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Simple system - Hydrogen atom

Dirac Hamiltonian for central field:
A = c&- B+ Bmoc® + V(r) (1)
If the field has spherical symmetry, then total angular momentum operator Jand

operator P (P = exp(i$)BPo, Py : X — —X) commute with H.
We assume solution:

wl'm(F t)
Vyim = me 2
um (Xl_jm(rv t) ( )
Action of parity operator:
"S(Jw/jm(Fv t) = >\f¢Um(Fv t) (3)
—Poxjim(7it) = = AgXjjm(F' t) (4)

We must have A\f = — Az in order to have good parity of four-spinor.
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Simple system - Hydrogen atom

AWjm(7t) = —if (g ‘z) V(7 1) + (cl) _°1> MO (7, £)
+ V() Vjm(F; t) 5)
Rewritten in terms of bispinors:
—ihe& - VXijm + M0C*Vijm + V(N Wjm = Ejjm (6)
—ihe& - Vg — Mo Xijm + V(NXijm = EXijm (7)
For ¢
Yim = Rot(r) D Oy Yim (D)X1/2m, (5) ®)
mjms
and similar for x.
Expansion of bispinors in spherical harmonic oscillator basis:
Yotim = Y, Cafar (1) Qn($2) ©)
n

Xaim = D, Crigai(r)Qym($) (10)
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Simple system - Hydrogen atom

Matrix elements of Dirac Hamiltonian:

Mg = —he [~ gnc,;(r) (1)
By = —fLC/ drr*f, (r) gn”() (12)
¥ = [t ()5 () (13)
A = [, V() (14)
Agr = he [T dre (02 () (15)
By = hc/ooo drg (N 6 (1) (16)
-~/ drrzg;,-a(r)s<r)gnc,;(r) (17)
) = [ e (Vg0 (18)
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Figure 1: Upper and lower components of spinor s, ;. Dependence of binding energy of hydrogen
atom on harmonic oscillator length for different numbers of major oscillator-shells.

oscillator length [pm]
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Relativistic nuclear energy density functionals

Two types of nuclear models are usually present in relativistic energy density
functionals:

e Walecka's type (nucleons are system of Dirac particles which interacts by
exchange of mesons)

e Contact type (point-coupling; where meson propagator is replaced by contact
interaction)

Walecka's type Contact type

L, =

In nuclear models of Walecka's type we have meson propagator:

Em 8m

A
Armd C ome T (19)

m
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Four-fermion interaction:

Ly = — Sas (36) (B9) — s (Fue) (F*9)
- Sar (FPww) (),
Derivative terms:
Laer = = 5050, (F) 0 (F) — S0v0 (Fyut) 0 (7"9)
- %67\/8” ($7uv) 0" (b77"9)
We can add non-linear terms:
Lot = = 305 (F9)* = 375 (F9)",
Dirac Lagrangian for free nucleon:
Lree = F(i30" = m)

Electromagnetic part:

- 1
Lem = —eAu[(1 —73)/2 7"y — 2 Fu F™

(20)

(21)

(22)

(23)

(24)
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DD-PC1 parametrization
Lagrangian density:

- 1 - — 1 -
L = ¢ (imud* —m)— 348 () () - 3V (i)

x (B9) — sarv (Frve) (57149)

1 - VT - 1—73
— 5850, () 9 (50) — A =" v, (29)
Coupling density dependence in case of DD-PC1 parametrization:
filo] = ai + (bj + cix) exp(—d;x), (26)

Variation of Lagrangian with respect to ¢ we obtain one-nucleon Dirac equation:

[ (10" =2 = ¥le) — (m+ E5)]y = 0, (27)
o= T 7B 28)

s

as(p)ps + dsAps,
1—m73

(
(

= av() + et Ak, (30)
(
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T4, = arv(p)t (32)
1j# [das(p dav(p) . . datv(p) = 3
Z';Learr = 5 ( )p§+ ( )JVJV+ ( )JVJV . (33)
2 p dp Jdp op
RPA matrix elements can be easily obtained from:
dh 52E [p
Vabcd = £ = A (34)

dpdb 8pacSppd’

where
h = —iaV +B(m+X)+ By 2V (35)
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General particle-hole matrix elements

