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Mission of this talk

This talk is about:

@ Small story about Vladivostok Lattice group 2015 - now:
Dense LQCD, Canonical Approach, RHIC multiplicity

Main goals:
@ Present “cheap” way of dense LQCD study
e Compare our results with state of the art data

@ Show important physical conclusions
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Vladivostok Lattice Group
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The outline

Introduction: QCD Phase Diagram, Lattice QCD, Sign Problem
Taylor expansion approach

Analytical continuation approach

Lattice Setup

Number density for imagine chemical potential

o

°

o

o

o

o Comparisson with Taylor approach

@ Canonical Approach: Integration method
@ Thermodynamical observables

@ Crossover line curvature estimation
@ Comparison of our results with RHIC data
o Multiplicity: RHIC and Lattice

o

Summary
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QCD Phase Diagram

l 7 _ The Phases of QCD

Experiments on heavy ion
collisions:

RHIC, LHC, J-PARC, NICA

Quark-Gluon Plasma

' Theory

il = : LQCD is only tool based on
, first principles calculation to
Crtical Point : = - study QCD Phase Diagram

Color ™

Hadron Gas -
Superconductor

but only for zero density (?)
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Lattice QCD

Quantization with Lattice QCD
(C. Gattringer et.al. Quantum chromodynamics on the lattice (2010)):

) 1 8 A N N .
im_gtr [T 00 = 3200l nlOrf0)e ™
1 & A ¢ _
Sotr [T O] /me % 0,[4] Ou[o]

@ continuous space-time — discrete 4D Euclidean lattice with lattice spacing a
» S — SE
» x—an, n,=0,1,2,.N—-1
> Y(x) = P(n), Aux) = Upu(n) = e84

@ Discretization of Sg — St under Iim0 Sht — 5
a—

Operators are translated to fuctions

@ Euclidean correlates are computed on configurations generated with Boltzman
probability P(U) x eIl
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Lattice QCD

Standard Monte Carlo techniques
Zoc(u, T, V) = /DUDwD& e F56 = /DU(det A(p))Nre=¢

Iwasaki Gauge Action

Se =4 ( > ReTr (1= Upt(x) + e Relr (1- Uy 2)> |
X,V X,V

Fermion Action (Improved Wilson Action) S¢p =3, ;> . _fo,y¢;

3

Yol
i=1

5x,y+7}

fﬂ{eaﬂq(l — 74)UX745x+f1,y + e_aﬂq(l -+ ’}/4)U;[74(5X7y+a}
—OxyCSWH Z O';WP;W

p<v
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Sign problem

Standard Monte Carlo techniques
Zoc(p, T, V) = /DUD¢D1Z e SF 5 = /DU(detA(u))Nfe_SG

Monte Carlo works: Boltzman weight P(U) o< el
o u is real — det A(u) is complex
@ u is imaginary — det A(u) is real
(determinant satisfies relation [det A(u)]* = det A(—u*))

Ul is positive

Approaches

@ zero density (u is real) — Taylor Expansion method

@ imagine density (u is imaginary) — Analytical Continuation
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Taylor expansion approach - existing data

Expand Logarithm of Partition Fuction in power of u:

P d I\ 1 N3 0"In Zgc

— logZ >l (%) xalT) = b 5125
T4~ VT3 ogZec(n) = n:OX"( T XolT) = J0 N5 a0u/T)r o

And calculate x, using Monte Carlo at = 0:
< (TrATIA' ATIA L ATIAY)

o state of the art
The QCD Equation of Stati to O(1%) from Lattice QCD//
A. Bazarov et. al. Phys. Rev. D 95, 054504 (2017)

T/T.€[0.84,2.14], ug/T <=2, T. = 154 = 9Mev
@ same lattice action
Equation of State and Heavy-Quark Free Energy at Finite Temperature and Density

in Two Flavor Lattice QCD with Wilson Quark Action
S. Ejiri et. al. Phys. Rev. D 82, 014508 (2010)

T/T. €[0.84,2.) ug/T <= 3.6
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Analytical continuation approach - comparisson

Using Monte Carlo at imaginary pu calculate number density:

