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§1  Introduction

Light Vortex： Light with Orbital Angular Momentum
along Beam Direction



Photon Vortex  (Twisted Photon)

A(x) : Solution of Maxwell Eq. ⇔ Solution of Klein Gordon Eq.
⇒ Wave Function of Photon

Eigen State of Lz ⇒ Vortex Photon

1) Bessel Beam (Wave)      Eigen State of pz

𝑨𝑨 𝐫𝐫 = 𝝐𝝐𝐽𝐽𝐿𝐿 𝑘𝑘𝑇𝑇𝑟𝑟𝑇𝑇 exp 𝑖𝑖𝑖𝑖𝜙𝜙 + 𝑖𝑖𝑘𝑘𝑧𝑧 − 𝑖𝑖𝑖𝑖𝑖𝑖

−𝛻𝛻2𝑨𝑨 = − 𝜕𝜕2

𝜕𝜕𝑟𝑟2
− 1

𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟

+ 𝐿𝐿2

𝑟𝑟2
+ 𝑘𝑘𝑧𝑧2 𝑨𝑨 = 𝒆𝒆𝟐𝟐𝑨𝑨 𝒆𝒆𝟐𝟐 = 𝒌𝒌𝑻𝑻𝟐𝟐 + 𝒌𝒌𝒛𝒛𝟐𝟐

Klein-Gordon Equation

2)   Laguerre Gaussian Beam (Wave) Not Eigen State of pz

cf.  Hermit Gaussian Beam Wave
Papa-Axial Approximation ⇒ Finite Size of Beam Cross-Section

Higher Harmonic Wave 
with Orbital Angular Momentum (OAM) along Beam-Direction

⇒ z-direction



Hermit-Gaussian (HG) Mode

http://www.dataray.com/blog-m2-high-order-modes.html

Vortex Light： Light with Orbital Angular Momentum

Electric Field Distribution in Cross-Section

Laguerre-Gaussian (LG)  Mode



U. D. Jentschura, V. G. Serbo
PRL 106, 013001 (2011)

U. D. Jentschura, V. G. Serbo
PRL 106, 013001 (2011)

Initial Photon

Production of Gamma-Ray Vortex
Inverse Compton Scattering low energy photons to ultrarelativistic electrons



Nonlinear Compton Scatt. Multiphoton → Single Photon
Y.Taira , T. Hayakawa, M. Katoh, Sci. Rep. 2017

High Intenciｔy Lazer Beam
Short Pulse

Photon with Large OAM

γ-Ray

e-

Circular Polar.

Nonlinear 
Compton

Method to identify Photon Vortex
Compton Scattering
T.M., et al, T.Kajino, Sci. Rep. 9, 51 (2019)  



Light Vortex Generation in Astronomical System

Production in 
Rotating Black Hole

Fabrizio Tamburini et al.
Nature-Phys., Vol.7, 195 (2011)

Radiation from Electron rotating 
in Strong Magnetic Field

M. Katoh et al., PRL 118, 094801 (17)

Vortex Photons may be radiated 
from Stars with Strong Mag. Fld.

Normal Neutron Stars 101２－13 G
Magnetars 1014－15G

In future we may observe Light Vortex from Universe



Reaction 
Photon-Vortex 

+ Nucleus 



Vortex Photons may be radiated 
from Stars with Strong Mag. Fld. ??? 

Norma Neutron Stars 101２－13 G
Magnetars 1014－15G

Photon Vortex :  
carring Orbital Angular Momentum along Beam Dir.

(1)  Radiation from Rapid Rotating Black Hole
F.Tamburini et al. , Nat. Phys. 7, 195�197 (2011).

(2)  Radiation from Electron Rotating in Strong Magnetic Field
M. Katoh, PRL 118, 094801 (2017)

§2  Gamma Vortex Generation in Strong Magnetic Field



Synchrotron Radiation Quantum Process

High Speed Electron
Helical Motion along z-Direction

Eigen States of Lz & pz

Electron in Strong Magnetic Field  
Circular Motion 
Landau Levels

Trans.

