
Lee-Yang zeros analysis of 
effective theories toward lattice QCD

Masayuki Wakayama

The Future of lattice-QCD studies in Korea 
@ PKNU (2019.9.6)

1/38

CENuM, Korea University
Pukyong National University

M. Wakayama



2/38

Contents
1. Canonical Approach
2. Lee-Yang zeros (LYZs)
3. Lattice QCD Results

MW, V.G. Bornyakov, D.L. Boyda, V.A. Goy, H. Iida, 
A.V. Molochkov, A. Nakamura, V.I. Zakharov, 
PLB793, 227 (2019)

4. Study of the NJL model
MW, A. Hosaka, PLB795, 548 (2019)

5. Study of the PNJL model and 
Progress of Recent Lattice QCD Calculations

6. Summary & Future works
M. Wakayama



3/38

QCD Phase diagram (Prediction)

μ (Density)

T (Temperature)

Quark-Gluon Plasma Phase

Hadron Phase Color Superconducting 
Phase

� Deconfinement

� Confinement

M. Wakayama

Neutron Star

Early U
niverse

Where are the critical point and the phase transition line?
Lattice QCD at finite density: Existence of the sign problem



4/38

QCD Phase diagram (Prediction)
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⟨n| e−Ĥ/T |n⟩ enµq/T (58)

=
∑

n

Z(n, T, V )ξn (59)

ξ = eµq/T (60)

5

5/38

Canonical Approach

Canonical partition function

Fugacity:

M. Wakayama

Grand Canonical partition function
Fugacity expansion
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Canonical Approach

Fourier transformation
A. Hasenfrantz & D. Toussaint, 
Nucl. Phys. B371 (1992)

We can calculate ZGC with Monte Carlo
Method at pure imaginary μq.
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History

A. Hasenfrantz, D. Toussaint, Nucl. Phys. B371 (1992)
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Basic Idea of Canonical Approach

Numerical instability of (discrete) Fourier transformation
Þ No, this is caused by cancelation

of significant digits !
Sign Problem ?

R.Fukuda, A.Nakamura, S.Oka, PRD93 (2016)

Multiple-precision arithmetic
1.23456789012345666666666

– 1.23456789012345555555555 = 0.000000000000001111111111
(24 significant digits)               (10 significant digits)

1.234567890123456 – 1.234567890123455 = 0.000000000000001
(16 significant digits)                 (1 significant digits)
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History

A. Hasenfrantz, D. Toussaint, Nucl. Phys. B371 (1992)
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Basic Idea of Canonical Approach

Numerical instability of (discrete) Fourier transformation
Þ No, this is caused by cancelation

of significant digits !
Sign Problem ?

R.Fukuda, A.Nakamura, S.Oka, PRD93 (2016)

In multiple-precision arithmetic, 
we can evaluate  Zn up to high n 
region with accuracy. 

In double-precision arithmetic, 
cancelation of significant digits 
occurs at high n region. 
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Number density Integration method
V.G. Bornyakov et al., 
PRD95, 094506 (2017)

M. Wakayama

Quark number density
How to calculate

Approximated by a Fourier series.

M. Wakayama, A. Hosaka / Physics Letters B 795 (2019) 548–553 549

computational method of LYZs. In Sec. 4, the numerical results are 
shown. After that, we discuss the extrapolation procedure from the 
analysis of finite degrees of freedom to the case of infinite degrees 
of freedom. Section 5 is devoted to the summary.

2. Canonical approach in the NJL model

Let us begin with a brief review of the canonical approach. The 
grand canonical partition function ZGC at a quark chemical poten-
tial µ, a temperature T and a volume V of the system can be 
written as

ZGC(µ, T , V ) =
∞∑

n=−∞
⟨n| e

−
(

Ĥ−µN̂
)
/T |n⟩

=
∞∑

n=−∞
ZC (n, T , V )ξn , (1)

where Ĥ , N̂ , ξ and ZC (n, T , V ) are the Hamiltonian operator, the 
quark number operator, the quark fugacity defined by ξ = eµ/T and 
the canonical partition functions, respectively. Applying Fourier 
transformation to ZGC at the pure imaginary chemical potential 
µ = iµI (µI ∈R), we obtain the canonical partition functions,

ZC (n, T , V ) =
2π∫

0

dθ

2π
e−inθ ZGC(iµI , T , V ) , (2)

where θ = µI
T . In order to suppress the cancellation of significant 

digits that comes from the high frequency of e−inθ at large n, we 
perform Fourier transformation with multiple-precision arithmetic.

