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Classical and guantum Kkinetic theory

@ Classical kinetic theory

(p*9, + 0#m?af)f (x,p) = C [transport]
+ (p? —m?)f(x,p) = 0 [on — shell constraint]

Many classical transport codes in HIC like AMPT, BAMPS and UrQMD

@® Quantum Kkinetic theory
from ¥ (x)y* (x) in guantum mechanics to W (x, p) in quantum kinetic theory

1
iq [, dsA(x+sy)y A y

P +e b -2

W(x,p) = f d*ye'®”

For QED: D.Vasak, M.Gyulassy and H.Elze, Ann.Phys.173, 462(1987)
For QGP: H.Elze and U.Heinz, Phys. Rept. 183, 81(1989)
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Equal-time kinetic theory

@ Difficulty in covariant kinetic theory
1

Ly wPasieesy .y
Wp) = [ diye (B + e b-2)

Advantage: Covariant kinetic equations obtained from Dirac and Maxwell equations.
Disadvantage: W (x,p) at a fixed time x, is related to ) and A4 at all times ([ dy,, [ ds),
but physics distributions are defined in equal-time space W (x, p; t).
Conclusion: We should go to the equal-time formalism.

@® Equal-time Wigner function
1

~ y —iq fz1 dsA(Z+sy;t)y _ y
YpE+7;0e 7z 1/J+(x—5;t)
= j dpoW (x,P)Vo
For QED: I.Bialynicki-Birula, P.Gornicki and J.Rafelski (BGR), PRD44, 1825(1991)

WX, p;t) = [ d3ye PV

@® However, W (X, p;t) is not equivalent to W (x, p)!
One should consider all energy moments

Wy(%5;0) = [ dpgpiW(x,p)yo  (n=0,1,2,..00) .

@® Question: how to construct a full equal-time kinetic theory?

PZ and U.Heinz, Ann.Phys.245, 311(1996), PRD53, 2096(1996), PRD57, 6525(1998)
S.0Ochs and U.Heinz, Ann. Phys. 266, 351(1998)
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We take NJL as an example to show the 3 steps to construct a full equal-time theory

L =9(iy*D, —mo)yp + GWY)? + Wiysty)?, Dy =0, +iqAy, q = diag(qy qa)
chiral condensate: o(x) = 2G(yy)
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15t step: Covariant kinetic theory

Quarks in external electromagnetic fields
1

o iq f_fl AsA(x+sy)y | _ y_ = y
Wesp) = [ diyetrve (e +2) B - 2))

Dirac equation at mean field level
(iy*D, —m)y =0, m=my—o

Covariant kinetic equations

; _th
(y"‘Ku —M)W(x,p) = — %y“uﬂ Wxp) :/ xp) 5 equations (real & emaginary parts)

with electromagnetic operator K,, and chiral operator M:
ih . 1/2 . 1/2 .
K, =T, + %Dﬂ, I, =p, —iqh f_1/2 dssFy, (x —ihsd,)dy, D, =0,—q f—1/2 dsFE,, (x — ihsd,)dy

M =My +iM,, My =my—cosG;0,0,)0(x), My =sin(;0,0,)0(x),

Covariant transport and constraint equations
W =y Wy,
[Y“(K, + KF)— (M + M)W (x,p) =0, contains p,, constraint equation

[Y“(K, — KF) — (M — MD)W (x,p) = ihyHu, W_:/th, contains d,, transport equation
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2nd step: Equal-time hierarchy

® p,-integrating the covariant equations:

Transport equations for W (X, p; t)
Constraint equation for W, (X, p; t)
po-integrating p, - (covariant equations):

Transport equations for W, (X, p; t)
Constraint equation for W, (X, p; t)

@® Spin decomposition:
W(x,p) = i[F + iy°P + YEV, + ysy”Au + %JVVSW]

el 1 . — - -
WEBO =2+ v -yt v s +vy°7 - Go+v'7-
— 16 transport and 16 constraint equations

® Chiral condensate is coupled to Wigner function

o(x) =G j BBf(R i 0)
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3'd step: Truncating the hierarchy