Transition of Electron

⇒ One-Photon Emission

Eigen States of OAM
Photon is Cylindrical Wave

Emitted Photon: 

Eigen States of ：Lz、pz

⇒ Bessel Wave
Lorentz 
Trans.



Wave Function (L ≥ 0)

Eigen State of  J  ⇒ z-Comp of Total AM , 𝑳𝑳 = 𝑱𝑱 ± 𝟏𝟏
𝟐𝟐

is Mixed

§2-1 Electron Wave Function in Magnetic Field

Dirac Eq.

S.P. Energy ：𝐸𝐸 = 𝑝𝑝𝑧𝑧2 + 2𝑖𝑖𝑒𝑒ℏ2 𝑛𝑛 + 𝐿𝐿+ 𝐿𝐿 )
2

+ 𝑚𝑚𝑒𝑒
2𝑐𝑐2 = 𝑝𝑝𝑧𝑧2 + 2𝑖𝑖𝑒𝑒𝑛𝑛𝐿𝐿 + 𝑚𝑚𝑒𝑒

2𝑐𝑐2

L：z-Comp. of Orbital Ang. Mom. (zOAM)， n： Node  Number in xy-plane

Mag. Fld. 𝑩𝑩 = 𝟎𝟎,𝟎𝟎,𝑩𝑩 , 𝑨𝑨 = 𝑩𝑩
𝟐𝟐
−𝒚𝒚,𝒙𝒙 𝟎𝟎 Symmetry Gauge

2D HO W.F.
Landau Level Number



Single Particle Energy：

𝐸𝐸 = 𝑝𝑝𝑧𝑧2 + 2𝑖𝑖𝑒𝑒ℏ2 𝑛𝑛 +
𝑖𝑖 + 𝑖𝑖 )

2 + 𝑚𝑚𝑒𝑒
2𝑐𝑐2 = 𝑝𝑝𝑧𝑧2 + 2𝑖𝑖𝑒𝑒𝑛𝑛𝐿𝐿 + 𝑚𝑚𝑒𝑒

2𝑐𝑐2

Landau Number :  nL= n + L (when L ≥ 0 ),  nL= n (when L < 0)

L: z-comp. of OAM，n：Node Number in  xy-Plain

𝑖𝑖 ≤ −1 is impossible in Classical Theory
Choice of  the Rotation Axis is arbitrary

States with 𝑛𝑛 ≥ 1 and/or 𝑖𝑖 ≤ −1 ⇒ Shift of the Central Position
K.Kubo S.J Miyake, N.Hashitsume, Solid State Physics 17, 269 (1965)

We consider only n = 0  (Circular Motion around Origin) 



Photon Emission

Transition between Two Landau Levels
⇒ Emitted Photon : Eugen State of  Lz → Photon Vortex