= 3N3Nt/DUe Setr [A‘ a‘(ai)] (detA(p))"r

lat __

3NN O(ap)

B

1 OJln

Videlo

And fit it as function of u:

o Deconfinement: P°(x) = Y k™ a,

(,U// T)2k+1
o Confinement: £"(x) = S5 £, sin(k u/ T)

J. Takahashi et.al. Phys. Rev. D 91, 014501 (2014)

T/Teo aD) B B x2/d.of. 1/ T (fitting range)
0.93 0.250(2) 5.937 0~ /3
0.93 0.251(2) —0.00457(216) 6.084 0~ m/3
0.93 0.251(2) —0.00526(219) 0.00440(214) 6.290 0~ m/3
0.99 0.718(2) 11.06 0~ /3
0.99 0.728(3) —0.0179(26) 7.453 0~ /3
0.99 0.727(3) —0.0137(30) —0.00825(276) 7.288 0~ 7/3
Ours
2z
T/Tc | f3 [ fo [ a [ a3 [ as [ X?/Naor | Naor | 2cp
0.99 | 0.7326(25) | -0.0159(21) 2.102(5) 2.719(17) 0.453(55) 0.83 18 | 2.071(34)
0.93 0.2608(8) - 0.7824(24) | -1.1736(36) | 0.5281(16) 0.93 37 | 0.713(40)
0.84 0.0844(7) 0.2532(21) | -0.3798(31) | 0.1709(14) 0.41 18 | 0.251(35)
PRy



Our Lattice Setup

clover improved Wilson action

Iwasaki gauge action

Lattice 4x163 (L ~ 3.2fm, a ~ 0.2fm)

%’; =08 (m;=0.7GeV)
T/T.=0.84,0.93,0.99,1.08,1.20,1.35

@ 40 values py, 1800 - 3800 configurations (10 trajectories separated)

Parameters were taken from
S. Ejiri et. al., PRD 82, 014508 (2010)

Our cluster: Vostokl (20 GPU K40) =~ 23 Tflops
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Number density n2f(y;) at imagine p;:

Lattice data and Fitting

Taylor Series (T > T.) Fourier Series (T < T¢)

kmax

kmax
£ (x fesin(kx), x= T
£l () = Zak 2k Z K wr/
[l S e 025 RNy
e R — N
—— 0.2
1 /_/./ o /
@ 0.8 ’.//:/“ bl 0.15 T/T =0.99 ——
E 2l B S T/Te=0.93 - -
2 06 /‘/ . = / T/Te=0.84 ——
7 0.1
0.4 P ; // Nl e o \\
02 /y 0.05 B
: g i’.;r;“ T, o e, 'S
0 0 —
0 05 1 15 2 25 3 0 o5 1 15 2 25 3
ug/T /T

@ Presicions increased

@ More series terms extracted
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Comparisson with Taylor expansion

oo
F = stosZecti) = Sl T) (1) () = L NE O Zec
- GC n — n = ——3 A T
4 VT3 ) 3
T VT T nt N3 O(u/T)" =0
12 : : 2 : : : :
this work —e— this work +—e—
1k 241QCD  —=— 4 er 241QCD  —a— |
1 =
08 f 05
EDN m;g
06 =0
N 2
05
04|
.1 F
02|
A5 F
0 e . . . . . . . o b ‘ . ‘ . ‘ . ‘
08 09 1 11 12 13 14 15 16 08 09 1 11 12 13 14 15 16
T, T,

2+1 QCD - The QCD Equation of Stati to O(u$) from Lattice QCD // A. Bazarov et. al. Phys.
Rev. D 95, 054504 (2017)

Surprising agreement with state of the art data (physical quark mass)!
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Canonical approach

By definition
A N o0 -
Zoc(u, TV)=Tr(e #7)= 3 <nle 7|n>e¥ =
n=—oo
oo o
= Z ZC(”: T, V)e“TP = Z Zp€"
n=—00 n=—00

Zc(n, T, V) - canonical partition function (Z, in following)
¢ = et T - fugacity
N - operator of any conserved quantum number (baryon, charge, etc.)