@® Semi-classical expansion
W(x,p) = WO (x,p) + WD (x,p) + -
W p;t) =wWO®&p;t) + aWD@E,p;t) + -
_ (0 (1)
K, =K, +hK,”~ +
M=MO 1Lam® ...
@ Constraint equations to the zeroth order in a (classical limit)

1) on-shell condition: E5 = m?* + p2

2) only 2 independent components: fO and ”(O)
0 p (0 0 0 m (0
fl():E_,g(())’ fz()=0, f3():E_f0()
14 P
70 _ P ¢ ~(0) _ Pxdy” o) _ B30 -(#5; )P
1 T g,J0 9> m 3 Epm

3) gap equation:

32 £(0) 2 >
(my — a(x)) <1 + 2G @P fo P t)>—m0 =0

(2m)3 E,

@® Physics of the components

fo ©); number density, ﬁoo spin density
1( ). helicity density , ( ). : topologic charge density, f3(0): mass density
§§0): number current, 93 : magnetic moment
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Classical transport equations

@® Transport equations to the first order in i
Vlasov equation for number density fo(o):

(Dﬁ%ﬁ) ) — (Vm 7)Y =0
p

Bargmann-Michel-Telegdi equation for spin density g( )
V.Bargmann, L.Michel and V.Telegdi, Phys. Rev. Lett. 2, 435(1959).

(Dt+E%'B)§((’O) (Vm \7)*(0) [px(EXg ) EBxﬁ(O)]

D,=0d,+qE-V,, D=V+qBx¥V,

the effective collision terms on the right hand side is due to the quark spin interaction
with the electromagnetic fields.

@® A homogeneous solution

—> N 2
£O _ (B x7)
0 mZBZ

_)(0)_1 — E -
9o _mZ(B+EpXE)
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Quantum off-shell effect

@® Constraint equations to the first order in f

fdpopoF(l) - D 5(0) =m (1) fdpopop(l) _%5 . §§°) =0

[ dpopoVy” = g7 =m 3(1) [ dpopo?® =20 x G — 5fY = 0

[ dpopodl” — - g = 0 [ dpopoA™ — 3D x Gy’ pff” = mgs"
[ dpopoS; & +3Df" +5 x g5 = 0 [ dpopeSiy e’ié; —  x g5 = mgg"

® Shell shift from §(p, — E,) to 8(po — (Ep + RSE,))?
There is no solution of a definite shell shift SE,

@® From on-shell to off-shell

§(po— Ep) = 8(po — Ep) — hA(p)
A(p): a continuoys function of p,

The off-shell terms AE, = [ dpopoW? (x,p)A(p) is determined by the constraint equations:

z.=(0)

2 =(0)

B-g, 0 E-g
AE,(fo) = =522, AE, () = ~ 55 £y, AE,(fp) = — =2
2 20 . (0) .
(Exgo ) B-g’((,o) (B- P)(P Yo ) 50N EXp B (0)
AE,(f3) = 2mE,  2m 2mEZ AEp(Go) = — (2152 mﬁ) fo
L B340
N EXg p-g N 0 N 0
AE,(§;) = — =2 — <2E2° ) AE,(§2) = 7 f“, AE,(§s) = 7 f“
P P
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Quantum transport equations

@® Transport equations to the second order in #:
Vlasov equation for number density fo(l):

;- F ) R (Bxp)(Exgs”
(Dt+E%'D> O = L (Bxd) ~ f (5 D) + Es;; ")

Bargmann-Michel-Telegdi equation for spin density g( ).