Phototn Field (𝐴𝐴0, 𝑨𝑨) Gauge：𝐴𝐴0=0, 𝜵𝜵 � 𝑨𝑨 = 0

⇒  Bessel Wave

Eugen State
of  Lz

Eugen State of  Lz



ℎ = ±1：helicity

Gauge：𝐴𝐴0=0, 𝜵𝜵 � 𝑨𝑨 = 0

𝑨𝑨 𝒓𝒓 = 𝝐𝝐𝐽𝐽𝐾𝐾(𝑞𝑞𝑇𝑇𝑟𝑟)𝑖𝑖𝑖𝑖𝐾𝐾𝜙𝜙𝑖𝑖𝑖𝑖𝑝𝑝𝑧𝑧𝑧𝑧 𝝐𝝐ℎ = 1, ±ℎ / 2

A(h=+1) & A(h=－1）
are not orthogonal Orthogonal Wave-Functions

§2-2   Bessel Wave z-Comp. of Momentum qz

z -Comp. of Ang. Mom.  κ
Eigen State

Adding Az for Gauge

𝜅𝜅:z-Comp of Ang, Momentum
𝑞𝑞𝑧𝑧 ≫ 𝑞𝑞𝑇𝑇 ⇒ Bessel Wave （OAM: κーh，Spi:h ）

𝑞𝑞𝑧𝑧 ≪ 𝑞𝑞𝑇𝑇⇒ Cylindrical Wave (OAM: κ ，Polarized in z-Dir.）

Two Waves are connected in Lorentz Transformation



§2-3  Emission Probability and Decay Width

Emission Probability

Decay Width of Electron



§3 Results 

𝐾𝐾 = 𝐽𝐽𝑖𝑖 − 𝐽𝐽𝑓𝑓: zTAM of Photon    K = 1: Fundamental,    ≥ 2 : Higher Harmonic

Small Photon 
Ang. Mom. 

Small Contribution
from 

Δ𝑛𝑛 = 𝑛𝑛𝑖𝑖 − 𝑛𝑛𝑓𝑓 ≥ 1

𝑒𝑒 = 1013 G,  𝑖𝑖𝑒𝑒 = 0.243MeV

State-1 
⇓

dominant
contribution

𝒑𝒑𝒊𝒊𝒛𝒛 = 𝟏𝟏𝟎𝟎MeV/c





Transition Probability

K = 1: Fundamental Largest
(Lz = 0 and 2 are Mixed )    

K≥ 2 : Higher Harmonic Not Small
(Photon Vortex)



Question

Synchrotron Radiation
Emitted Photon is 

cylindrically polarized
(Eigen State of Helicity)

Twisted Photons are at State-1

(h = 1, -1, equal Probability)

⁄𝒒𝒒𝒛𝒛 𝒆𝒆𝒒𝒒 → 𝟏𝟏 (𝒒𝒒𝑻𝑻 → 𝟎𝟎) Limit

h = +1 at 𝒒𝒒𝑻𝑻 → 𝟎𝟎 Limit
State-1 in ⁄𝒒𝒒𝒛𝒛 𝒆𝒆𝒒𝒒 ≳ 𝟎𝟎.𝟗𝟗𝟗𝟗𝟗𝟗

( ⁄𝒒𝒒𝑻𝑻 𝒆𝒆𝒒𝒒 ≳ 𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎)

State-1

State-2

h = +1

h = ー1

(h = +1)
is dominant

K = 1

K = 2



Density Distributions in Cross-section

Density Wave Func.

𝑲𝑲𝜸𝜸 = 𝟏𝟏

𝑲𝑲𝜸𝜸 = 𝟐𝟐

Fundamental 
Wave



§4 Summary

Electron in Strong Mag. Fld. Synchrotron Motion Photon Emission

Classical Process Light Vortex Rad.   M. Katoh et al., PRL118, 094801 (17)

Quantum Process Trans. Bettwo Landau Levels → 1-Photon Emission
⇒ Present Work

Electron Speed along Magnetic Field
Low → Cylindrical Wave
High → Bessel Wave (Gamma Vortex when L ≥ 1 ）

Calculation Symmetry Gauge ⇒ Electron W,.F  . Eigen State of Lz

Emission Photon Bessel Wave

Results Higher Hamonic Photons with OAM are also Emitted
to Direction of Magnetic Field  (Arctic or Antarctic)



Future Work

Photon  Vortex in Super Novae 
Photo Absorption Reaction :  Selection Rule is changed

Ｈ-atom： A. Afanasev et al., PRA 88, 033841 (3)

OAM (L ≥1) ＋ Spin (S=1)  =  Total AM (J ≥ 2 )

E1 Transition does not occur?      Influence to Nuclear Synthesis？





天体系での渦光生成

回転ブラックホールでの渦光生
成

Fabrizio Tamburini et al.
Nature-Phys., Vol.7, 195 (2011)

自然界での生成 天文現象

強磁場場中の電子からの輻射
渦光生成

M. Katoh et al.., PRL 118, 094801 (17)

天体系での強磁場

マグネター（表面磁場1014－15 G）

放出 γ線が渦？

１光子の波動関数？

光吸収 角運動量選択則の変化
Ｈ原子： A. Afanasev et al., PRA 88, 033841 (3)