In lattice QCD calculations, moreover, the integration method 
[14–18] is used to extract ZC for large n. In the integration 
method, ZGC (iµI ) is evaluated from the number density,

nq

T 3 (iµI ) = 1
V T 2

∂

∂(iµI )
ln ZGC (iµI ) . (3)

Since ZGC (iµI ) is a real quantity, we define nq by the real val-
ued nqI by nq = inqI at µ = iµI . It is well known that nqI can be 
approximated by a Fourier series,

nqI

T 3 (θ) =
Nsin∑

k=1

fk sin(kθ) , (4)

with a finite number of terms of Nsin [25,26]. Fitting the Fourier 
series to nqI , we can evaluate ZGC at the imaginary µ in good 
approximation from

ZGC(iµI , T , V ) = C exp

⎧
⎨

⎩ −V

θ∫

0

dθ ′ nqI (θ
′)

⎫
⎬

⎭

= C exp

⎧
⎨

⎩ V T 3
Nsin∑

k=1

fk

k
cos (kθ)

⎫
⎬

⎭ , (5)

where C is an integration constant.
In this paper, we compute nqI in Eq. (4) in the NJL model. The 

Lagrangian density of the NJL model is

L = ψ̄
(
iγ ν∂ν − mq

)
ψ + G

[(
ψ̄ψ

)2 +
(
ψ̄ iγ5τ⃗ψ

)2
]

, (6)

where ψ is the quark field with two flavors (N f = 2) and three col-
ors (Nc = 3) [23,24]. Given the current quark mass mq = 5.5 [MeV], 

the remaining parameters, the coupling constant G and the cut-
off ) are determined such that the pion decay constant fπ = 93
[MeV] and the constituent quark mass mq = 335 [MeV] are re-
produced in the mean field approximation, G = 5.5 [GeV−2] and 
) = 631 [MeV]. First, we investigate the case of infinite volume. 
In this case, the thermodynamic potential (per unit volume) ω is 
defined by utilizing the Matsubara formula as

ω(T ,µ)

= 1
2G

(
M − mq

)2

− 2Nc N f
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d3 p

(2π)3

{
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(
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)
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+T ln
[

1 + e−
(

E p−µ
)
/T

]}
, (7)

where the energy and the constituent quark mass are given as 
E p =

√
p2 + M2 and M = mq − Gσ , respectively. The chiral con-

densate σ ≡ ⟨ψ̄ψ⟩ is evaluated from the stationary condition 
∂ω/∂σ = 0.

Since the number density nq is defined as nq ≡ −∂ω/∂µ, we 
find in the NJL model
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. (8)

Note that the constituent quark mass M in Eq. (8) obeys the fol-
lowing gap equation:

M = mq + 2Nc N f GM
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1 − 2
(
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.

(9)

3. Lee-Yang zeros

In numerical calculations, the fugacity expansion of the grand 
canonical partition function in Eq. (1) is truncated at a finite value 
Nmax as

ZGC(µ, T , V ) =
Nmax∑

n=−Nmax

ZC (n, T , V )ξn . (10)

Since Nmax is the maximal value of the net-quark number in the 
system, degrees of freedom of the system are limited by the finite 
Nmax. Therefore, we need to take the limit Nmax → ∞ because 
a system with a finite degree of freedom does not have a phase 
transition in the real finite chemical potential.

The theorems of Yang and Lee [19,20] are of universal and pow-
erful use to investigate phase structures for a system with finite 
degrees of freedom. The so-called Lee-Yang zeros (LYZs), which are 
the zeros of grand canonical partition functions in complex fugac-
ity plane, provide us with various information on phase transitions. 
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Zeros of ZGC called Lee-Yang Zeros contain a valuable 
information on the phase transitions of a system.