Vs = [dn [ @n 3 a0 )0y 5)
Jj

x DB 0Py () (36)

Va(ild = /d3r1/d3rzzd_fa(ﬁ)rj Ve (7 )%
J
x pl () bn(B)1P g (R)  (37)
BD m,r
Vi = 12 [ @0 [ n 3 Buantva) ety

x pju(fi)pf (B)ds(B)1Pyg(R)  (38)

Vi = [@n [ #n T aanum 2

% pju(A)Ps(A)F D 0P yy(7),  (39)



(R)QRPA

Separable pairing matrix elements

In 2009 Y. Tian, Z. Y. Ma and P. Ring introduced separable pairing in 1Sy channel
gap equation of symmetric nuclear matter:

[eS] k/zdk/ A(k’)

1
A(k) = — k| V20| k' , 40
() = — [ S kIR S (40)
where .
(k|VigQ|K') = — Gp(k)p(K'), (41)
with Gaussian ansatz .
p(k) = e ¥, (42)

These two parameters a and G were fitted to density dependence of the gap at the
Fermi surface in nuclear matter. After transformation the separable force from
momentum to coordinate space we obtained:

1— P
2

V(A% 7,%) = — GS(RL— R)P(r)P(r) (43)

with 7= 1/v2(A — ) and R = 1/v/2(7 + i). Values of G = 728 MeV fm3 and
ag = 0.644 fm
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Separable pairing matrix elements

After Fourier transformation:

p e—r2/(232)
o P — 44
() = Gy (4)
Due to coordinate transformation from laboratory to center of mass and relative
coordinates we need to use Talmi-Moschinsky brackets:
. _ NLnl .
Inuh, mab; Ay = >~ MM INL, nl; Ap) (45)

NLnl

If we work in the basis of spherical harmonic oscillator:

\/E/Rn,(r)P(r)r%/r _ ! (L—o®)" V2n+1 0

In 22/373/4p3/2 (1 + 2)"+3/2 2npl

the coupled matrix element for T = 1 pairing:

LD . . I N 1 2 I . 1 2
Vibey = GJanJch(*l)'”’dﬂmc{ J'Z JIZ é }{ j; JI; ﬁ }

Z Il MNIn0 MNJn’o (47)

nalanply "™ nclengly
Nnn’
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Collective excitations
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Figure 2: The Isoscalar monopole (left) and isovector dipole (right) strength distribution for 2% Pb.
ISGMR centroid energy is on 14.2 (exp. 13.96 &+ 0.20 MeV, while for RPA IVGDR predicts the
excitation energy on 13.7 (exp. 13.3 MeV).
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Isoscalar monopole collective excitation
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Figure 3: The Isoscalar monopole strength distribution for even-even nuclei A = 108 — 124 with
AA=38.
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Proton-neutron (R)QRPA

RPA equations:
A B XA _g(1 0
Bx A yx ) = 2\o -1 )

11 11
= pr/5n,,/ + Hon b + (upvnup/ Vi + VplnVy u,,/)

pn,p’n’
ph pp
X Vpn,np, + (upu,,up/ Uyt + VpVnVyy Var) Vpnp,n,,
_ ph
Bonp'nt = (upv,,vp/ Up + VplnUp v,,/) Vpp,nn,

+ (upu,,vpz Vot + VpVnUp u,,/) V;fp,n,.
Non-diagonal H1! is defined as

HT = (U,‘Uj + V,'Vj)h,'j + (u,-vj — v,-uj)A,-j

(48)

(49)

(50)

(51)
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Proton-neutron (R)QRPA

Isovector-vector part of PN-(R)QRPA survives only for V() type of matrix elements.
In the case of spacelike components we have:

Vabcd = /d3r1/d3f2w(f1)(7"70’m) pe(ri)
x arv(p)d(f — B)v} () (Fror")® e (B), (52)
and timelike components:
Vil = [ @n [ @relrvdian )
X O — B)Y(R)7Pwy(7).  (53)
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Isovector-vector matrix elements

