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Macroscopic wavefunction
We can derive most macroscopic SC phenomena using the macroscopic wavefunction.
Macroscopic Quantum wavefunction W — n(r, t) elo (r,t)

n(r,t) : Cooper pair density = ¥*W¥
@(r,t) : SC phase

It satisfies the Schrodinger equation:

how= A E= Vo2
or T = Ve ot
_ 1
H= —(—ihV — g*A)? * B = VXA
2m*( i q*A)° +q ¢
. . dp §
From the continuity equation a.|_V.]p:() (p:quJ:n)

*

]p = Re {‘P* (—l*V — q—*A) LIJ}
m m



Supercurrent density

*

Js=q ]p =q R@{qj (Wv_m*A)LP}

* *

f;’* n(r, ¢) {ve(r, 0 - AG, t)}

- . AT, 6) =
- n(r,t) y(r,t) = y(r,t) = qg*'n(r,t) vi(r, t)

*

q**n(r, t)
= London coefficient

q A

A(r, O)Js(r,t) = %y(r, t) = %V@ (r,t) — A(r, t) v, (1, t) = velocity

Gauge-invariant phase gradient

* m*
y(r,6) = VO, ) = A, ) = = vi(r, 0
A->A+Vy pe q*
x (6 - 64
Gauge transformation Dy ) Y 5 Ye'h X

$ - ~ 3¢



Dynamics of superconductor with constant density n

Y = n(r, t) eiB(r,t) — \/ﬁeie(r,t)

RO W= AW with H= —(—ihV—q*A) + ¢"
Mo T ~omr e VA 9

We obtain two equations

0(r,t) 1
ot  2m*

~hV?0+q*'V-A=0 ®mm) V20 =0inLlondongauge (V-A = 0)

(hVO — q*A)* + q* ¢

First equation in terms of J or vg

69(1‘,15)_ . N A 2 +m*
% =q ¢ ans—qd) >

v2 Energy-phase relation

9(r,t) E

dt h



London Equations

h h
A(r, )]s (r, t) = Ey(r, t) = po Vo(r,t) — A(r, t)
Taking VX

VX (A(r, t)]s(r,t)) = —B(r, t) 27 London equation

Assuming the density n(r, t) is constant (hence A is also constant)
From Maxwell equation VXB = pg Js

VXVXB = —V?B = u,VxJ, = —%B
V’B= —B A = 4 - Lz = London penetration depth
Az Ko  Hod™’n

Meissner effect
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London Equations

A(r, ) (r, t) = %y(r, t) = %V@(r, t) — A(r, t)

Assuming the density n(r, t) is constant (hence A is also constant)

a0 9]
3 ) = oo () - S Ao

From the Schrodinger equation for ¥ = /n(r, t) e?®™5 with n(r, t)=constant,

a0 (r, t) 5 :
_ P q P + %]S Energy-phase relation
G, 1 .,
a (A]S = \Y (EA]S) 15t London equation

The 2" term is usually negligible.

. (AJ;) = E Perfect conductivity



Fluxoid quantization

A(r, ) (r, t) = %y(r, t) = %Ve(r, t) —A(r, t)

A A
VO =N+ A —> Ejgve .dl = fA]S-dH fA-dl

h
= o 3@ A -dl=d' (fluxoid)

b =bd + SﬁA]s - dl = nd, D, = % = superconducting flux quantum

E.g.
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Microscopic picture: BCS theory

Effective attractive interaction between electrons (mediated by phonons).
Pair of electrons form a bound state = Cooper pair (boson-like).
At low temperature, the cooper pairs condense into a collective state.

H= Y ! (ky, Ko |V|k3, Ky)eid, gon
- €k Cko Cko T 2 1, B2 3) K4 )Ck10Ck,01Cky407Ck30
k,o kl,kz,k3,k4

o,o0/

V conserves momentum -->k; + k, = k; + k,

Q Q Q. Q.
Zero-momentum pairing condensate assumption: Q = 0,0’ = —0o

+ .+ _ (At + .+ + .+
CkoC-k-0 = <Ckac—k—a> + (Ckac—k—a _ <Ck0'C—k—0'>)
C—kI—O'CkIO' — (C—k’—o'ck10'> + (C—k/—o'ck/o' - (C—k’—o-ck10'>)

We are going to use grand canonical ensemble.