There are 2Nmax LYZs
in the complex                 plane.
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μ (Density)

T (Temperature) Phase Transition
Nmax ~ infinity
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Zeros of ZGC called Lee-Yang Zeros contain a valuable 
information on the phase transitions of a system.

There are 2Nmax LYZs
in the complex                 plane.



17/38

Outline

M. Wakayama

(detD (µq))
∗ = detD

(
−µ∗

q

)
(1)

(detD (iµqI))
∗ = detD (iµqI) (2)

µq = iµqI (3)

ZGC(µq, T, V ) =

∫
DU detD(µq) e

−SG (4)

ZGC(µq, T, V ) =
∞∑

n=−∞
Z(n, T, V )ξn ξ = eµq/T (5)

ZGC(µq, T, V ) =
Nmax∑

n=−Nmax

Z(n, T, V )ξn ξ = eµq/T (6)

ZGC(µB, T, V ) =
Nmax∑

n=−Nmax

Z3nξ
n
B (7)

Zn =
Z(n, T, V )

Z(0, T, V )
(8)

ZGC(ξB, T, V ) =
Nmax∑

n=−Nmax

Z(n, T, V ) ξnB = 0 ξB = eµB/T (9)

(Nmax, V ) → ∞ (10)

ZGC(µB, T, V ) =
Nmax∑

n=−Nmax

Z(3n, T, V )ξnB (11)

Z(n, T, V ) =

∫ 2π

0

d(µqI/T )

2π
e−inµqI/TZGC(µq = iµqI , T, V ) (12)

1

(detD (µq))
∗ = detD

(
−µ∗

q

)
(1)

(detD (iµqI))
∗ = detD (iµqI) (2)

µq = iµqI (3)

ZGC(µq, T, V ) =

∫
DU detD(µq) e

−SG (4)

ZGC(µq, T, V ) =
∞∑

n=−∞
Z(n, T, V )ξn ξ = eµq/T (5)

ZGC(µq, T, V ) =
Nmax∑

n=−Nmax

Z(n, T, V )ξn ξ = eµq/T (6)

ZGC(µB, T, V ) =
Nmax∑

n=−Nmax

Z3nξ
n
B (7)

Zn =
Z(n, T, V )

Z(0, T, V )
(8)

ZGC(ξB, T, V ) =
Nmax∑

n=−Nmax

Z(n, T, V ) ξnB = 0 ξB = eµB/T (9)

(Nmax, V ) → ∞ (10)

ZGC(µB, T, V ) =
Nmax∑

n=−Nmax

Z(3n, T, V )ξnB (11)

Z(n, T, V ) =

∫ 2π

0

d(µqI/T )

2π
e−inµqI/TZGC(µq = iµqI , T, V ) (12)

1

Lattice QCD

ZGC(iµqI , T, V ) =

∫
DU detD(iµqI) e

−SG (13)

ξB = −1 ⇔ µq/T =
(2k + 1)πi

3
(14)

nq(µq = iµqI , T, V ) (15)

nq

T 3
(µq = iµqI) =

1

V T 2

∂

∂µq
lnZGC(µq = iµqI) (16)

nq

T 3
=

1

V T 2

∂

∂µq
lnZGC (17)

=
1

V T 3

1

ZGC

∫
DU detD(µq) e

−SG Tr

[
D−1 ∂D

∂(µq/T )

]
(18)

nB

T 3
=

1

3V T 2

∂

∂µq
lnZGC (19)

=
1

3V T 3

1

ZGC

∫
DU detD(µq) e

−SG Tr

[
D−1 ∂D

∂(µq/T )

]
(20)

nB = inBI (21)

nq = inqI (22)

θ =
µqI

T
(23)

nqI

T 3
(θ) ∼

∑

k

f3k sin(3kθ) (24)

f3 sin(3θ) (25)

2

Fourier transformation

(detD (µq))
∗ = detD

(
−µ∗

q

)
(1)

(detD (iµqI))
∗ = detD (iµqI) (2)

µq = iµqI (3)

ZGC(µq, T, V ) =

∫
DU detD(µq) e

−SG (4)