If the radial part of wave function is given by:

v = (1) (54)

by coupling of angular momentum, we get coupled matrix elements for spacelike part:
1s)J . . -
Vi = 2523 [ dnany(6(r)ecr)alltos Yol
L

— &a(Nfe(r) Ual (o5 Y1) sllic) ) (Fo(r)ga(r) Gall (o5 Y1) s1Lib)
— go(Nfa(NUall(es YL)llis)),  (55)

and timelike part

Ve = 207 [ drar (G0 + s()s)

(fo(N)fa(r) + &b(r)ga(r)) Gall Yallic) Uall Ysllib),  (56)

par Proton-neutron (R)QRPA  Results - part 2 Neutrino-nucleus reactions
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Isovector-vector matrix elements

Angular part is given by expressions:

, . 14 (=1)ltlet) fojeJ 1/2( b J e )
1Y e = = 1)~ . (57
GallYallie) > T7r( Y 12 0 12 (57)

and

_1)ltetd 7,
Gilltos villiey = FHE I

_qyletiett/2 (1L J JaJdde N\ _
X{( 2 (o 00 ~1/2 0 1/2

L

0

f( B

N



Proton-neutron (R)QRPA

Isovector-pseudovector matrix elements

In order to describe the effects of pions in multipolar transitions in PN-RQRPA we use
isovector-pseudovector coupling. However, we expect that the strength of
pion-nucleon in nuclei coupling should be somewhat reduced by factor of g':

e

fr \2 s _ B, .
Vev = =& () 63 - ) o) (o DD, (69)

where f; decay constant and m; mass of pion. The value of g’ we don't know a priori
and should be deduced from experiment.
For timelike part pseudovector matrix elements look like:

2
Vi = 2g'd7? (%) / drr®(f3(r)ge(r) — ga(r)fe(r))
X (Fo(F)ga(r) — &(r) () Gall Yo Ie) Gull Yol lic)s  (60)

Timelike matrix elements are non-zero only in case of unnatural parity transitions,
like Gammow-Teller transition.



Proton-neutron (R)QRPA

Isovector-pseudovector matrix elements

For spacelike part isovector-pseudovector matrix elements look like:

Vai\c/c(ls)J = 2gJ 2( W) Z/drr (fa(r)fe(r)

X (all (s Y1) sl ljc) + &a(r)ge(r) Uall(os Yi) sllie)) (o (r)fa(r)
X (jall(os Y1) sllib) + &b(r)ega(r)Uall(os Y1) sllib)).  (61)
Spacelike isovector-pseudovector matrix elements contribute to both unnatural and

natural parity transitions, but in opposite manner compared to isovector-vector
matrix elements.
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Separable pairing in the case of PN-(R)QRPA

Coupled pp-elements for PN-(R)QRPA are given by:

M preR S+TY &2f2 b 1/2 j.b
Vibdy = = Gidsics>_ (1 - (~1)°T) 812 L 172
LS L S J

la 1/2 ja

. ’
le 12 e 0> Iy My, Maclngi,  (62)
L S J nn’

This is non-vanishing only for S=0and T=10or S=1and T = 0. Assumed form
of pp-matrix elements:

VM, = (ab|V(T =0;S = 1)|cd)™ x Vo + (ab|V(T = 1,5 = 0)|cd)’™  (63)

We don't know a priori the value of factor Vj. It can be somewhat reduced or
enhanced compared to the case T = 1.

par Proton-neutron (R)QRPA  Results - part 2 Neutrino-nucleus reactions
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Determination of parameter g’
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Figure 4: The Gammow-Teller strength distribution for 2% Pb for different values of parameter g’,
calculated with DD-PC1 interaction. The experimental value of the position of GT~ main peak in
28pp js on 19.2 MeV. This corresponds to g’ = 0.51. The width of Lorentzian is 1 MeV.
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Figure 5: The Gammow-Teller strength distribution for *® Ca ®° Zr and *®® Pb, calculated by DD-PC1
interaction. The theoretical (experimental) values of central position GTR main peak are 11.0
(10.5) MeV for *® Ca and 16.6 (15.6) MeV for *° Zr.
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Isobaric analog resonance
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Figure 6: The isobar analog state strength distribution for *® Ca, 9 Zr and > Pb, calculated by
DD-PC1. The theoretical (experimental) values of central position GTR main peak are 7.05 (7.17)
MeV for *®Ca and 11.7 (12.0£0.9) MeV for *°Zr and 18.47 (18.8340.02) MeV for 2% Pb.
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Isobaric analog resonance in Sn isotopes

