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At low temperature, the electrical resistance of a metal is 
enhanced by a heavy-impurity effect

(Original) Kondo problem
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W. J. de Haas, J. de Boer and G. J. van den Berg, Physica 1, 1115 (1934)

Temperature

High T:
decreased R

Low T:
enhanced R

Conduction electron

Impurity



Kondo effect (for electrons)
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SU(2) spin exchange between 
a heavy impurity and a electron 
with Fermi surface
(⇒Scat. amplitude has a divergence of 
− log𝑇𝑇 at low T)

Electron

Heavy impurity

J. Kondo, PTP32, 37 (1964)
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QCD Kondo effect
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SU(3) color exchange between 
a heavy quark and a light 
quark with Fermi surface
(⇒Scat. amplitude has a divergence of 
− log𝑇𝑇 at low T)

Light quark

Heavy quark



QCD Kondo effect (with gluon exchange)
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SU(3) color exchange between 
a heavy quark and a light 
quark with Fermi surface
(⇒Scat. amplitude has a divergence of 
− log𝑇𝑇 at low T)

Light quark

(anti-)Red (anti-)Green (anti-)Red
Heavy quark
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Scale in Kondo effect

Energy scaleΛKondo

Perturbative region

Scattering
amplitude

Nonperturbative 
region

“Kondo 
condensate”

7

𝑄𝑄�𝑞𝑞



𝑄𝑄

𝑄𝑄

𝑄𝑄

𝑄𝑄

𝑄𝑄

Setup Light quarks 
with finite 𝜇𝜇Impurity quarks

Mean-fields for virtual component 
of heavy-quark



Our model: Light kinetic + Heavy kinetic + 
Heavy-light 4-point interaction

ℒLight = �𝜓𝜓 𝑖𝑖𝜕𝜕𝜇𝜇𝛾𝛾𝜇𝜇 + 𝜇𝜇𝛾𝛾0 𝜓𝜓 + ⋯
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+⋯
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ℒH−L = −𝐺𝐺𝑐𝑐�
𝑎𝑎
�𝜓𝜓𝛾𝛾𝜇𝜇𝑇𝑇𝑎𝑎𝜓𝜓 (�Ψ𝑣𝑣𝛾𝛾𝜇𝜇𝑇𝑇𝑎𝑎Ψ𝑣𝑣)

ℒHeavy = �Ψ𝑣𝑣 𝑣𝑣 � 𝑖𝑖𝜕𝜕 Ψ𝑣𝑣 − 𝜆𝜆 �Ψ𝑣𝑣Ψ𝑣𝑣 − 𝑛𝑛𝑄𝑄 𝑄𝑄

𝑞𝑞

S. Yasui, KS and K. Itakura, NPA983, 90 (2019)



Mean-field approximation
�𝜓𝜓Ψ𝑣𝑣 �Ψ𝑣𝑣𝜓𝜓 = �𝜓𝜓Ψ𝑣𝑣 �Ψ𝑣𝑣𝜓𝜓 + �Ψ𝑣𝑣𝜓𝜓 �𝜓𝜓Ψ𝑣𝑣 − �𝜓𝜓Ψ𝑣𝑣 �Ψ𝑣𝑣𝜓𝜓

�𝜓𝜓�⃗�𝛾Ψ𝑣𝑣 �Ψ𝑣𝑣�⃗�𝛾𝜓𝜓 = �𝜓𝜓�⃗�𝛾Ψ𝑣𝑣 �Ψ𝑣𝑣�⃗�𝛾𝜓𝜓 + �Ψ𝑣𝑣�⃗�𝛾𝜓𝜓 �𝜓𝜓�⃗�𝛾Ψ𝑣𝑣 − �𝜓𝜓�⃗�𝛾Ψ𝑣𝑣 �Ψ𝑣𝑣�⃗�𝛾𝜓𝜓

�𝜓𝜓 1 + �𝑝𝑝 � �⃗�𝛾 Ψ𝑣𝑣

𝑄𝑄�𝑞𝑞・Scalar + Hedgehog ansatz:
�𝜓𝜓Ψ𝑣𝑣 ≡ ∆, �𝜓𝜓�⃗�𝛾Ψ𝑣𝑣 ≡ Δ ≡ ∆�𝑝𝑝
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S. Yasui, KS and K. Itakura, NPA983, 90 (2019)



Mean-field Lagrangian

Dispersion relations of quasiparticles

2019/9/28 QCS2019 11

Thermodynamic potential

・Mixed (dressed) modes
𝐸𝐸± = 1

2 𝑝𝑝 + 𝜆𝜆 − 𝜇𝜇 ± 𝑝𝑝 − 𝜆𝜆 − 𝜇𝜇 2 + 8|Δ|2

・Decoupled (undressed) light-quarks
�𝐸𝐸𝑝𝑝 = −𝑝𝑝 − 𝜇𝜇
𝐸𝐸𝑝𝑝 = 𝑝𝑝 − 𝜇𝜇 (for  𝑁𝑁𝑓𝑓 ≥ 2)