ZGC(µq, T, V ) =
∞∑

n=−∞
Z(n, T, V )ξn ξ = eµq/T (5)

ZGC(µq, T, V ) =
Nmax∑

n=−Nmax

Z(n, T, V )ξn ξ = eµq/T (6)

ZGC(µB, T, V ) =
Nmax∑

n=−Nmax

Z3nξ
n
B (7)

Zn =
Z(n, T, V )

Z(0, T, V )
(8)

ZGC(ξB, T, V ) =
Nmax∑

n=−Nmax

Z(n, T, V ) ξnB = 0 ξB = eµB/T (9)

(Nmax, V ) → ∞ (10)

ZGC(µB, T, V ) =
Nmax∑

n=−Nmax

Z(3n, T, V )ξnB (11)

Z(n, T, V ) =

∫ 2π

0

d(µqI/T )

2π
e−inµqI/TZGC(µq = iµqI , T, V ) (12)

1

Lee-Yang zeros

Phase transition point

nq(µq = iµqI , T ) (35)

nq(µq, T ) (36)

nq

T 3
(µq = iµqI) =

1

V T 2

∂

∂µq
lnZGC(µq = iµqI) (37)

nq

T 3
=

1

V T 2

∂

∂µq
lnZGC (38)

=
1

V T 3

1

ZGC

∫
DU detD(µq) e

−SG Tr

[
D−1 ∂D

∂(µq/T )

]
(39)

nq

T 3
=

1

V T 2

∂

∂µq
lnZGC (40)

nB

T 3
=

1

3V T 2

∂

∂µq
lnZGC (41)

=
1

3V T 3

1

ZGC

∫
DU detD(µq) e

−SG Tr

[
D−1 ∂D

∂(µq/T )

]
(42)

nB = inBI (43)

nq = inqI (44)

θ =
µqI

T
(45)

nqI

T 3
(θ) ∼

∑

k

f3k sin(3kθ) (46)

nqI

T 3
(θ) ∼

Nsin∑

k=1

fk sin(kθ) (47)

f3 sin(3θ) (48)

3

[detD(µq)]
∗ = det

[
D(µq)

†
]
= det

[
γ5D(−µ∗

q)γ5
]
= detD(−µ∗

q) (52)

µq = iµqI (53)

[detD(iµqI)]
∗ = detD(iµqI) (54)

[detD(µq)]
∗ = detD(−µ∗

q) (55)

ZGC(µq, T, V ) = Tr
(
e−(Ĥ−µqN̂)/T

)
(56)

=
∑

n
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⟨n| e−Ĥ/T |n⟩ enµq/T (66)

=
∑

n

Z(n, T, V )ξn (67)

5

M. Wakayama

MW, V. Bornyakov, 
D. Boyda, V. Goy, 
H. Iida, A. Molochkov, 
A. Nakamura, V. Zakharov, 
PLB793, 227 (2019)

ξ ↔ ξ∗ (38)

ξB = ξ3 (39)

N∑

k=−N

Zkξ
k = 0, ξ = ξ(i)N (i = 1, 2, · · · , 2N) (40)

N+1∑

k=−(N+1)

Zkξ
k = 0 (41)

N+1∑

k=−(N+1)

Zk

(
ξ(edge)N − δξN

)k
= 0 δξN : variable (42)

⟨O⟩µq
=

1

ZGC(µq)

∫
DU [detD(µq)]

Nf e−SG O [U ] (43)

ZGC(µq) =

∫
DU [detD(µq)]

Nf e−SG (44)

⟨O⟩µq
= lim

N→∞

1

N

N∑

i=1

O [Ui] (45)

µq = 0 (46)

µq ̸= 0 (47)

V = (Nsa)
3 (48)

Nmax (49)

N3
s (50)

ξB = eµB/T (51)

4

As Nmax increases, right edges of LYZs
approach to the real positive axis.