元素合成に影響？



角度エネルギー分布

入射γ 平面波 ： 原点(0,0)に散乱 渦γではゼロ強度

エネルギーシフト

反応
平面
からの
角度

原点 通常コンプトン



渦光：角運動量を持つ光
（1) 天体現象 回転ブラックホ－ルからの生成

重力による電磁流の急激な変化
(2) 強磁場中での電子からの輻射による生成

強磁場天体での光子生成⇒渦波(?) …… ガンマ線
中性子星 表面磁場 101２－13 G

マグネター 1014－15G

超新星爆発10秒後に生成される原始中性子星

光吸収 角運動量選択則の変化

Ｈ原子： A. Afanasev et al., PRA 88, 033841 (3)

軌道角運動量(L≩ 1)＋スピン角運動量(S=1) = 全角運動量(J ≩ 2 )
E1 遷移吸収が起きない?      元素合成に影響？



Electron Wave Function
Dirac Eq.

１粒子エネルギー：𝐸𝐸 = 𝑝𝑝𝑧𝑧2 + 2𝑖𝑖𝑒𝑒ℏ2 𝑛𝑛 + 𝐿𝐿+ 𝐿𝐿 )
2

+ 𝑚𝑚𝑒𝑒
2𝑐𝑐2 = 𝑝𝑝𝑧𝑧2 + 2𝑖𝑖𝑒𝑒𝑛𝑛𝐿𝐿 + 𝑚𝑚𝑒𝑒

2𝑐𝑐2

L：軌道角運動量のz成分，n： xy平面の動径方向の節の数

波動関数 (L ≥ 0)

全角運動量(𝑧𝑧成分） 𝑱𝑱, 軌道角運動量は𝑖𝑖 = 𝐽𝐽𝐽𝐽 ± 1
2

が混ざる

|𝜆𝜆1|2 + |𝜆𝜆2|2 = 1ℏ = 𝑐𝑐 = 1



How to produce Twisted Photons

J. Courtial, K. O’Holleran, Eur. Phys. J.
Special Topics 145, 35–47 (2007)

M. Padgett, J. Courtial, L. Allen,
Physics Today (May, 2004), 35



Spiral Phase Plates with azimuthal  dependence in thickness:
Gaussian beam is passed through optical media



Spatial Light Modulator
V. Bazhenov, M. V. Vasnetsov, and M. S. Soskin, 
JETP. Lett. 52, 429–431 (1990)



Spatial Light Modulator

diffraction grating with fork dislocation

Gaussian Wave -> LG Wave









2-dim Harmonic Oscillator

−
1
2
𝛻𝛻𝑥𝑥2 + 𝛻𝛻𝑦𝑦2 +

1
2
𝑥𝑥2 + 𝑦𝑦2 𝐺𝐺 𝒓𝒓 = −

1
2

𝜕𝜕2

𝜕𝜕𝑟𝑟2 +
1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟

+
1
𝑟𝑟
𝜕𝜕2

𝜕𝜕𝜙𝜙2 +
1
2
𝑟𝑟2 𝐺𝐺 𝒓𝒓 = 𝐸𝐸𝐺𝐺 𝒓𝒓

Def:  Operators

Hamiltonian : 𝐻𝐻 = 𝑎𝑎+𝑎𝑎 + 𝑏𝑏+𝑏𝑏 + 1, OAM: 𝑖𝑖𝑧𝑧 = 𝑎𝑎+𝑎𝑎 − 𝑏𝑏+𝑏𝑏

𝑎𝑎𝐺𝐺𝐿𝐿,𝑛𝑛 = 𝑛𝑛 + 𝑖𝑖𝐺𝐺𝐿𝐿−1,𝑛𝑛,   𝑎𝑎+𝜑𝜑𝐿𝐿,𝑛𝑛 = 𝑛𝑛 + 𝑖𝑖 + 1𝐺𝐺𝐿𝐿−1,𝑛𝑛,
𝑏𝑏𝐺𝐺𝐿𝐿,𝑛𝑛 = − 𝑛𝑛𝐺𝐺𝐿𝐿+1,𝑛𝑛−1, 𝑏𝑏+𝜑𝜑𝐿𝐿,𝑛𝑛 = − 𝑛𝑛 + 1𝐺𝐺𝐿𝐿−1,𝑛𝑛+1