10 T — T
_ s IOBSrl 1 IIOSn 1 1 ]14Sn a
s or 1r 1r 1 i 7]
- Iy
= 4 - J iy J ‘,: -
® T 1r 1r 1 p b

2 1r 1r R AU

0 L LN

IS - = T

L ] IQ‘ IZ’ZSrl
Z 10 -1 L 4 i B
1
= S o= —4r it .
.I
L 4 F 9 r /' 5\ T
0 24 (-
20 — — T
L 1L P [ Hsn ]
ngi 10 |: 10 ]
() Wl
Z 10 -+ 1 -+ -
= L 4 L i 4 L i
Z ]
5k -4 F ] -4 F —
0 \ L. , n
5 255 10 15 20 255 10 15 20 25
E [MeV] E [MeV]

Figure 7: PN-(R)QRPA strength distribution for even-even nuclei with A = 108 — 130, calculated
by DD-PC1 with separable pairing interaction.
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Gammow-Teller resonance in 118Sn
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Figure 9: The Gammow-Teller strength distribution for '8 Sn for different values of parameter V.
Notice, only T = 0 pp matrix elements are nonvanishing.
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Why neutrino-nucleus reactions?

Neutrino mass hierarchy still remains an open problem due to insensitivity of previous
and nowadays experiments on sign of difference between squares of neutrino masses.
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Figure 11: Possible neutrino mass ordering (hierarchy). Degenerate case excluded from figure.
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Why neutrino-nucleus reactions?
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Figure 12: Supernova from neutrino perspective.
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Why neutrino-nucleus reactions?

We need to choose adequate target material for detector in order to achieve good
statistics and include or exclude particular neutrino species in a specific energy range.

100

Y IR PITY B
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T T Y R

S
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Figure 13: The inclusive v, (7. ) cross sections with *2C, 5 Fe and 2®® Pb as a function of v (7.)
energy (charged current reactions only). (see refs. D. Vale, N. Paar AIP Conference Proceedings
1681 (1), 050011; N. Paar, T. Marketin, D. Vale, D. Vretenar International Journal of Modern
Physics E 24 (09), 1541004.
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Why neutrino-nucleus reactions?
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Figure 14: Example of multipole decomposition of the flux averaged cross sections for v, - 208 pp,
charged current reaction. see ref. D Vale, T Rauscher, N Paar Journal of Cosmology and

Astroparticle Physics 2016 (02), 007
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Why neutrino-nucleus reactions?
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FIG. 6: The ratios ra.c of the number of the detector events induced in mineral oil (CHz), water (Hz0O), and 298P for the
incoming (anti)neutrino fluxes of the accretion phase in normal (NH) and inverted (IH) mass hierarchy: (a) r25%,2F" [1071]
(b) r:'fegs Fo () r:’fi;‘? [10="]. The three columns correspond to (i) (E,) = 8 MeV, (ED,} = 11 MeV, (E_) = 13 MeV; (ii)

(ES) = 10 MeV, (,é'ﬂe) =13 MeV, (EY ) = 15 MeV; and (iii) {(ED) = 12 MeV, (ED ) = 15 MeV, (EJ ) = 19 MeV. Al, A2,
A3 denote the combinations of the luminosity ratios for the accretion phase given in Tab. [[
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Why neutrino-nucleus reactions?
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FIG. 7: The ratios rese of the number of the detector events induced in mineral oil (CHy), water (HzO), and 2%*Pb for the
incoming (anti)neutrino fluxes of the cooling phase in normal (NH) and inverted (IH) mass hierarchy for three configurations
of initial v average energies. The same notation as in Fig. [flapplies. C1, €2, C3 denote the combinations of the luminosity
ratios for the cooling phase given in Tab.
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