ℒMF = �𝜓𝜓 𝑝𝑝𝜇𝜇𝛾𝛾𝜇𝜇 + 𝜇𝜇𝛾𝛾0 𝜓𝜓 + �Ψ𝑣𝑣 𝑣𝑣 � 𝑝𝑝 Ψ𝑣𝑣 − 𝜆𝜆 �Ψ𝑣𝑣Ψ𝑣𝑣 − 𝑛𝑛𝑄𝑄
+ Δ�Ψ𝑣𝑣 1 + �̂�𝑝 � �⃗�𝛾 𝜓𝜓 + Δ∗ �𝜓𝜓 1 + �̂�𝑝 � �⃗�𝛾 Ψ𝑣𝑣 −

8
𝐺𝐺𝑐𝑐

|Δ|2

Ω = 2𝑁𝑁𝑐𝑐 �
0

Λ
𝑓𝑓(𝑇𝑇, 𝜇𝜇, 𝜆𝜆;𝑝𝑝)𝑘𝑘

2𝑑𝑑𝑘𝑘
2𝜋𝜋2 −

8
𝐺𝐺𝑐𝑐

|Δ|2 − 𝜆𝜆𝑛𝑛𝑄𝑄
Gap equation: 𝜕𝜕Ω

𝜕𝜕Δ
= 0

⇒determination of Δ

S. Yasui, KS and K. Itakura, NPA983, 90 (2019)



Dispersion relation (high 𝝁𝝁, ∆≠ 𝟎𝟎)

�𝐸𝐸𝑝𝑝 = −𝑝𝑝 − 𝜇𝜇

𝐸𝐸𝑝𝑝 = 𝑝𝑝 − 𝜇𝜇

𝐸𝐸𝑝𝑝− =
1
2
𝑝𝑝 − 𝜇𝜇 + 𝜆𝜆 − 𝑝𝑝 − 𝜇𝜇 − 𝜆𝜆 2 + 8 Δ 2

𝐸𝐸𝑝𝑝+ =
1
2
𝑝𝑝 − 𝜇𝜇 + 𝜆𝜆 + 𝑝𝑝 − 𝜇𝜇 − 𝜆𝜆 2 + 8 Δ 2

Mixed mode

Mixed mode

Particle

Anti-particle



1. Thermodynamic potential and phase diagram
S. Yasui, K. Suzuki, and K. Itakura, NPA983, 90 (2019)

2. Topology of ground state
S. Yasui, K. Suzuki, and K. Itakura, PRD96, 014016 (2017)

3. Interplay with chiral condensate or color-super.
K. Suzuki, S. Yasui, and K. Itakura, PRD96, 114007 (2017)
T. Kanazawa and S. Uchino, PRD94, 114005 (2016)

4. Transport coefficients
S. Yasui and S. Ozaki, PRD96, 114027 (2017)

5. Kondo stars
J. C. Macías, F.S. Navarra, arXiv:1901.01623 

6. Excited states (Kondo excitons)
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We got ground state spectra in mean field:

Next applications
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Phase diagram (at 𝝁𝝁-𝝀𝝀 plane)

�𝜓𝜓 1 + �̂�𝑝 � �⃗�𝛾 Ψ𝑣𝑣 ≠ 0

�𝑞𝑞

S. Yasui, KS and K. Itakura, NPA983, 90 (2019)

�𝜓𝜓 1 + �̂�𝑝 � �⃗�𝛾 Ψ𝑣𝑣 = 0

𝑄𝑄
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Phase diagram (at 𝝁𝝁-T plane)

�𝑞𝑞 𝑞𝑞

�𝑞𝑞𝑞𝑞

�𝜓𝜓 1 + �̂�𝑝 � �⃗�𝛾 Ψ𝑣𝑣

�𝑞𝑞 𝑄𝑄

KS, S. Yasui and K. Itakura, PRD96, 114007 (2017)



1. Dressed Kondo excitons

Kondo excitons for 𝑵𝑵𝒇𝒇 = 𝟏𝟏

Kondo quasi-particle

“Dressed”Γ Γ

Γ = 𝑃𝑃, 𝑆𝑆,𝑉𝑉,𝐴𝐴

S. Yasui, KS and K. Itakura, PRD96, 014016 (2017)
D. Suenaga, KS and S. Yasui, arXiv:1909.07573exciton = particle-hole pair



1. Dressed Kondo excitons

2. Half-dressed Kondo excitons

Kondo excitons for 𝑵𝑵𝒇𝒇 = 𝟐𝟐

Kondo quasi-particle

“Dressed”Γ Γ

Γ = 𝑃𝑃, 𝑆𝑆,𝑉𝑉,𝐴𝐴

Kondo quasi-particle

“Half-dressed”Γ Γ
“Free” quark (or hole)