Microscopic picture: BCS theory

—~ =~ 1 (7 ! !
H— puN = Z(gk — Cli-a Cko T 2 Z (k' _k|V|k ,—k )Cli-acfk—ac—kl—ackla
ko kk',o

Clracfk—ac—kl—ackla = [(Cli-aci-k—a> + (Cli-aci-k—a — (Cljacfk—a»]

X[<C—k’—o-ck10') + (C—kI—O'CkIO' - (C—k’—o-ckm'))]

~ <C—k’—ack'a>cl-:aci-k—a + <Cli-aci-k—0'>c—k'—ack’a - <Cli-aci-k—0'><c—k’—ack’a>

Sk = €k — U V(k k') = (k —k|V|k’,—K’)

Nk = (C_kiCkr) : needs to be determined self-consistently



Bogoliubov transformation

Assuming V(k, k') = V(—Kk, —Kk'), and defining the gap function

= — z V(k; k’)nk' = - Z V(k; k,)<c—k1lck/T> - 8ap function

Hpes = z EkCho Cko T+ Z( Ay Crcy) — ARCouCir) — 2 V(k K )neny
KK/

ZEk ZV(k K)Dmemer + Z(Cm C_ki) ( i _gik) (ccii(;)

kK’

: , Ck1 U Uk (YK 5 5
Bogoliubov transformation + | = . + lugl® + (vl =1
C_kl —Vx Ug/ \Ykl

VkT) _ (uk _vk) ( Ckt ) Linear combination of

uasiparticle operators
Quasip P (Vf{i UV Uy kai electron and hole parts!

We will determine uy and vy that diagonalize the BCS Hamiltonian.



Self-consistency relations

To make the BCS Hamiltonian diagonal after the Bogoliubov transformation,

2
1 E1c 5 1 ( ‘Ek) |Vl ,

2 = = - == (1——=
|uk| 2 (1 + Ek> |Uk| 2 Ek 1

* —
UVk = —2 Er

A

0

Kp

v

Ag= — z V(k,k')(c_krlckq) = - z VK, k’)ul*(rvkl(l — <V1-<|-TVkT> — (V}jﬂkl))
k' k'

Ay
) A = — Z V(k k') ZL;(k (1 — (mavier) — (Vo)

gap equation

The presence of quasiparticles decreases the gap. (Gap decreases with T.)

The phase of the gap function is the phase difference between vy and uy.

In the ground state (largest gap), the phase is constant.



Excitation energy
After diagonalization, ﬁBcg =E, + Z(Ek)/f&)/m + Ek]/ljlykl)
k

Ey, = Z(Ek — Ex + Axmi)
K

Ex = \/Elz( + |Ak|? : quasiparticle excitation energy

BCS Ground state
|Wy-s) should satisfy  Yit|¥ses) = Vit|¥res) = 0

|Wpes) <

(YirYky) [0) = n(ukaT — vciiy) (Wkegy + ukc_k1)|0)
K

A 4

(uge + Vi) 10) After normalization

|Wges) = 1_[(|uk| + |vk|ei<pC11-Tka¢) |0) Number of electrons is not fixed.
k

Phase is fixed.



Excitation spectrum: quasiparticle

Hges = Eo + Z(Ekyl:-TykT + ExYpi Vi)
K

Ex = \/Elz( + |Ak|? : quasiparticle excitation energy
electron-like

Ex |18k| 4 hole-like

VkT) _ (uk _vk) ( Ck1 ) Linear combination of

Quasiparticle operators ( + ¢’/ electron and hole parts!



Some properties of BCS ground state
¥y) = | (il + Inde®citiei) 10)
k

Total number of electrons is not fixed. (Grand canonical ensemble).

