiltonian becomes
highly non-local in the momentum basis.37

In the new “mixed” basis, a rotation of the cylinder
takes the onsite form Ty =

Q
x,ky

eikyn̂x,ky , so can be ex-
ploited for a considerable speedup in computation time
and a drastic reduction of memory usage by introducing
an additional ZLy momentum quantum number where Ly

is the number of unit cells around the cylinder. Further-
more, we readily obtain quantities such as the entangle-
ment spectrum momentum-resolved without any further
computation. We present numerical results benchmark-
ing the mixed space algorithm versus the traditional real
space approach for the interacting fermionic Hofstadter
model in the following section.

III. NUMERICAL RESULTS

A. Hofstadter model

To demonstrate the efficiency of our approach, we
employ the infinite version of the algorithm (iDMRG)
to calculate the ground states of the interacting Hofs-
tadter model on an infinite cylinder geometry for different
parameters. The Hofstadter model describes fermions
hopping on a square lattice subject to a magnetic field
and the single-particle spectrum was shown to exhibit
a fractal structure for arbitrary flux densities.33 In the
case of rational flux densities given by �/�0 = p/q
per square plaquette, the spectrum separates into q en-
ergy bands with non-trivial Chern number Ci.38,39 For
non-interacting fermions, the model hosts incompressible
states when an integer number of bands are fully occu-
pied, and displays a Hall conductivity of

�xy = C
e2

h
, (2)

where C =
Pn

i=1 Ci is the sum over the Chern numbers
of the occupied bands.39 More complex physics, however,
arises in the case of a fractionally filled Chern band where
lattice analogues of the fractional quantum Hall effect can
emerge. These fractional Chern insulators (FCI) were
theoretically proposed and numerically detected in nu-
merous works for C = 1

40–43 as well as for higher Chern
numbers.44–46

However, experimental realizations of FCI states re-
main elusive up to now. The Hofstadter model is of
particular interest in this respect since its single-particle
Hamiltonian has recently been realized in a system of
ultracold atoms in an optical lattice47,48 and the Chern
number of the lowest band has been experimentally de-
termined to be unity.49

In the following, we will numerically investigate the

Take advantage of quantum numbers

MPS  
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Advanced DMRG Topics



• Abelian quantum number symmetry 

• fermions

Let's discuss two more technical aspects of DMRG:



Key example of Abelian quantum number is  
particle number conservation

Consider two-site boson wavefunction:

It is equivalent to a matrix (two-index tensor):



Consider case of 2 particles: 
possible configurations are

2 0

1 1

0 2

All other configurations must have zero amplitude



Matrix form of 2-particle wavefunction:

Don't have to store 0's once we know particle number

0 1 2

0

1

2 0 0

0

00

0

Those entries remain always zero
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Now consider 2 electrons with spin (spin not conserved)

All other configurations must have zero amplitude
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Matrix form of 2-electron wavefunction:

0

0 00

0

Non-zero elements & zero elements form blocks
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Matrix form of 2-electron wavefunction:
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Non-zero elements & zero elements form blocks
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Blocks associated to quantum number of each index

1

0

2

0 1 2



Block structure holds for tensors, 
and tensor networks

Helpful to put arrows on indices, corresponding to flux of 
particles:

3

1 0 0 0 3 0
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Block structure holds for tensors, 
and tensor networks

Helpful to put arrows on indices, corresponding to flux of 
particles:

3

1 0 0 0 2 1
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Block structure holds for tensors, 
and tensor networks

Helpful to put arrows on indices, corresponding to flux of 
particles:

2

1 0 0 1 1 1
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Block structure holds for tensors, 
and tensor networks
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Gains from quantum numbers 
& storing non-zero blocks only: 

• treat important physical conservation laws 

• save memory 

• save computation time (less to contract / multiply) 

• computational gains can be very large sometimes (10x)

Quantum numbers in ITensor: 
   just specify quantum numbers of physical indices, then    
   perform algorithms – blocks are tracked for you!