Cf.) Flavor-doublet for Kondo condensate: 𝑔𝑔 ∆𝑢𝑢
Δ𝑑𝑑

→ Δ𝑢𝑢2 + Δ𝑑𝑑2

0
≡ Δ

0

S. Yasui, KS and K. Itakura, PRD96, 014016 (2017)
D. Suenaga, KS and S. Yasui, arXiv:1909.07573exciton = particle-hole pair



Numerical results:

Kondo excitons (Dressed)

18

D. Suenaga, KS and S. Yasui, arXiv:1909.07573

𝑚𝑚1:𝑃𝑃, 𝑆𝑆,𝐴𝐴1,2,3

𝑚𝑚2:𝑉𝑉1,2,3

𝑚𝑚3:𝑉𝑉1,2,3

⇒We got bound states (stable w.r.t strong interactions)



Numerical results:

Kondo excitons (Half-dressed)

QCS20192019/9/28 19

D. Suenaga, KS and S. Yasui, arXiv:1909.07573

𝑚𝑚1
′ : 𝑃𝑃, 𝑆𝑆,

𝑉𝑉1,2,3,𝐴𝐴1,2,3

𝑚𝑚2
′ : 𝑃𝑃†, 𝑆𝑆†,

𝑉𝑉1,2,3
† ,𝐴𝐴1,2,3

†



Properties of excitons:

Mixing for S-V3, P-A3, V1-A2, V2-A1

D. Suenaga, KS and S. Yasui, arXiv:1909.07573

𝑆𝑆 𝑆𝑆 𝑆𝑆 𝑉𝑉3

𝑉𝑉3 𝑆𝑆 𝑉𝑉3 𝑉𝑉3

Anomalous coupling at finite momentum: 

𝜕𝜕3𝑆𝑆𝑉𝑉3 𝜕𝜕3𝑃𝑃𝐴𝐴3 𝜀𝜀𝑖𝑖𝑖𝑖𝑘𝑘𝜕𝜕𝑖𝑖𝑉𝑉𝑖𝑖𝐴𝐴𝑘𝑘
Condensate: Parity sym. 
�𝜓𝜓 1 + �̂�𝑝 � �⃗�𝛾 Ψ𝑣𝑣

mixing

mixing



𝑆𝑆† 𝑆𝑆†

Properties of excitons:

Mixing for flavor violation

D. Suenaga, KS and S. Yasui, arXiv:1909.07573

𝑆𝑆† 𝑆𝑆 𝑆𝑆† 𝑆𝑆†

𝑆𝑆 𝑆𝑆 𝑆𝑆 𝑆𝑆†

1. Dressed

2. Half-dressed

mixing

mixing

𝑆𝑆† 𝑆𝑆

𝑆𝑆 𝑆𝑆 𝑆𝑆 𝑆𝑆†

Cf.) 𝜋𝜋+-𝜋𝜋− mixing in 
pion condensation



1. Excitons can be (color and electric) charge neutral
2. Difference btw electric and heat currents

3. Excitons are bosonic transport

Importance in transport phenomena

22

Heat currentElectric current



Y. Sato et al., Nature Physics 15, 954 (2019)Neutral current In condensed matter



Summary and outlook
• Ground state (QCD Kondo phase, quasi-particles)

• Excited states (QCD Kondo excitons)

“Dressed” “Half-dressed”

quasi-particle
condensate

S-V3,V1-A2,V2-A1,P-A3 mixing
Particle-Antiparticle mixing S-V3,V1-A2,V2-A1,P-A3 mixing

“free” quark (or hole)
𝑄𝑄�𝑞𝑞

D. Suenaga, KS and S. Yasui, arXiv:1909.07573



Summary and outlook
• Ground state (QCD Kondo phase, quasi-particles)

• Excited states (QCD Kondo excitons)
1. They can induce color-neutral current ⇒ Transport 

phenomena w/o charges (heat/sound-wave)
2. Lattice QCD sim. with isospin chemical potential
3. Continuity with hadronic phase
4. Compact stars with Kondo phase (Charm stars)

quasi-particle
condensate

“free” quark (or hole)

Cf.) J. C. Macías, F.S. Navarra, arXiv:1901.01623 

𝑄𝑄�𝑞𝑞

D. Suenaga, KS and S. Yasui, arXiv:1909.07573



Backup
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Phase diagram (at 𝝁𝝁-axis)

𝑞𝑞

𝑞𝑞 𝐺𝐺𝑞𝑞𝑞𝑞

𝑄𝑄

𝑞𝑞 𝐺𝐺𝑄𝑄𝑞𝑞

⇒Kondo condensate realizes at high 𝜇𝜇

�𝑞𝑞 𝑞𝑞

�𝑞𝑞𝑞𝑞
�𝜓𝜓 1 + �̂�𝑝 � �⃗�𝛾 Ψ𝑣𝑣

�𝑞𝑞 𝑄𝑄

KS, S. Yasui and K. Itakura, PRD96, 114007 (2017)
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