(Ne) = Z(C;TCRT + Ci_klc—kl)> = z 2| v |?
k k

Total electron number is even. (pairing into Cooper pairs)

Cooper pair number N = %
To project to a fixed N state,

2n . 1 ©
IN) = dp e N0\ ,) (=) |Y,)= oy Z e'™N?|N)
N=0

0



Excitation energy spectrum: Semiconductor model

Semiconductor model

—
|

I electron

Interaction
e-h transf. -> antlcrossmg

Effective masses of same sign: l hole /\—/\

attractive interaction

Effective masses of opposite sign:
repulsive interaction
(e.g. exciton)

Hges = Eq + Z(EkV;TVkT + ExVi Vi) = Eo + Z(Ek)’lfﬂm — ExVri k)
K

Vi, = Yk (e-h like transformation)



Josephson Junction: THE most important component in SC qubit

nlr 91

q hn(r,t)
]s(rr t) — — Y(l', t)
X
nz, 92
j y(x)dx

2 27.[ 2
Ap = j y(x)dx = 6,—-6;+— | A -dx

1 ®y Jy

Js = Js(Ap)




DC Josephson effect

Js = Js(A@) : current is a function of gauge-invariant phase difference Ag

It should satisfy
Periodicity of 2m:  Jo(Ap + 2m) = J(A@)

Time-reversal symmetry (Ap 2 -Ap, Js 2 —Js): Js(—Ap) = —Js(Ap)

=) Js(Ap) =JcsinAp+ ) Jysin(mie)
m=2

For many cases (e.g. tunnel junction)

Js(Ap) = ], sinAgp DC Josephson equation



AC Josephson effect

V=TT [ A T ot ot ot @, ), at
00(r,t) . A
Using the energy-phase relation —h 5t =q°¢+ %]S and J; =/,
A q* 2w (20A
_—rr __1 _ _ — . d
ot 7 (P2 —¢1) + o, |, ot X
2m 2( v aA) g 2m ZE p 21 v, — V)
= —— —_ _— . = —_—— . X = — —_
o Jy ? at ) Py Jy Dy -2t
0Ap 2m .
= V V=1,-V AC Josephson equation

ot @,



Josephson Junction : Cooper pair number representation

A—
Nl! 61 @ Nz, 82

VRV VN

HT : tunnel-coupling Hamiltonian

Tunneling is possible when the barrier
is thin enough.

Single particle tunneling is suppressed
due to the energy gap.

Tunneling of a Cooper pair does not
change energy!

Tunneling of a Cooper pair
IN;, Np) = [Ny — 1,N, + 1) (1->2)
IN;, No) = [Ny +1,N, — 1) (2->1)

'NZ + 1) = (Nl,NzlﬁTlNl + 1,N2 — 1) =1t

ﬁT - t Z [|N1, N2><N1 - 1, NZ + 1| + |N1 - 1, NZ + 1)<N1, N2|]

N11N2



Josephson Junction : Cooper pair number representation

BCS GS: |¥,) = L e'N?|N)
el 2

N=0

Nll 81 1‘]2, 92

1 . .
|W12) = W) ® |P,) = ) z elN19131N292|N1;N2>
Nq,N;

T t / ! ! ! ! ] [
Arl¥i) =2 D [INLNIONG = LN; + 1]+ N] = 1N + DOV N3IL ) eiMadei®af g, )

N1.Ng Nq,N

t . }
= 4n2 Z etN101etN202(|N; + 1,N, — 1) + [Ny — 1, N, + 1))

& Nq,N3

— Z (el(M=1)61 (N2 #1082 4 pi(N2+1)61I(N2=1)62) |, N, )
47'[ =

t ) , ) )

= _47_[2 (81(92—91) + e—l(92—91)) Z elN191elN292|N1,N2> = 2t COS(QZ - 91) |11112>
Nq,N»

E; =2tcosA9 A6 =0,—0,
t < 0to make A@ = 0 is the ground state (for |t| = 0).

: Er :

Er = —E; cos A8 \ /
e

E; : Josephson energy - \/ T




Relation between number and phase

|W,,) = state after n Cooper pairs have tunneled from 1 to 2

¥,) = T, |Wi2) T.|Ny, No) = [Ny —n, N, + n)

1 . .
— IN161 ,IN,0
=12 E etN101etN202 | N, — n, N, + n)
N11N2

= L Z ei(N1+Tl)918i(N2—n)92|N1’ N2>

472
NllNZ

1 . . Z : .
— - N N
— 47-[2 eln91e ln92 el 1616l 202|N1’ N2>
N11N2

= e M0 Y,)

6

n_l@



Josephson equations: DC Josephson equation
Time-evolution of |¥;,)
_ .t
Hr|W;,) = —E] cos A6 |¥1,) » |W(t)) = e'n"I €% A6’|qj12>