Fermions are an important degree of freedom in 
condensed matter physics (electrons)

Credit: MARK GARLICK/SCIENCE PHOTO LIBRARY/Getty Images



Typical tensor network approach uses 
second quantization

This means:
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s3(ĉ†4)
s4
i
|0i

<latexit sha1_base64="mKLpbeI7qHOMFh/vZsSkKYcdzRQ="></latexit>

Sign of result will depend on value of 
s1 index



Fermion minus signs & tensor networks

Programming approaches – 3 alternatives: 

• map fermionic operators to non-local bosonic 
operators (Jordan-Wigner transformation);          
work only with these 

• choose canonical, reference ordering of sites and 
always permute basis states to this order 

• anti-commuting tensor indices (newest approach)



Jordan-Wigner string approach to fermions

Consider fermionic operators: ĉi
<latexit sha1_base64="5CnAOeLglB3g/IxFGdEwg9rqxVA="></latexit>
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Jordan-Wigner string approach to fermions

The b's are related to the c's as follows:

ĉi = F̂1F̂2 · · · F̂i�1 b̂i
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Jordan-Wigner string approach to fermions

Fortunately this works great for Hamiltonian MPOs!

(c†i cj + c†jci) = (b†iFi+1Fi+2 · · ·Fj�1bj + biFi+1Fi+2 · · ·Fj�1b
†
j)
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Consider hopping term:

Internally, MPOs encode terms like 
as:

c†i cj
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c†i Ii+1Ii+2 · · · Ij�1cj
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So just switch identity operators 
between c's into F operators: b†iFi+1Fi+2 · · ·Fj�1bj
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Jordan-Wigner string approach to fermions

Putting F operators into Hamiltonian "just works" for 
correct energy within DMRG

Local measurements also simple

Correlation functions do require explicitly putting F 
(string) operators, but this is not hard to do

To treat fermions with spin, think of up and down fermions 
as neighboring "sites" of spinless fermions



Summary

• DMRG a powerful approach for 2D systems 

• Applications to magnetism & strongly correlated electrons 

• Quantum numbers can be exploited to make tensor 
networks block-sparse 

• Fermions can be treated in DMRG with Jordan-Wigner 
string operators



Matrix Product Operators



Idea of a matrix product operator (MPO): 
chain of tensors like an MPS, but two sets of indices 
(up and down; bra and ket) just like an operator

Very useful for algorithms involving MPS, such as 
DMRG



To motivate MPO construction, consider 
a two-site operator
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1
<latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit>

Sz
2

<latexit sha1_base64="DU/zkkjdVd0OEPBVp/TCvHRTmmU="></latexit><latexit sha1_base64="DU/zkkjdVd0OEPBVp/TCvHRTmmU="></latexit><latexit sha1_base64="DU/zkkjdVd0OEPBVp/TCvHRTmmU="></latexit><latexit sha1_base64="DU/zkkjdVd0OEPBVp/TCvHRTmmU="></latexit>

S+
2<latexit sha1_base64="pJSBJdjVz+MTNdPLFFpC5xTm8rw="></latexit><latexit sha1_base64="pJSBJdjVz+MTNdPLFFpC5xTm8rw="></latexit><latexit sha1_base64="pJSBJdjVz+MTNdPLFFpC5xTm8rw="></latexit><latexit sha1_base64="pJSBJdjVz+MTNdPLFFpC5xTm8rw="></latexit>

S�
2

<latexit sha1_base64="/wI2PK9n5mDOANYlRsqGsQAucv0="></latexit><latexit sha1_base64="/wI2PK9n5mDOANYlRsqGsQAucv0="></latexit><latexit sha1_base64="/wI2PK9n5mDOANYlRsqGsQAucv0="></latexit><latexit sha1_base64="/wI2PK9n5mDOANYlRsqGsQAucv0="></latexit>

1

2
S+
1

<latexit sha1_base64="KPe1njQDLEu6pUUj9aB3maOGBBE="></latexit><latexit sha1_base64="KPe1njQDLEu6pUUj9aB3maOGBBE="></latexit><latexit sha1_base64="KPe1njQDLEu6pUUj9aB3maOGBBE="></latexit><latexit sha1_base64="KPe1njQDLEu6pUUj9aB3maOGBBE="></latexit>