For imaginary u we can calculate Z, by inverse Fourier transformation (A.
Hasenfratz and D. Toussaint, Nucl. Phys. B 371 (1992))

27

do _,

4—/ —e M7cc(n=1i0T, T,V).
0 27'('
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Integration method

Idea: Using lattice data of baryon density ng() calculation
restore Grand Canonical Partition Function Zgc(p/T)
For imagine chemical potential (

=iu;, 0=p/T):
ng = LZe) s nzec(0) — InZec(0) = V [ d(if) i Im[ns(0)]
B = V(1) o e N
Zc(6 4
Zzzgog = exp( V [, dx /m[nB(x)]>
2m dé _—ino Z (9) 2m —in — 24 X
7 BRI e ey i
n/ <0 — f27f do Zsc(6) - j‘27" do —Vfo dx Im[ng(x)] "’
0 27 Zec(0) 0 2x€

where Im[ng(0)] -

Monte Carlo data
@ numerical integration

@ use of some parametrization (fP°/(x) or £*"(x)) for ng(x)
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Integration method STRATEGY

Q Calculate ng(u;/T) using LQCD simulation at imaginary

M = st SRS = s | DUeSetr | A1 080 (detd\ ()™

@ Fit lattice data of number density to some function n'st ~ f(p;/T)
Deconfinement: £Po(x) = STk ay () T)2+1
Confinement: f*"(x) = Zi’"‘” fresin(k w1/ T)

© Restore Zgc(py)
Zeclth = exp (= V Jy d(5) Fui/T))

O Calculate Z, as Fourier transformation of Zgc (1)
_JFT e Z5¢(0)/ Z6c(0)
Zn/ZO = =0 szﬂ dﬁ ZGC(9 /ZGC(O)

@ Using Z, calculate Zgc(p) at real i
Zec(n) =2 oo Zne' ™
and thermodynamic observables (nB = % (('Zf"‘TC)) =C

23y rmax nZ, sinh(np/T)
142 "max Z, cosh(np/T)
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Number density n2t(p;) at imagine ju;:

Lattice data and Fitting

Taylor Series (T > T.) Fourier Series (T < T¢)

kmax

kma)(
fs'" fesin(kx), x= T
£l () = Zak 2k Z K wr/
[l S e 025 sl
e R — N
—— 0.2
1 /_/./ - /
@ 0.8 ’.//:/“ ® 0.15 T/T =0.99 ———
E 2l B S T/Te=0.93 - -
€ 06 //~/ = S /o TmS-084 e
0.4 //'/ P / ’_u".)r 'l',* \k\
A -
: g ~;-;“ iy . e
0 0 L= auail e
0 05 1 15 2 25 3 0 05 1 15 2 25 3
ug/T /T

@ Presicions increased

@ More series terms extracted
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Canonical partition functions Z,
2m gfeefmeeLz(s)

4
Zn/Zo = 20 , LH:—V/demnx
/ 0 f027'r %eLZ(e) Z( ) o [ B( )]

10°
10-20
104
& 10"
& -80
N 10 ulj
_ T/T =0.84 ————
10719 | T/T=0.93
T/T =099 +

(o}

o

-120 | T/T.=1.08 + =
10 T/T.=1.20

10_140 T ‘\=1.3'5 ——
0 50 100 150 200 250

o
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Baryon density

oo n, H
un 1 9(InZgc) 2% rm> nZ, sinh(np/T)
Zoc(p)= Y ZneT =ng= Vo = —~i 7 cosh
— (/) 142370 Zy cosh(np/T)
g RSy e— | M RS p——
16 5 TMe=120 35 b TMe=120 ——
14 TTe=1.08 —— o TTo=1.08 —— .
4 TmS-0.99 = i 3 b T/To=0.99
12 F TTe=093 it it o5 | TM=093 —e— - ‘
- L TTe088 ot dle, 25 Tmo084 .
5 - R B o il
& i i o
c 08 T fi c I
L i 15 %
0.6 L i o ﬂﬁ o
0.4 i - e ! ____gifﬂﬁ
02 e et 05
0 ik "é&é@'sseeeesee 60068805 0 i el
0 05 1 15 2 25 3 35 0 05 1 15 2 25 3 35 4
ug/T 1p/Te To= 171 - 180 MeV
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Crossover transition line curvature estimation