Number of Cooper pairs tunneled at time ¢

) =i ('tE AH)—tE in AG
n _laAH lh ]COS —h ]SIH

Current across the junction

dt  h

I = (—2e) sin AG

[ = —I.sin A@ DC Josephson effect

2ekE
- ]
le =7

In most literature, A@ is defined as 68; — 6, (or the direction of the current
is defined to be opposite (2->1)) and DC Josephson equation is written as
[ =1.sin A8

Josephson critical current



Josephson equations: AC Josephson equation

~N Gt |
\ / 26 Er = —E; cos AB
VAR

The state with a finite phase difference is not the ground state.
Changing the phase difference away from 0 costs energy.

[ ;
] Power supplied by an external voltage source = %
d
—1(V, =) = — |—E; cos AG]
Nlr 91 2782 d
I,V sinA@ = E; sin A0 %AQ
N\ d 2eV
V ‘ — AN = — AC Josephson effect
N\ dt n P
lly mi ic th b k ff E; = h A(T)t h A(T)]
Fully microscopic theory (Ambegaokar-Baratoff): ] = 42 R, an 2k, T



Quantization procedure for electrical circuits

Define independent variables (i.e. degrees of freedom). : node flux

Find equations of motion for these variables. : Kirchhoff’s law

Find Lagrangian : capacitive energy — inductive energy

Find Hamiltonian : conjugate momenta, Legendre transformation

Conjugate variables become quantum operators with commutation relations.

e wh e

Quantum Fluctuations in Electrical Circuits, Michel Devoret (1997)



Classical LC oscillator

+ ()
C —— v L V= % O = LI
—0Q
I
[ f ion for @ dq)—V—Q dQ—I—Cb
Equation of motion for &: T - 1=7
2 d*d
d_CD:_ld_Q:_E —— —2+a)%CD=
dt? C dt LC dt
Oscillation f 1
scillation frequency : Wy = ——
q Y 0 JIC
QZ
E = °C + Z (=Classical Hamiltonian H)

Dissipative element (i.e. resistance) makes the oscillation to decay.



Quantization of an LC oscillator

From the equation of motion, we can find Lagrangian

d*® ®
() C—F=——
C —— L dt L
Lagrangian = capacitive energy — inductive energy
r=So2_ &
I -2 2L
0L : . :
Q= —=CP Conjugate variable to the flux
dd
0> @ : .
=y — Classical Hamiltonian Q op,® & x
2C 2L
Superconducting LC oscillator \

III

* For Large C and L = Dissipationless, “classica
* For small Cand L =2 Quantum harmonic oscillator (linear)

ideal LC oscillator \ X




Nonlinear element: Josephson junction

@ | For small JJs, we also need to consider the charging energy.

- _Q* (=20 , _ (2e)°
' E=oc=2¢c ™ Tknm Fe="3¢

+ + + + +

: > oc | = —<F—

dQ I
=—CV I=-— ¢, L
¢ dt
2
Total energy: Charging energy + Josephson energy H = °C E; cos @ (p = AB)
| _h % @ P
Define a branch flux ® = P =0 H = T E| cos (zﬂ 5)

0
Josephson equations can be considered the classical Hamiltonian equations of motion.

[=—I singp =) dQ _ OH Nonlinear potential due to the cos term.
dt 0D 1 32E ®,
dt & dt a0 ‘ P

Q ox,® op



Quantization of the Josephson junction Hamiltonian

Q* 0 _ (Q? o A a1 .
H = °C E]COS(ZHEO) H=E—E]cos 27150 [Q,CD]—lh

In terms of the number and phase operators:

The commutation relation indicates that 1 = i% in the ¢ representation

which we saw earlier.

Josephson junction is the only
dissipationless nonlinear element in
the superconducting qubit circuits.

1
1
1
1
1
1
1
1
1
1
1
\
1
)
)

\ \ : i
\} ,/ 7T

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
—T \
\ )
0y 7
\ ]
\ I
\ )
\ 1
\ 1
/
X /

’f
7
\.