1

2
S�
1

<latexit sha1_base64="4x7lmkMiOqNfr0O+7hpBST7m7N4="></latexit><latexit sha1_base64="4x7lmkMiOqNfr0O+7hpBST7m7N4="></latexit><latexit sha1_base64="4x7lmkMiOqNfr0O+7hpBST7m7N4="></latexit><latexit sha1_base64="4x7lmkMiOqNfr0O+7hpBST7m7N4="></latexit>

=<latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit>

↵
<latexit sha1_base64="zsObyQNtkk32jjWbHhmNoQ5C344="></latexit><latexit sha1_base64="zsObyQNtkk32jjWbHhmNoQ5C344="></latexit><latexit sha1_base64="zsObyQNtkk32jjWbHhmNoQ5C344="></latexit><latexit sha1_base64="zsObyQNtkk32jjWbHhmNoQ5C344="></latexit>

↵
<latexit sha1_base64="zsObyQNtkk32jjWbHhmNoQ5C344="></latexit><latexit sha1_base64="zsObyQNtkk32jjWbHhmNoQ5C344="></latexit><latexit sha1_base64="zsObyQNtkk32jjWbHhmNoQ5C344="></latexit><latexit sha1_base64="zsObyQNtkk32jjWbHhmNoQ5C344="></latexit>

s1
<latexit sha1_base64="W7CONleuun100zFusTqcWVG2ibM="></latexit><latexit sha1_base64="W7CONleuun100zFusTqcWVG2ibM="></latexit><latexit sha1_base64="W7CONleuun100zFusTqcWVG2ibM="></latexit><latexit sha1_base64="W7CONleuun100zFusTqcWVG2ibM="></latexit>

s01
<latexit sha1_base64="p1LbDMmC6mZETdNGPA6pSjwSVsw="></latexit><latexit sha1_base64="p1LbDMmC6mZETdNGPA6pSjwSVsw="></latexit><latexit sha1_base64="p1LbDMmC6mZETdNGPA6pSjwSVsw="></latexit><latexit sha1_base64="p1LbDMmC6mZETdNGPA6pSjwSVsw="></latexit>

s02
<latexit sha1_base64="DouxXuAy7Gak3CZ4aKLtpiWYx9A="></latexit><latexit sha1_base64="DouxXuAy7Gak3CZ4aKLtpiWYx9A="></latexit><latexit sha1_base64="DouxXuAy7Gak3CZ4aKLtpiWYx9A="></latexit><latexit sha1_base64="DouxXuAy7Gak3CZ4aKLtpiWYx9A="></latexit>

s2
<latexit sha1_base64="bYfZA42pb63i5eVnqhanjIX7pB4="></latexit><latexit sha1_base64="bYfZA42pb63i5eVnqhanjIX7pB4="></latexit><latexit sha1_base64="bYfZA42pb63i5eVnqhanjIX7pB4="></latexit><latexit sha1_base64="bYfZA42pb63i5eVnqhanjIX7pB4="></latexit>



More generally, will involve operator-valued matrices 
Consider the Hamiltonian:

H = S
z
1S

z
2 + S

z
2S

z
3

<latexit sha1_base64="xbhQC4SAtmPID3uEecWEw7Ju6tE="></latexit><latexit sha1_base64="xbhQC4SAtmPID3uEecWEw7Ju6tE="></latexit><latexit sha1_base64="xbhQC4SAtmPID3uEecWEw7Ju6tE="></latexit><latexit sha1_base64="xbhQC4SAtmPID3uEecWEw7Ju6tE="></latexit>



More generally, will involve operator-valued matrices 
Consider the Hamiltonian:

H = S
z
1S

z
2 + S

z
2S

z
3

<latexit sha1_base64="xbhQC4SAtmPID3uEecWEw7Ju6tE="></latexit><latexit sha1_base64="xbhQC4SAtmPID3uEecWEw7Ju6tE="></latexit><latexit sha1_base64="xbhQC4SAtmPID3uEecWEw7Ju6tE="></latexit><latexit sha1_base64="xbhQC4SAtmPID3uEecWEw7Ju6tE="></latexit>