Te(ug) = To(0) (1 & (T‘C‘fo)>2

: 15
T oTEE )
35 b TMe=120 14 [
T/To=1.08 —— . 1.3 |
3 b T/Te=0.99
o5 TTe=0.93 LA T ] 12
o, 250 TM-084 —— T - | 1.1
% 2 e M £ S —
c = — 1 1
15 {{H 0.9 — I
1 A 0.8 =
g & ~.
0.5 0.7 Reliable Lattice data ——
0 e 0.6 k=0.0149 ——
0.0067 ——
0 05 1 15 2 25 3 35 4 05 ‘ K :
ug/Tg, To = 171 - 180 MeV 0 1 2 3 4 5

wTc, Tc =171 - 180 MeV

@ k =0.0149(21) - The QCD phase diagram from analytic continuation // R. Bellwied et.
al. (2015) arXive:1507.07510

@ k= 0.0066(7) - The QCD phase diagram at nonzero quark density // G.Endrodi et. al.
JHEP 1104:001, 2011
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Comparisson with RHIC experiment

A. Nakamura, K. Nagata PTEP, 033D01 (2016)
RHIC STAR data (Luo X. CEJP 10, 1372 (2012))

Probability interpretation:

_ ZnE"
1= Zeetwy
Multiplicity: P, = Z,¢§" =

gzeu/T

N(n) _ NZn&"/Zgc(p) _
WO = Nz zectn) — 2&"/ %0
Z,= PPy &= y/F

Extracted fugacity £(= e*/T) agreed with HRG model estimation

V/sun, GeV | J. Cleynams | P. Alba | A. Nakamura
115 8.04 111 7.48
19.6 3.62 3.65 3.21
27.0 2.62 2.58 2.43
39.0 1.98 1.93 1.88
62.4 1.55 1.55 1.53
200.0 1.18 1.18 1.18

J. Cleaymans et al., Phys. Rev. C 73, 034905 (2006)
P. Alba et al., Phys. Let. B 738, 305 (2014)
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Comparisson with RHIC experiment: Baryon density

(e n .
un 1 9(InZgc) 23 mmax nZ, sinh(np/T)
Zoc(w)= Y Zc(n)eT = ng= v = L
n=—oo (/) 1423 max 7, cosh(nu/T)
18 e TEE ‘ : Vs =115+ V=27 « sy =624 T/T =135 v
16 T/Ti; 150 s Vsan =196« Vsyn=39 o Vs =200 ¢ T/T=093 v
TTe=1.08 —«

T4 F 112099 N i 05

12 b TTe=093 — o SRR mE L e
o TMe=084 —— % B 04
= 1 ¢ ¥ BT 03 et o 2R R
£ 08 e i e 03

e 5t 0
0.6 bt ot = 0.2
i+ - 6
0.4 ttﬁ,* -.-.__.- e 0.1
0.2 -y et
e
0 05 1 15 2 25 3 35 335
ng/T pg/T

Experimental data are extracted from RHIC STAR (Luo X. CEJP 10, 1372 (2012))
(A. Nakamura, K. Nagata PTEP, 033D01 (2016))
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Comparisson with RHIC experiment: Higher Moments

9
8 * 1 5 .. ] g +
7 12 .'f 522:14*‘
6 ‘ caootTREIE I 4
— e 0.9 *-8g g
< 5 ©8000,, .
g . 0.6 -
< . 03 e ]
; Y vigg 000012 15 18
ééﬁéﬁéﬁ 2 e ok ALAAAAAAALAA
0 Mk
0 0.5 1 1.5 2 2.5 3
p/T
Vs =115 + V=27« sy =624 T/T =135 e
Vsyn = 19.6 Vsn =39 & Vsn=200 o T/T=0.93 v
1.6 B B
1.4 Ty T
1.2 X X * X i
S Te et b e b s v e ws it
< 08 S yfegey
0.6 = " B = ©
04 .
02 (] (] L] L] [ ] L] L ] [ ] [} [ ] [ ] [}
0 0.15 0.3 0.45 0.6 0.75 0.9
Hp/T
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Mo/ T) =
9
(T5;)"log Zoc(u/T)
T = (154 +9) MsB
LQCD (arXive:1504.05274)
T and p
HRG arXiv:1403.4903
Ve, | T/Te
B
11.5 0.88
19.6 0.96
27 0.96
39 0.98
62.4 0.97
200 0.95
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Multiplicity: RHIC experiment data
RHIC STAR data (Luo X. CEJP 10, 1372 (2012))