Tunable Josephson junction

(2 2m (* :
gﬂd:J y~dl=92—01+—J A‘dl Id:—ICSln(pd

1 by Jg

r3 21T f3 .
O,= | y-dl=6,—-60;+— | A -dl I, = —I.sin @,

) D, J




Tunable Josephson junction

2T 2 21T 3
02_01:§0d_5 A -dl 93_92:—_f (A‘l‘A]S)'dl
0 J1 D, J,
21T 4 21T 1
94—93=—<pu—g A -dl 91—94=——j (A +AJy) -dl
0 3 Do Jy
2T 2T
2Nt =g —@u—— PA -dl=¢g -y ——

D D



Tunable Josephson junction

4 —
I =1;+1,=—I.sinp; — I.sin@, = —2I.sin (‘pd . ‘Pu> oS (‘Pd _ CPu)

= ~2lecos (w4 m)sin(pa — gy =)
= ¢ COS nq)O nm | sin| @4 nq)o nm

= ~2lecos (- )sin (p ~ )
= ¢ COS nq)o sin( @g4 nq)o

For small induced flux (i.e. for small loop inductance) compared with the external flux, it
can be considered a tunable Josephson junction with the paramters controlled by the

external flux.

[ =—1I.sin{p

T Cbext —
I, =2I.cos|m o, Q= @Qgq—T o, =@, tT , = >



Basic types of Superconducting qubits

a Voltage-driven box (charge qubit) b Flux-driven loop (flux qubit) ¢ Current-driven junction (phase qubit)

@ 0]

vi=§ lext
You and Nori, Nature 474, 589 (2011)
(a) Cooper-pair box ng = 0.5 (c) 3-junction magnetic-flux box Pext= T
EE E M
E; Cg it
______ > E
I_®__|_ 5 — ¢ 02
w ~>on o &
g —.oeti .. = 10> |1) A
< box ;:EE lext
6 Charge n o ok,
(b) Magnetic-flux box (rf-SQUID) (d) Current-biased junction
M dout
L Ej rea
e : =
J 9] - o] 11
w 5 " J_— ¢ %‘m 1o
: :
lext
E Do = E - Phase O

You and Nori, Phys. Today 58, 42 (2005)



Charge qubit : Cooper pair box

Josephson junction is capacitively connected
to external voltage.
¢ Ly
Superconducting island between JJ and the
Vg —— capacitor -> Cooper pair box
—T g
—~ —~ 2 E 82 Cng
— — _ A = n, —=— ——
H = 4E; (N ng) E;cos @ C Z(C]+Cg) g o

N = Number of Cooper pair tunneled into the SC island [N A] iy
¢ = Phase different across JJ Pl =1

CqVy = 2eny is called gate charge or offset charge, which can be controlled by the voltage.



Charge qubit

H=4E. (N —ng)z — E; cos ¢

2

e
E. = C,V
“T2grc) M,

N = Number of Cooper pair in SCisland
(,5 = Phase different across JJ

[N, ¢] =i

Energy/h [GHZ]

E ) L E.
3.0
25
20}
15
1.0 Sweet
spot
0.5 | SsP
0.0
-1.0 ~05 0.0 05 1.0
Ng
Tunable JJ

%Q-Eﬂcp@g

E; = Ejo cos(m® /D)




Circuit QED

A. Blais et al, PRA 69, 062320 (2004)

@] | -
. transit
Cavity QED Circuit QED
Atom in an optical cavity Artificial atom (qubit) in a

superconducting microwave cavity
Jaynes-Cummings Hamiltonian

~ hw
A = _TQ 6, + hw,ata + g (6t +67)(@* + a)

Qubit Cavity mode Couplingx d - E

hw
= —— "6, + hw, a*a + g (6%a+67a")

RWA



Jaynes-Cummings Hamiltonian

0; n) 11;n)
0:3) 1;2)
10; 2) —_ 1:1)
9
1) 1, 0)
w, IwQ
|0;0) t— Y.
In the subspace ({|0; n + 1), |1;n)})
A
. 1 ) gVyn+1
H:hwr(n+§)+ A A = h(w, — wg)
gyn+1 —

2



Vacuum Rabi splitting

For n=0 (vacuum)

hA
1 1
1 > 9 E =-hw, =A%+ 4g2
H=-hw, + 2 2
2 AA
I 7

Even in the vacuum
resonator, there is a
energy spliting!