= Sz
1S

z
2I3 + I1S

z
2S

z
3

<latexit sha1_base64="1VEqOwX54AWMsAW1LsEamRMdYG8="></latexit><latexit sha1_base64="1VEqOwX54AWMsAW1LsEamRMdYG8="></latexit><latexit sha1_base64="1VEqOwX54AWMsAW1LsEamRMdYG8="></latexit><latexit sha1_base64="1VEqOwX54AWMsAW1LsEamRMdYG8="></latexit>



More generally, will involve operator-valued matrices 
Consider the Hamiltonian:

H = S
z
1S

z
2 + S

z
2S

z
3

<latexit sha1_base64="xbhQC4SAtmPID3uEecWEw7Ju6tE="></latexit><latexit sha1_base64="xbhQC4SAtmPID3uEecWEw7Ju6tE="></latexit><latexit sha1_base64="xbhQC4SAtmPID3uEecWEw7Ju6tE="></latexit><latexit sha1_base64="xbhQC4SAtmPID3uEecWEw7Ju6tE="></latexit>

= Sz
1S

z
2I3 + I1S

z
2S

z
3

<latexit sha1_base64="1VEqOwX54AWMsAW1LsEamRMdYG8="></latexit><latexit sha1_base64="1VEqOwX54AWMsAW1LsEamRMdYG8="></latexit><latexit sha1_base64="1VEqOwX54AWMsAW1LsEamRMdYG8="></latexit><latexit sha1_base64="1VEqOwX54AWMsAW1LsEamRMdYG8="></latexit>

Can write as

Sz
1

<latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit>

Sz
2

<latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit>

I1
<latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit><latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit><latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit><latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I2
<latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit>

I2
<latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit>

Sz
2

<latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I3
<latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit>

Sz
3

<latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>



More generally, will involve operator-valued matrices 
Consider the Hamiltonian:

Can write as

H = S
z
1S

z
2 + S

z
2S

z
3 (= S

z
1S

z
2I3 + I1S

z
2S

z
3 )

<latexit sha1_base64="XPTSn+Ref/KninRppT/010+n8QM="></latexit><latexit sha1_base64="XPTSn+Ref/KninRppT/010+n8QM="></latexit><latexit sha1_base64="XPTSn+Ref/KninRppT/010+n8QM="></latexit><latexit sha1_base64="XPTSn+Ref/KninRppT/010+n8QM="></latexit>

Sz
1

<latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit>

Sz
2

<latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit>

I1
<latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit><latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit><latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit><latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I2
<latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit>

I2
<latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit>

Sz
2

<latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I3
<latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit>

Sz
3

<latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

(
<latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit><latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit><latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit><latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit>

(
<latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit> <latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit> <latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit> <latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit>

I2
<latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit>

Sz
2

<latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit>

I3
<latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit>

I3
<latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit>

Sz
2

<latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit>

Sz
3

<latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit>

=<latexit sha1_base64="bymU9SdZpjPojkT0cdw9lYo29sI="></latexit><latexit sha1_base64="bymU9SdZpjPojkT0cdw9lYo29sI="></latexit><latexit sha1_base64="bymU9SdZpjPojkT0cdw9lYo29sI="></latexit><latexit sha1_base64="bymU9SdZpjPojkT0cdw9lYo29sI="></latexit>



More generally, will involve operator-valued matrices 
Consider the Hamiltonian:

Sz
1

<latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit>

Can write as

H = S
z
1S

z
2 + S

z
2S

z
3 (= S

z
1S

z
2I3 + I1S

z
2S

z
3 )

<latexit sha1_base64="XPTSn+Ref/KninRppT/010+n8QM="></latexit><latexit sha1_base64="XPTSn+Ref/KninRppT/010+n8QM="></latexit><latexit sha1_base64="XPTSn+Ref/KninRppT/010+n8QM="></latexit><latexit sha1_base64="XPTSn+Ref/KninRppT/010+n8QM="></latexit>

I1
<latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit><latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit><latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit><latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I2
<latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit>