= 0 (43)

2Nmax∏

n=1

(ξ − αn) = 0 (44)

2Nmax∏

n=1

(ξ − αn) = 0 (45)

f(ξ) ≡
2Nmax∏

n=1

(ξ − αn) (46)

f ′(ξ)

f(ξ)
=

2Nmax∑

n=1

1

ξ − αn
(47)

1

2πi

∮

C

f ′(ξ)

f(ξ)
dξ = (48)

Z(+n, T, V ) = Z(−n, T, V ) (49)

Z(Nmax, T, V )

Z(0, T, V )
∼ 10−180 (50)

ξ ↔ ξ−1 (51)

ξ ↔ ξ∗ (52)

ξB = ξ3 (53)

N∑

k=−N

Zkξ
k = 0, ξ = ξ(i)N (i = 1, 2, · · · , 2N) (54)

4

Nmax dependence of LYZs



Phase transition point:                     ?
20/38

Lattice QCD Results (T/Tc=0.99)

µB/T ∼ 5-6 (52)

µB/T ∼ 3-3.5 (53)

SG (54)

D(µq) (55)

detD(µq) (56)

Nf (57)

D(µq) = Dνγν +m+ µqγ0 (58)

D(µq)
† = −Dνγν +m+ µ∗

qγ0 = γ5D(−µ∗
q)γ5 (59)

[detD(µq)]
∗ = det

[
D(µq)

†
]
= det

[
γ5D(−µ∗

q)γ5
]
= detD(−µ∗

q) (60)

µq = iµqI (61)

[detD(iµqI)]
∗ = detD(iµqI) (62)

[detD(µq)]
∗ = detD(−µ∗

q) (63)

ZGC(µq, T, V ) = Tr
(
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Is the extrapolation true?
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NJL model
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the canonical approach
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Integration method
V. Bornyakov et al., PRD95(2017)
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Susceptibility in the NJL model 

Critical Point: (T,μB) ~ (49,981) [MeV]

M. Wakayama

T [MeV] Real μB [MeV]

µq = 0 (74)

µq ̸= 0 (75)

V = (Nsa)
3 (76)

Nmax (77)
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s (78)

χBT/Λ
3 × 102 (79)

ξB = eµB/T (80)
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Phase transition of the NJL model

Critical Point: (T,μB) ~ (49,981) [MeV]

M. Wakayama
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Number density integration method (V. Bornyakov et al., PRD95(2017))
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Number density

Number density in the NJL model 

We fit the number density as it 
was done in the lattice simulations.
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Outline

M. Wakayama

NJL model
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Lattice QCD
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Fourier transformation
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Under the phase transition density, exact nB calculated at 
the real μB region can be reconstructed from the results of 
the canonical approach of Nmax≧200.

Nmax=1000
Nmax=0900
Nmax=0800
Nmax=0700
Nmax=0600
Nmax=0500
Nmax=0400
Nmax=0300
Nmax=0200

Nmax=0150
Nmax=0100
Nmax=0050

Exact nB calculated
at the real μB region

Nmax dependence of nB (T = Tcp)
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As Nsin increases, the difference around the phase 
transition point becomes small.

Nsin=2

Nsin=4

Exact nB calculated
at the real μB region

Nsin dependence of nB (T = Tcp)
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Nmax dependence (T = Tcp)

As Nmax increases, edges of LYZs approach to the real axis.
But we find that for the finite Nsin, edges of LYZs pass over 
the expected CP. 



nqI

T 3
(θ) ∼

Nsin∑

k=1

fk sin(kθ) (60)

f3 sin(3θ) (61)

3∑

k=1

f3k sin(3kθ) (62)

7∑

k=1

f3k sin(3kθ) (63)

nqI

T 3
(θ) ∼

∑

k

a2k−1θ
2k−1 (64)

5∑

k=1

a2k−1θ
2k−1 (65)

a1θ
1 + a3θ

3 (66)

= 0 (67)

2Nmax∏

n=1

(ξ − αn) = 0 (68)

2Nmax∏

n=1

(ξ − αn) = 0 (69)

f(ξ) ≡
2Nmax∏

n=1

(ξ − αn) (70)

f ′(ξ)

f(ξ)
=

2Nmax∑

n=1

1

ξ − αn
(71)