A= w, —wg



Transmon Qubit Koch et al., PRA 76, 042319 (2007)

Cj, E;

s/ p S &

Large shunt capacitance Cg (E; > E()
Qubit states are insensitive to charge
noise (everywhere is sweet spot)

-1 0 . . . .
(0) By /Ee — 10.0 (d) B, /B —500 * Anharmonicity is reduced, but still large
i S Lo enough for qubit operations
P Ve W W e " g : :
o | | * Needs microwaves for gate operations
s
[1151 1
B ~ A/ SEJEC T
0 t T 0 t T 1 T
2 1 0 1 2 -2 1 0 1 2
g Ng



Single qubit gate operations: microwave drive

Apply oscillating electric field (i.e. microwave)
through a drive line capacitively coupled to
the qubit.

Hy=-d-E (0|(i|1) = dg4 = transition dipole matrix element

1 . .
E = Ejcos(wgt + 6) = 5 (Eq e~ i(@wat+d)  Er gl(@at+6))

H; = —(Ae'@dt + Be~t@at)|0)(1| + h.c. A=dg;-Ege”® B=dg-Eje™
- _ h(;)Q Aeiwdt + Be—iwdt
: : g —_ "% ~ g _
Single qubit Hy = > 0, + H, hawg

Are~twat 4 Bre~iwat
2



Rotating wave approximation (RWA)

-~ -~ -~ h -~
In the interaction picture with Hy = Hy + Hy = —% 0, + Hy
~ iHot __ _ iHgt . .
Ru=e i fge™ = —(Aei@w0t 4 pemilwaroo)t)jo)1| + h.c.

Fast oscillating term = drop
~ _Aei(a)d—a)Q)tl())(ll _ A*e—i(a)d—a)Q)tl:l)(Ol

If we drive resonant microwave wy — wg = 0, E= Eocos(th + 5)
Hy =~ —|Ale®|0)(1|—|Ale~|1)10| = —|A| (cos § 6, —siné 6))
0 R _iHggt
i Y (D) = Ayl (©) =) [, (0) = e 7 | ,(®)
y A

* In the rotation frame that rotates with w,
* Rotation around an axis in the xy plane.
* We can realize x and y rotations by choosing
the phase of the microwave.
> X * Allsingle qubit gates can be created using
this.




Two qubit gate operations

Interaction between qubits can be used to implement two qubit gates.

v,

vy




Two qubit gate : Adiabatic CPHASE gate

Two capacitively coupled transmons AT . . -

OFF: detuning (w; — w,) >> coupling
Change the detuning such that 11 and 02
states are close.

Come back to OFF state.

Only 11 state accumulated nontrivial pry i
- i |

Energy [GHz]

- ] 00 01 10 11
¥ T~20 / _- 10 0
:'El _8_\2\ i . O ei§0R
O | o1 | U= , e 0
5-10- 0 eil@Lter+sp)
e 10 ' 1 0
-2 1 1 0 1 0 o 1
i ] = <(O ei‘PL) ® (O ei‘PR)> % o 1 0
| 00 | | | | O 816(p
85 9 10 105



Dispersive Readout

R h(,()Q At A PR A
Hie = —— 6, + hw,a*a + g(@@ta+a6-a")
At large detuning A > g, A=h(wy— w,)

After a unitary transformation by U = exp <Q (aét &+6"))
and up to the 2" order in g, A

- in N 9% s
Hyee = hw,a*d — > a)Q——(Z ata+1) |6,

Qubit frequency is shifted depending on the # of photons in the cavity
— ac-Stark shift

2 2
Hoee = h(a)r +XO'Z> ata 3 <a)Q _X) o,

Alternatively, we can consider it as a shift in the cavity mode frequency
depending on the qubit state = Dispersive readout



IBM 16-qubit processor




Xmons (Martinis, Google)

readout line readout
@ . ~D~ resonator
| readout
‘ resonator
3 200 um
II self cap. |
XY == MWpys
control v
X sauiDX
quantum
bus z A\v4
(c) control

XY -
control Xmon

> |
[ ]s!w

N~ L |
(@) L Zeonii b (b)"_

Barends et al, PRL 111, 080502 (2013) ==

Readout line —

Resonator (

XY AR XY Z XY 7 XY Z ZxXy:

Barends et al, Nature 508, 500 (2014)

Kelly et al, Nature 519, 66 (2015)
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