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Cont rol  t he sign probl em

Int roduct ion

Underst and t he deconf inement  t r ansit ion
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At present,  we can not obtain any
reliable lattice data  at high dens ity… K. K. ,  A.  Ohnis hi,
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Sign probl em

Ex. ： Air y int egral  

See al s o
Witten,  AMS/ I P Stud.  Adv.  Math.  50 ( 2011)  347

Original path

Deformed path

Sign pr obl em

Strong cancellat ion in the numerical integrat ion process



∈ ℂ
Gl uon cont r ibut ionQuark cont r ibut ion

Dirac operat or

At  finite real chemical potent ial,

QCD grand par t i t ion f unct ion

𝒵𝒵 = �𝒟𝒟𝐴𝐴 Det 𝒟𝒟 𝐴𝐴, 𝜇𝜇 + 𝑚𝑚 𝑒𝑒−𝑆𝑆𝑌𝑌𝑌𝑌(𝐴𝐴)

∈ ℝ

Real  chemical  pot ent ial

Sign probl em

QCD Boltzmann weight  becomes com plex



O =
∫O𝑒𝑒−𝑆𝑆𝑑𝑑𝑑𝑑
∫ 𝑒𝑒−𝑆𝑆𝑑𝑑𝑑𝑑

=
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=
O𝑒𝑒𝑖𝑖𝜃𝜃 𝑝𝑝𝑝𝑝

𝑒𝑒𝑖𝑖𝜃𝜃 𝑝𝑝𝑝𝑝

Sign probl em

I f  𝑒𝑒𝑖𝑖𝜃𝜃 𝑝𝑝𝑝𝑝 becomes smaller and smaller, 

it  becomes difficult   to extract  the expectat ion value with small error bar!

Therefore, the simple phase reweight ing can not  help us at  high density

Phase reweight ing



Recent  progress

Complex Langevin method

Lefschetz thimble method

𝑥𝑥𝑖𝑖 𝒛𝒛𝒊𝒊 ∈ ℂ

Point ： Compl exi f icat ion of  var iabl es of  int egrat ion
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Recent  progress

Recen t  progress

Ther e is  one mor e method with compl exif icat ion!

Pat h  opt im izat ion  m et hod

Our  method

Complex Langevin method

Lefschetz thimble method



St rat egy of  Path opt imizat ion method

1.   Pr epar e s uitabl e cos t  f unct ion

2.   Modif y the integr al  path in the compl ex domain

3.   Sel ect  the better  integr al - path

St rat egy of  t he pat h opt imizat ion met hod

Y.  Mor i ,  K. K. and A.  Ohnishi ,  Phys.  Rev.  D 96 ( 2017)  111501

It  ref l ect s t he ser iousness of  t he sign probl em
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Y.  Mor i ,  K. K. and A.  Ohnishi ,  PTEP 2018 ( 2018)  023B04

Cost  f unct ion

We use following form;

I t  aligns the phase
at each t

Weight
Param etric variable

Y.  Mor i ,  K. K. and A.  Ohnis hi ,  Phys .  Rev.  D 96 ( 2017)  111501

I f  the cost  f unct ion becomes smal l ,  
the aver age phase f actor  becomes l ar ge!

Str ategy of  Path opt imizat ion method

I t reflects  the seriousness  of the s ign problem



Y.  Mor i ,  K. K. and A.  Ohnishi ,  PTEP 2018 ( 2018)  023B04

Opt im izat ion  of  t he in t egral pat h  is usually  ver y  d if f icu lt …

Y.  Mor i ,  K. K. and A.  Ohnis hi ,  Phys .  Rev.  D 96 ( 2017)  111501

Str ategy of  Path opt imizat ion method

(We have so many degree of freedom in quantum field theory)

Mach ine learn ing is helpfu l and prom ising approach !

Our  t ask
To find a good integral path via m inim izat ion of the cost funct ion
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The real part  of the integral path is input and then the imaginary part  becomes output
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“ Mul t i - l ayl er ”
＋ non- l inear  act ivat ion f unc.



J.  Nishimura and S.  Shimasaki ,
Phys .  Rev.  D92 ( 2015) 011501

p = 50, α = 10

Sign- pr obl em s er ious  integr al

Lear ning pr ocess  in POM : Simpl e osci l l at ing f unct ion

Learn ing process in  t he sim ple one-d im ensional in t egral



Tw o-dim ensional com plex  λφ 4 Theor y

Lat t ice act ion

Parameters: 𝜅𝜅 = 1.0, 𝜆𝜆 = 1.0

Learning process in POM : 2- dimensional  compl ex scal ar  t heory

Y.  Mor i ,  K. K. and A.  Ohnishi ,  PTEP 2018 ( 2018)  023B04

𝜑𝜑 = 𝜑𝜑1 + 𝑖𝑖𝜑𝜑2, 𝜑𝜑1, 𝜑𝜑2∈ ℝ →  𝑧𝑧1 ,𝑧𝑧2 ∈ ℂ
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QCD ef fect ive m odel
Pol yakov- l oop ext ended NambuーJona- Lasinio （ PNJL） model （ 2 f l avor）

K.  Fukushima,  Phys.  Let t .  B591 ( 2004)  277

I t  is corresponds to the mean-field result  in infinite volume lim itWe assume inhomogeneous (𝜎𝜎, 𝜋𝜋, 𝜔𝜔4)  and 𝐴𝐴3, 𝐴𝐴8

K. K. Y.  Mor i  and A.  Ohnishi ,  Phys .  Rev.  D 99 ( 2019)  014033

K. K. Y.  Mor i  and A.  Ohnishi ,  Phys .  Rev.  D 99 ( 2019)  114005

T he s ing problem  is  induced via  the Polyakov- loop and also the repuls ive vector- type interaction

Af ter

Bef or e

T=100 MeV

( 𝐺𝐺𝑣𝑣 = 0.5𝐺𝐺)

(  See al so Y.  Mor i ,  K. K. and A.  Ohnishi ,  Phys .  Let t .  B781 ( 2018)  688 )  

Lear ning pr ocess  in POM : Pol yakov- l oop extended Nambu- - J ona- Las inio model



0+ 1 d im . lat t ice QCD

K. K. Y.  Mor i  and A.  Ohnishi ,  arXiv:1904. 11140,  t o be publ ished in PTEP

Learning process in POM : 0+1 dimensional  QCD
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Summary

We apply the pat h opt imizat ion met hod to the sign problem

Pat h opt imizat ion met hod

Cost funct ion which reflects the seriousness of the sign problem

is m inim ized via the path modificat ion (with machine learning)

We now take aim at  3+ 1  d im . lat t ice QCD !   ( but,  the 1 + 1  dim .  QCD is  a lready not easy…)

I n s im ple m odels  and theories ,  we have checked effectiveness  of the m ethod

S im ple oscillating integral

Com plex 𝜆𝜆𝜙𝜙4 theory

PNJL m odel with and without the repuls ive vector- type interaction

0 + 1  dim ensional lattice QCD
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