5

Schematic flows of the edges of LYZs
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Nmax dependence (T = Tcp)
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We have succeeded in subtracting the first term associated with the 
finite Nsin effect from the fitted function. The resulting curve represented 
the dotted curve nicely reproduces the expected CP in the NJL model. 
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χ2/dof = 0.52 χ2/dof = 1.03

Nmax dependence (T < Tcp)

This extrapolation procedure works well to obtain 
the expected phase transition points (PTP).
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χ2/dof = 29 χ2/dof = 1586

Nmax dependence (T > Tcp)

Our results are different from the pseudo phase transition 
points (PPTP), which is consistent with the disappearance 
of PTP.
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Nmax dependence (T < Tcp) in the PNJL model
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Preliminaries
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Fig. 3. The Nmax and Nsin dependences of LYZs in the complex ξ plane. The black 
filled circle corresponds to the expected critical point (CP) calculated at the real 
finite chemical potential.

Fig. 4. Schematic flows of the right edges of LYZs as Nmax and Nsin are varied.

for V T 3 = 13, 23, and 43. For V T 3 = 43, however, the computa-
tion time increases enormously long and so only the right edge is 
shown. From the behavior of the three right edges, we see that 
the volume dependence is suppressed for V T 3 ≥ 23. Therefore, we 
will use V T 3 = 23 in the following discussions of the Nmax and 
Nsin dependences of the LYZs in the next subsection. The use of 
V T 3 = 23 is also justified in comparison with the argument of 
Ref. [29], where V ∼ (5 [fm])3 is shown to be sufficiently large. 
In the present study the interested region of the temperature is 
around T ∼ 50 [MeV], V ∼ (2/50 [MeV−1])3 ∼ (8  [fm])3.

In the present analysis, we have minimized the volume depen-
dence for the study of the Nmax and Nsin dependences. To treat 
the volume dependence we need to take into account a boundary 
condition properly. In doing this the behavior of the LYZs can also 
be applied to extract the information of the critical exponent. This 
interesting question is left for a future study.

4.3. Nmax and Nsin dependences and fitting curves

In the canonical approach, there are two parameters, Nmax and 
Nsin. In Fig. 3, we show how the right edge depends on these pa-
rameters. We find that for finite Nsin as Nmax increases, the right 
edges of LYZs pass over the expected CP and go to the origin. The 
behavior is more noticeable for smaller Nsin. The reason why the 
right edges do not approach the CP but do the origin in large-Nmax
limit is that the imaginary number density is approximated by a 
Fourier series with finite terms as in Eq. (4). In this case, phase 
transitions do not occur in the real chemical potential. Schematic 
flows of the right edges of LYZs against Nmax and Nsin changes are 
summarized in Fig. 4.

Fig. 5. The Nmax dependence of LYZs at T = 49 [MeV] in the complex ξ plane. 
The blue crosses stand for the right edges of LYZs. The solid and dotted curves 
represent the fitting function of the right edges of LYZs and the curve subtracting 
the first term from the fitting function. The red open circle means a point, ξ =
(x0, 0), where is the intersection of the dotted curve and the real axis. The black 
filled circle corresponds to the expected critical point (CP) calculated at the real 
finite chemical potential.

To obtain more insight on the results and to extract the phase 
transition point by the data with finite Nmax and Nsin, we try to fit 
the right edges of LYZs by a trial function. Fig. 5 shows the Nmax
dependence of the right edges of LYZs. The points are computed at 
Nmax = 32-512 by a step 32 as shown there. Although a fit func-
tion is arbitrary, we can fit with good accuracy with polynomial 
and rational functions as follows:

y = b
(
cx0 − dx2

0

)

x + b
+ c (x − x0) + d (x − x0)

2 , (13)

where y = Im[ξ ], x = Re[ξ ] with the parameters b, c, d and 
x0. This functional form is inspired by the expected behavior in 
the presence of the phase transition satisfying y(x0) = 0 in the 
limit Nmax, Nsin → ∞. This is implemented by the polynomial 
terms which is nothing but the Taylor expansion at x0, and hence 
y(x0) = 0 is automatically satisfied. In contrast, for finite Nsin, y
deviates from that and should approach the origin in the limit 
Nmax → ∞. Indeed by adding the first term the trial functions 
satisfies y(0) = 0. In the absence of the phase transition, this ar-
gument can not be applied but is replaced by an instability of the 
fitting as we will discuss shortly.