(1 S = L1 S(1 B ExP\ > = (0
(0 +£-5) 8" = w2 | x (Exd5”) - BB x 5" - (2E3+2E:)p -Dfy”
_ ((ﬁ-ﬁ)(ﬁxﬁ) N ﬁX(BXE)) (0)

5 4 0
Ep 2Ep
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Application 1: Chiral kinetic equation (in chiral limit)

To the zeroth order in & (classical limit):
pﬂJ 2(0) _ =0

7

classical constraint equations {p 3 2(0) o, J 10 _ g

classical transport equation (Vlasov equation): p* (aﬂ —QFWa;) f9=0

To the first order in #:
puJ @~
i

g”vpa(ﬁp—QF 59)‘]}{(0) Zz(p"J;a) p‘Jzﬂ))

general transport equation for f, = f (@ +hf ©:

constraint equations {

0=3 (P - ﬁ XQ 2 FM”V) 1) Complete solution to A!
. 2) General non-equilibrium distribution f,,
X {P- v+ hm (8uno)p” — QFuan®] " *n,prV,  3) General electromagnetic fields
: 4) Frame dependence n,,

_ X NN XQ AV a
e (D) AV, + B op (0,5 n, 05 }fx 5) on-shell but shifted shell

A.Huang, S.Shi, Y.Jiang, J.Liao and PZ, PRD98, 036010(2018)

M.Stephanov and Y.Yin, PRL109, 162001 (2012);

D.Son and N.Yamamoto. PRD, 87, 85016(2013);

J.Chen, S.Pu, Q.Wang and X.Wang, PRL110, 262301(2013);
Y.Hidaka, S.Pu and D.Yang. PRD95, 091901(2017);

Wu, Hou, Ren, PRD 96 (2017)096015; and ......
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Application 2: Mass correction to CKE

Introduce chiral components
fr=hh+txf, x=%

For small quark mass, constant magnetic field, and to the first order in #,
S o S o h -(0
Ocfy +3-Tfy +- Vofy=m A |60

Conclusion:
mass correction to CME is linear in A and therefore should be small.

Z.Wang and PZ, PRD100, 014015(2019)
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Application 3: Chiral Magnetic effect in HIC

Strong electromagnetic fields before thermalization in heavy ion collisions
— possible non-equilibrium CME

Suppose E = 0 and B = B(t)é,,

+ initial distribution + initial imbalance (1 + A for y = +) + B(t)

( O _ fy~fxtn
(6t+x-|7+p-V)fX——T
X X = 1+Q—Bb (1+2QB b)()
5 1
= ——— —X

Transverse charge current

R
|_

y (fm)
o
T ‘ T T T T ‘ T T T T ‘ T
=il
iy

-5

I 0.03

0.02

0.01

B(1) / B(0)

- Ve
r———MS-1 |
— — MS-100 |
sQ-01 |

1 (fm/c)

Net charge density

L L] 1 1 r T
[ r=0.12fm/c 1=0.14fm/c 1 x10~2
[ T 4
[ 2
T wm :
F[=0.16fm/c 1 r.o 2Ufmh_ 10
r 1 K ) ]
i 1 -2
RN R
al s 1 1 ~ L " P - L i
-5 5 -5 [ .
% (fm)

A.Huang, Y.Jiang, S.Shi, J.Liao and PZ, PLB777, 177(2018)
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Application 4: Off-shell oscillations

The solution of the full transport equations for a homogeneous system:

0tfo =0

atfl + mez — 27Tf3 =0
6tf2 + Zé‘g}g - mel == 0
atf_.?—ZP'g2+27Tf1=O
0tgo =0

atﬁl + ngz — 27'[53 =0
atgz + Zéfg - ngl = 0
0tgz — 2pf, +2ng, =0

Gev
0.10k
\

oo
0.05

—-0.05

Conclusion: Off-shell effect - multi-component coupling - memory effect
— strong oscillations.
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Summary

1) To have physics distributions, we should go from covariant to equal-time
formalism. The question is how to set up a complete equal-time theory. In
general case, the full set {W,,(%,8;t) = [ dpopiW (x,p), n=0,1,2,..c0}is
equivalent to W (x, p). Only in on-shell case, W (x, p; t) itself is equivalent to
W(x,p).

2) In a strong electromagnetic field, spin is the first order quantum correction to
the classical Boltzmann transport, it leads to CME, CVE and other chiral
anomaly effects.

3) For off-shell particles, the multi-component coupling leads to a strong
memory effect and in turn a strong oscillation.
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