§5-3  Emission Probability and Decay Width

Emission Probability

Decay Width of Electron



ℎ = ±1：helicity

Gauge：𝐴𝐴0=0, 𝜵𝜵 � 𝑨𝑨 = 0

𝑨𝑨 𝒓𝒓 = 𝝐𝝐𝐽𝐽𝐾𝐾(𝑞𝑞𝑇𝑇𝑟𝑟)𝑖𝑖𝑖𝑖𝐾𝐾𝜙𝜙𝑖𝑖𝑖𝑖𝑝𝑝𝑧𝑧𝑧𝑧 𝝐𝝐ℎ = 1, ±ℎ / 2

A(h=+1) & A(h=－1）
are not orthogonal Orthogonal Wave-Functions

§2-2   Bessel Wave z-Comp. of Momentum qz

z -Comp. of Ang. Mom.  κ
Eigen State

Adding Az for Gauge

𝜅𝜅:z-Comp of Ang, Momentum
𝑞𝑞𝑧𝑧 ≫ 𝑞𝑞𝑇𝑇 ⇒ Bessel Wave （OAM: κーh，Spi:h ）

𝑞𝑞𝑧𝑧 ≪ 𝑞𝑞𝑇𝑇⇒ Cylindrical Wave (OAM: κ ，Polarized in z-Dir.）

Two Waves are connected in Lorentz Transformation



U. D. Jentschura, V. G. Serbo
PRL 106, 013001 (2011)

U. D. Jentschura, V. G. Serbo
PRL 106, 013001 (2011)

Initial Photon

Production of Gamma-Ray Vortex
Inverse Compton Scattering low energy photons to ultrarelativistic electrons



§2-2   Bessel Wave

Not Satisfying 𝜵𝜵 � 𝑨𝑨 = 0

ℎ = ±1：helicity

Gauge：𝐴𝐴0=0, 𝜵𝜵 � 𝑨𝑨 = 0

Adding Az

𝐾𝐾:z-Comp of Ang, Momentum
𝑞𝑞𝑧𝑧 ≫ 𝑞𝑞𝑇𝑇⇒ Circular Polarized Bessel Wave （OAM: Kーh，Spi:h ）

𝑞𝑞𝑧𝑧 ≪ 𝑞𝑞𝑇𝑇⇒ Linear Polarized Cylindrical Wave (OAM: K ）

Two Waves are connected in Lorentz Transformation

𝐾𝐾 = 𝐽𝐽𝑖𝑖 − 𝐽𝐽𝑓𝑓 , 𝑞𝑞0 = 𝐸𝐸𝑖𝑖 − 𝐸𝐸𝑓𝑓 , 𝑞𝑞02 = 𝑞𝑞𝑧𝑧2 + 𝑞𝑞𝑇𝑇2 = 𝑞𝑞𝑧𝑧2 + 𝑞𝑞𝑥𝑥2 + 𝑞𝑞𝑦𝑦2



A(h=+1) · A(h=－1） ≠ 0

Bessel Wave 2

A(h=+1), A(h=－1) 
are not orthogonal

𝑨𝑨(𝟏𝟏) ∝ 𝑨𝑨 𝒉𝒉 = +𝟏𝟏 − 𝑨𝑨(𝒉𝒉 = −𝟏𝟏), 𝑨𝑨(𝟐𝟐) ∝ 𝑨𝑨 𝒉𝒉 = +𝟏𝟏 + 𝑨𝑨(𝒉𝒉 = −𝟏𝟏)
are orthogonal  

Orthogonal States
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