Sz
2

<latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit>

I3
<latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit>

I3
<latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit>

Sz
2

<latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit>

Sz
3

<latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit>

= Sz
1S

z
2I3 + I1S

z
2S

z
3

<latexit sha1_base64="UvBJXg2SpLDMjIPPW0jqkOyrsq4="></latexit><latexit sha1_base64="UvBJXg2SpLDMjIPPW0jqkOyrsq4="></latexit><latexit sha1_base64="UvBJXg2SpLDMjIPPW0jqkOyrsq4="></latexit><latexit sha1_base64="UvBJXg2SpLDMjIPPW0jqkOyrsq4="></latexit>



Chaining the pattern will give Hamiltonian for 
arbitrarily big system

Sz
1

<latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit>

I1
<latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit><latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit><latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit><latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

Sz
2

<latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit>

I2
<latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit>

I2
<latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit>

Sz
2

<latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I3
<latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit>

Sz
3

<latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

H =
X

j

S
z
j S

z
j+1

<latexit sha1_base64="RrVn1Nbq9P7hi4CPx5u5iV9cDrs="></latexit><latexit sha1_base64="RrVn1Nbq9P7hi4CPx5u5iV9cDrs="></latexit><latexit sha1_base64="RrVn1Nbq9P7hi4CPx5u5iV9cDrs="></latexit><latexit sha1_base64="RrVn1Nbq9P7hi4CPx5u5iV9cDrs="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

Sz
3

<latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit>

I3
<latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit>

IN
<latexit sha1_base64="tmyu6ga3pNKTUf/OHoCEYxtivHc="></latexit><latexit sha1_base64="tmyu6ga3pNKTUf/OHoCEYxtivHc="></latexit><latexit sha1_base64="tmyu6ga3pNKTUf/OHoCEYxtivHc="></latexit><latexit sha1_base64="tmyu6ga3pNKTUf/OHoCEYxtivHc="></latexit>

Sz
N

<latexit sha1_base64="POgyfeVTzqLQuYAzRmEXl7YKcho="></latexit><latexit sha1_base64="POgyfeVTzqLQuYAzRmEXl7YKcho="></latexit><latexit sha1_base64="POgyfeVTzqLQuYAzRmEXl7YKcho="></latexit><latexit sha1_base64="POgyfeVTzqLQuYAzRmEXl7YKcho="></latexit>



Why this pattern?

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

H =
X

j

S
z
j S

z
j+1

<latexit sha1_base64="RrVn1Nbq9P7hi4CPx5u5iV9cDrs="></latexit><latexit sha1_base64="RrVn1Nbq9P7hi4CPx5u5iV9cDrs="></latexit><latexit sha1_base64="RrVn1Nbq9P7hi4CPx5u5iV9cDrs="></latexit><latexit sha1_base64="RrVn1Nbq9P7hi4CPx5u5iV9cDrs="></latexit>

Sz
j

<latexit sha1_base64="eDwQYyE3jRwmHpi7DqHJFX+QNaw="></latexit><latexit sha1_base64="eDwQYyE3jRwmHpi7DqHJFX+QNaw="></latexit><latexit sha1_base64="eDwQYyE3jRwmHpi7DqHJFX+QNaw="></latexit><latexit sha1_base64="eDwQYyE3jRwmHpi7DqHJFX+QNaw="></latexit>

Ij
<latexit sha1_base64="MJtWtmEZOSeftitZCBu96DrTcF8="></latexit><latexit sha1_base64="MJtWtmEZOSeftitZCBu96DrTcF8="></latexit><latexit sha1_base64="MJtWtmEZOSeftitZCBu96DrTcF8="></latexit><latexit sha1_base64="MJtWtmEZOSeftitZCBu96DrTcF8="></latexit>

Sz
j

<latexit sha1_base64="eDwQYyE3jRwmHpi7DqHJFX+QNaw="></latexit><latexit sha1_base64="eDwQYyE3jRwmHpi7DqHJFX+QNaw="></latexit><latexit sha1_base64="eDwQYyE3jRwmHpi7DqHJFX+QNaw="></latexit><latexit sha1_base64="eDwQYyE3jRwmHpi7DqHJFX+QNaw="></latexit>