In Fig. 5, the right edges of LYZs computed at Nsin = 4 and at 
various Nmax from 32 to 512 with a step 32 are shown by blue 
cross points. The green solid line is the fitted function by Eq. (13)
and the red dotted line is the one of the polynomial terms. The fit-
ting is performed by the weighted least-squares method where the 
weights 1/(δyi)

2 are given by the systematic errors of the cBK al-
gorithm δyi . We find that the data points of the right edges of the 
LYZs are reproduced with good accuracy: χ2/DOF = 3.95/12. As if 
to prove that the first term is the finite Nsin effect, the curve sub-
tracting the first term, which is represented by the dotted curve, 
crosses the real axis at x0 = 1.33(14) × 10−3. The result is consis-
tent with the value of expected CP, ξCP = 1.26  × 10−3. Note that 
the other parameters c and d in the resulting curve are also the 
same as the ones of the fitting function: c = 4.15(34) × 10−1 and 
d = 7 .26 (15) × 10.

In Fig. 6 , we also show the Nmax dependence of LYZs at low 
temperatures, 29 and 39 [MeV]. Then, we find that the extrapola-
tion procedure performed in the simulation at T = 49 [MeV] works 
well to obtain the expected transition points (TP) with good accu-
racy. Therefore, we can conclude that the extrapolation procedure 
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Fig. 3. The Nmax and Nsin dependences of LYZs in the complex ξ plane. The black 
filled circle corresponds to the expected critical point (CP) calculated at the real 
finite chemical potential.

Fig. 4. Schematic flows of the right edges of LYZs as Nmax and Nsin are varied.

for V T 3 = 13, 23, and 43. For V T 3 = 43, however, the computa-
tion time increases enormously long and so only the right edge is 
shown. From the behavior of the three right edges, we see that 
the volume dependence is suppressed for V T 3 ≥ 23. Therefore, we 
will use V T 3 = 23 in the following discussions of the Nmax and 
Nsin dependences of the LYZs in the next subsection. The use of 
V T 3 = 23 is also justified in comparison with the argument of 
Ref. [29], where V ∼ (5 [fm])3 is shown to be sufficiently large. 
In the present study the interested region of the temperature is 
around T ∼ 50 [MeV], V ∼ (2/50 [MeV−1])3 ∼ (8  [fm])3.

In the present analysis, we have minimized the volume depen-
dence for the study of the Nmax and Nsin dependences. To treat 
the volume dependence we need to take into account a boundary 
condition properly. In doing this the behavior of the LYZs can also 
be applied to extract the information of the critical exponent. This 
interesting question is left for a future study.

4.3. Nmax and Nsin dependences and fitting curves

In the canonical approach, there are two parameters, Nmax and 
Nsin. In Fig. 3, we show how the right edge depends on these pa-
rameters. We find that for finite Nsin as Nmax increases, the right 
edges of LYZs pass over the expected CP and go to the origin. The 
behavior is more noticeable for smaller Nsin. The reason why the 
right edges do not approach the CP but do the origin in large-Nmax
limit is that the imaginary number density is approximated by a 
Fourier series with finite terms as in Eq. (4). In this case, phase 
transitions do not occur in the real chemical potential. Schematic 
flows of the right edges of LYZs against Nmax and Nsin changes are 
summarized in Fig. 4.

Fig. 5. The Nmax dependence of LYZs at T = 49 [MeV] in the complex ξ plane. 
The blue crosses stand for the right edges of LYZs. The solid and dotted curves 
represent the fitting function of the right edges of LYZs and the curve subtracting 
the first term from the fitting function. The red open circle means a point, ξ =
(x0, 0), where is the intersection of the dotted curve and the real axis. The black 
filled circle corresponds to the expected critical point (CP) calculated at the real 
finite chemical potential.