sy = 11.5 GeV VS = 39 GeV =
sy = 19.6 GeV = sy = 62.4 GeV -+
\/§NN =27 GeV \/ENN =200 GeV o
10* —
103
101 x*x*xx)
10 :
0 ﬁiﬁ% 8g *
g 1Q1 ofR e "afs_ "
= 10 B ee' & xS
o -2 TN o " B_ x
10 ©a E - X
-3 unx¥ e . =.8 X
10 € e ]
-4 g a
10 e "D e ®
10° o #%1
100 L2 :
-5 10 -5 0 5 10 15 20 25 30 35
n
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Multiplicity: Lattice data
Probability interpretation:

_ N(n N Zn"/Z
g=eT Ngog = Nzos°?zgggﬁ) = Zn8"/ 2

_ Zn&"
1=>, Zgc(u)’

= |\/|u|t|p||C|ty ln, T, V) = g(T, V) em/T
10°
10 - i
410 e
< 10 s S
= 10718 e
= R L b
oo 1020 s )
Q_C 10‘25 :{ x: iff
S TM,=093, VNV, =1.0,WT =05 — !
100 F 5 TMe=093 VN =10, T =10 - |
S T/T,=093, VIV, =13,u/T=0.5
1038 | T/T =0.99,V/V =1.0, WT=0.5 - :
-30 -20 -10 0 10 20 30 40
n
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Multiplicity: interpolation on temperature

Py _
ln, T, V) =
1
P
0.95 —
0.9
0.85 %
08
N 075
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¥ 409 *
N
104
-5
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c
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Multiplicity: RHIC experiment data and Lattice
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o o i e
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Multiplicity: RHIC experiment data and Lattice (2)

10* 10°
102 art e, 10° SIS S
0 . "a! 103 = 8
e S I : .
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Multiplicity: Is fit quality good enough?

10*
LQCD data 2 +
103 X LQCD data 1 x
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Multiplicity: More careful comparison for \/syy = 7.7GeV

1.5
1
5_ 05 |
& c 0 B FEgEax ok Eoaww ¥ EEGELTL T i %
o E
2 -05
|
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Multiplicity: RHIC experiment parameters - 1

2.5

LQCD data 2
\ LQCD data 1 ———
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Multiplicity: RHIC experiment parameters - T

1.1
° LQCD data 2
11 LQCD data 1 ———
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10 100
Vsyn: GeV

Denis Boyda (FEFU) 6 September 2019 31/34



Multiplicity: RHIC experiment parameters - V
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Multiplicity: Is T and V parameters independent?
V-T dependence of fireball

o, T, V) =2(T,V)enw/T

LQCD data 1

M +‘
18 o™~ LQCDdata2 -
e 10
hY /
1 2 k3 /
123 10 ¥ /
e A [
83 R "y g
6 0 " \ "
S 10 % :
4 % T
Z qo! 7
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2 2 i H H
10
4 04 06 08 1 12 14 16 18 2 22

e VAR
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0.96

0.94

0.92

T,

T

ut

0.88
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0.84
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Even with small computer resources one can get important
results with Canonical Approach

We got agreement on state of the art Taylor approach data on
moments Y, which can indicate small dependence of these parameters
on quark mass

@ Our estimation on Crossover line curvature with Canonical Approach
is consistent with other estimations

@ We proposed new way of Heavy lon Collisions experiments analysis
base on multiplicity distribution and LQCD data

o Hadron matter in fireball is in thermalized state

@ Net-proton multiplicity is a good approximation for net-baron
multiplicity
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