Ij
<latexit sha1_base64="MJtWtmEZOSeftitZCBu96DrTcF8="></latexit><latexit sha1_base64="MJtWtmEZOSeftitZCBu96DrTcF8="></latexit><latexit sha1_base64="MJtWtmEZOSeftitZCBu96DrTcF8="></latexit><latexit sha1_base64="MJtWtmEZOSeftitZCBu96DrTcF8="></latexit>



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 1

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 1 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1

Result:



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 1

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 1 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Start in state 3

Result:



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 1

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 1 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Start in state 3 { <latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit>

Choose an 
operator

Result:



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 1

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 1 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Start in state 3 { <latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit>

Choose an 
operator

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result:



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 1

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 1 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Start in state 3 { <latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit>

Choose an 
operator

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result:

State 3



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 2

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 2 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2State 3

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result:



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 2

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 2 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2State 3 { <latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit>

Choose an 
operator

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result:



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 2

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 2 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2State 3 { <latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit>

Choose an 
operator

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result: I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 2

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 2 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2State 3 { <latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit>

Choose an 
operator

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result:

State 3

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 3

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 3State 3

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result: I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 3

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 3State 3 { <latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit>

Choose an 
operator

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result: I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 3

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 3State 3 { <latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit>

Choose an 
operator

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result: I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2 Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 3

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 3State 3 { <latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit>

Choose an 
operator

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result:

State 2

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2 Sz

<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 4

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 4

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 4 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 4

State 2

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result: I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2 Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 4

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 4

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 4 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 4

State 2

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result: I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2 Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3 Sz

<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 4



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 4

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 4

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 4 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 4

State 2

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result:

State 1

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2 Sz

<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3 Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 4



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 5

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 5

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 5 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 5

State 1

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result: I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2 Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3 Sz

<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 4



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 5

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 5

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 5 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 5

State 1

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result:

State 1

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2 Sz

<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3 Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 4



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 5

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 5

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 5 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 5

State 1

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result:

State 1

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2 Sz

<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3 Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 4 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 5