To obtain more insight on the results and to extract the phase 
transition point by the data with finite Nmax and Nsin, we try to fit 
the right edges of LYZs by a trial function. Fig. 5 shows the Nmax
dependence of the right edges of LYZs. The points are computed at 
Nmax = 32-512 by a step 32 as shown there. Although a fit func-
tion is arbitrary, we can fit with good accuracy with polynomial 
and rational functions as follows:

y = b
(
cx0 − dx2

0

)

x + b
+ c (x − x0) + d (x − x0)

2 , (13)

where y = Im[ξ ], x = Re[ξ ] with the parameters b, c, d and 
x0. This functional form is inspired by the expected behavior in 
the presence of the phase transition satisfying y(x0) = 0 in the 
limit Nmax, Nsin → ∞. This is implemented by the polynomial 
terms which is nothing but the Taylor expansion at x0, and hence 
y(x0) = 0 is automatically satisfied. In contrast, for finite Nsin, y
deviates from that and should approach the origin in the limit 
Nmax → ∞. Indeed by adding the first term the trial functions 
satisfies y(0) = 0. In the absence of the phase transition, this ar-
gument can not be applied but is replaced by an instability of the 
fitting as we will discuss shortly.

In Fig. 5, the right edges of LYZs computed at Nsin = 4 and at 
various Nmax from 32 to 512 with a step 32 are shown by blue 
cross points. The green solid line is the fitted function by Eq. (13)
and the red dotted line is the one of the polynomial terms. The fit-
ting is performed by the weighted least-squares method where the 
weights 1/(δyi)

2 are given by the systematic errors of the cBK al-
gorithm δyi . We find that the data points of the right edges of the 
LYZs are reproduced with good accuracy: χ2/DOF = 3.95/12. As if 
to prove that the first term is the finite Nsin effect, the curve sub-
tracting the first term, which is represented by the dotted curve, 
crosses the real axis at x0 = 1.33(14) × 10−3. The result is consis-
tent with the value of expected CP, ξCP = 1.26  × 10−3. Note that 
the other parameters c and d in the resulting curve are also the 
same as the ones of the fitting function: c = 4.15(34) × 10−1 and 
d = 7 .26 (15) × 10.

In Fig. 6 , we also show the Nmax dependence of LYZs at low 
temperatures, 29 and 39 [MeV]. Then, we find that the extrapola-
tion procedure performed in the simulation at T = 49 [MeV] works 
well to obtain the expected transition points (TP) with good accu-
racy. Therefore, we can conclude that the extrapolation procedure 

Zoom

The result and the expected PTP differ by about O(10). 
There is room for improvement on the fitted function. 
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Progress of recent LQCD calculations

M. Wakayama

FEFU group, PLB793, 227 (2019)
Previous LQCD study More Realistic LQCD study

� Clover fermion action
� Iwasaki gauge action
� Lattice size: 4x16x16x16
� mπ/mρ ~ 0.80 (mπ ~ 0.7GeV)
� T/Tc = 0.84(4), 0.93(5), 0.99(5), 

1.08(5), 1.20(6), 1.35(7)
� # of μI: 20-40 points
� 1800-3800 conf.

� Clover fermion action
� Iwasaki gauge action
� Lattice size: 4x24x24x24
� mπ/mρ ~ 0.42 (mπ ~ 0.33GeV)
� T/Tc ~ 0.95, 1.1 

(Tc = 168(10)MeV)
� # of μI: 20 points
� 200, 700 conf.  (preliminaries)

The search of lattice parameters (β,κ) so as to be 
mπ/mρ ~ 0.42 is done with a 16x16x16x16 lattice, 
which we regard as zero temperature. 
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Progress of recent LQCD calculations

M. Wakayama

Previous LQCD study More Realistic LQCD study

T/Tc~1.1

T/Tc~0.95

Preliminaries
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Summary
�We studied Lee-Yang zeros for Zn obtained from the

canonical approach in lattice QCD and the NJL model. 

� The phase transition points can be roughly estimated
from lattice QCD. 

�We found the reasonable extrapolation procedure of the 
edge of LYZs in the NJL model.

M. Wakayama

�We search an extrapolation procedure for the PNJL model.

� Realistic lattice QCD calculations
and determine the QCD phase transitions

Future works