Familiar 1D Hamiltonians as MPOs

H =
X

j

�
z
j�

z
j+1 � h�

x
j

<latexit sha1_base64="PpPngj/ojcO9+FLViC2Mdw076bs=">AAAC63icdVFNbxMxEHWWrxK+UjhysVghISGidUCCC1KlXnosEmkrZZfVrDPZOLG9K9tbCNv9FZxAHLjwO7jCT+Df4GyDlDbpSJaf3rzn8cxkpRTWRdHfTnDt+o2bt3Zud+/cvXf/QW/34ZEtKsNxyAtZmJMMLEqhceiEk3hSGgSVSTzO5vvL/PEpGisK/d4tSkwU5FpMBAfnqbT38oC+pbGtVDrzl8gVfPi8DuvZc9bQF3T6n/ qUztJeGPWjNugmYCsQklUcprudH/G44JVC7bgEa0csKl1Sg3GCS2y6cWWxBD6HHEcealBok7rtrqFPPTOmk8L4ox1t2XVHDcrahcq8UoGb2su5JbktN6rc5E1SC11WDjU/LzSpJHUFXY6KjoVB7uTCA+BG+L9SPgUD3PmBdmONH3mhFOhxHc/RNSOW1DFqWxlc1qrPQhYb0LlvsLmozgxsqGPZSkN2tkXdPj/YaqDeEQ7oFZXgNL+qkjeuufxO2eUNboKjQZ9FffbuVbi3v9ruDnlMnpBnhJHXZI8ckEMyJJx8Jb/Ib/InUMGX4Fvw/VwadFaeR+RCBD//Af8H74A=</latexit><latexit sha1_base64="PpPngj/ojcO9+FLViC2Mdw076bs=">AAAC63icdVFNbxMxEHWWrxK+UjhysVghISGidUCCC1KlXnosEmkrZZfVrDPZOLG9K9tbCNv9FZxAHLjwO7jCT+Df4GyDlDbpSJaf3rzn8cxkpRTWRdHfTnDt+o2bt3Zud+/cvXf/QW/34ZEtKsNxyAtZmJMMLEqhceiEk3hSGgSVSTzO5vvL/PEpGisK/d4tSkwU5FpMBAfnqbT38oC+pbGtVDrzl8gVfPi8DuvZc9bQF3T6n/ qUztJeGPWjNugmYCsQklUcprudH/G44JVC7bgEa0csKl1Sg3GCS2y6cWWxBD6HHEcealBok7rtrqFPPTOmk8L4ox1t2XVHDcrahcq8UoGb2su5JbktN6rc5E1SC11WDjU/LzSpJHUFXY6KjoVB7uTCA+BG+L9SPgUD3PmBdmONH3mhFOhxHc/RNSOW1DFqWxlc1qrPQhYb0LlvsLmozgxsqGPZSkN2tkXdPj/YaqDeEQ7oFZXgNL+qkjeuufxO2eUNboKjQZ9FffbuVbi3v9ruDnlMnpBnhJHXZI8ckEMyJJx8Jb/Ib/InUMGX4Fvw/VwadFaeR+RCBD//Af8H74A=</latexit><latexit sha1_base64="PpPngj/ojcO9+FLViC2Mdw076bs=">AAAC63icdVFNbxMxEHWWrxK+UjhysVghISGidUCCC1KlXnosEmkrZZfVrDPZOLG9K9tbCNv9FZxAHLjwO7jCT+Df4GyDlDbpSJaf3rzn8cxkpRTWRdHfTnDt+o2bt3Zud+/cvXf/QW/34ZEtKsNxyAtZmJMMLEqhceiEk3hSGgSVSTzO5vvL/PEpGisK/d4tSkwU5FpMBAfnqbT38oC+pbGtVDrzl8gVfPi8DuvZc9bQF3T6n/ qUztJeGPWjNugmYCsQklUcprudH/G44JVC7bgEa0csKl1Sg3GCS2y6cWWxBD6HHEcealBok7rtrqFPPTOmk8L4ox1t2XVHDcrahcq8UoGb2su5JbktN6rc5E1SC11WDjU/LzSpJHUFXY6KjoVB7uTCA+BG+L9SPgUD3PmBdmONH3mhFOhxHc/RNSOW1DFqWxlc1qrPQhYb0LlvsLmozgxsqGPZSkN2tkXdPj/YaqDeEQ7oFZXgNL+qkjeuufxO2eUNboKjQZ9FffbuVbi3v9ruDnlMnpBnhJHXZI8ckEMyJJx8Jb/Ib/InUMGX4Fvw/VwadFaeR+RCBD//Af8H74A=</latexit><latexit sha1_base64="PpPngj/ojcO9+FLViC2Mdw076bs=">AAAC63icdVFNbxMxEHWWrxK+UjhysVghISGidUCCC1KlXnosEmkrZZfVrDPZOLG9K9tbCNv9FZxAHLjwO7jCT+Df4GyDlDbpSJaf3rzn8cxkpRTWRdHfTnDt+o2bt3Zud+/cvXf/QW/34ZEtKsNxyAtZmJMMLEqhceiEk3hSGgSVSTzO5vvL/PEpGisK/d4tSkwU5FpMBAfnqbT38oC+pbGtVDrzl8gVfPi8DuvZc9bQF3T6n/ qUztJeGPWjNugmYCsQklUcprudH/G44JVC7bgEa0csKl1Sg3GCS2y6cWWxBD6HHEcealBok7rtrqFPPTOmk8L4ox1t2XVHDcrahcq8UoGb2su5JbktN6rc5E1SC11WDjU/LzSpJHUFXY6KjoVB7uTCA+BG+L9SPgUD3PmBdmONH3mhFOhxHc/RNSOW1DFqWxlc1qrPQhYb0LlvsLmozgxsqGPZSkN2tkXdPj/YaqDeEQ7oFZXgNL+qkjeuufxO2eUNboKjQZ9FffbuVbi3v9ruDnlMnpBnhJHXZI8ckEMyJJx8Jb/Ib/InUMGX4Fvw/VwadFaeR+RCBD//Af8H74A=</latexit>
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MPOs can even capture "long range" interactions
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