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Holographic superconductor induced by CDW 

Outlines 
 

1.  The phase diagram of high temperature superconductivity 

2.  Holographic charge density waves  

3.  Holographic superconductor induced by CDW 

4.  Summary 
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The Phase Diagram of High Temperature Superconductivity 
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The relations between CDW and SC is the key to understand 
the mechanism of high temperature superconductivity 

1、Competitive  relations 

2、Cooperative relations 

3、Signaled by strong coupling  

•   The suppression of the critical temperature by CDW 

•   The competitions of order parameters 

•   The carriers grabbed by SC from CDW 

•   The positive correlation of the critical temperature   

•   CDW may improve the formation of Cooper pairs via phonons  

•   The formation of SC from CDW 

The Phase Diagram of High Temperature Superconductivity 



•  Charge density waves  

0 1( ) cos(2 )Fx k xρ ρ ρ ϕ= + +

One dimensional case  

Rev.Mod.Phys.Vol.60(1988),No.4 

The generation of CDW  is a result of Peierls transition  which is a 
typical metal-insulator transition.  

Holographic Charge Density Waves (HCDW) 



•  CDW 

Mechanism 

The generation of CDW results from the spontaneous breaking of 
the translational symmetry.  

Holographic Charge Density Waves (HCDW) 



•  Perturbative instabilities of AdS2 A. Donos and J. P. Gauntlett, JHEP 1108, 140 (2011) 

2
2

2
2 2 2 2 2

2

0             

12 ( )
12

2 3

T AdS R
drds r dt dx dy
r

F dr dt

= ×

= − + + +

= ∧

2 3 ( , )sin( )

( , ) cos( )

( , )sin( )

( , ) cos( )

ty ty

xy xy

y

g h t r kx
g h t r kx
A a t r kx
w t r kx

δ
δ
δ
δϕ

=

=

=

=

AdS 2

V −M 2


V = 0


V = (φxy ,a,w)

2

2 2
1

2 2
1

1 0
3

24 3 24
0

k k

M k c k
c k k m

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟= + −
⎜ ⎟

− +⎜ ⎟
⎜ ⎟⎝ ⎠

Stop  d 4∫ x
c1ϕ
16 3

ε µνρσFµνFρσ

AdS2  BF bound 

2 3M ≥ −

Could be violated ! 

Holographic Charge Density Waves (HCDW) 



( )24 2 2
2

2 2 *

1 1 1 1 1[ ( ) ( ) ( )
2 2 4 4 2

               - ( ) ]
κ

= − − ∇Φ − Φ − Φ − − Φ

∇− Ψ − ΨΨ

∫ A AB

v

S d x g R V Z F G Z FG

ieB m

The logic line:  

2 2 2 2
2

1 1, , ( ) , ( ) 1 , ( )
2 2 2

β γ= = Φ = − + Φ Φ = − Φ Φ = Φs A ABF dA G dB V m Z L Z L
L

RN black holes 

•   Holographic setup (D=4) 

:Φ :ΨThe order parameter of CDW  The order parameter of SC  

Holographic Charge Density Waves (HCDW) 

( 0)Φ =Ψ =

Striped black holes 

( 0, 0)Φ ≠ Ψ =

Striped black holes 
with condensation  

( 0, 0)Φ ≠ Ψ ≠

breaking the translational 
symmetry.  

breaking U(1) gauge 
symmetry.  
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•   HCDW 
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Spontaneous breaking of translational invariance  
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•  Charge density 

3

FIG. 3: Solutions of the scalar field and the time component
of the gauge field � for T = 0.8Tc.
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FIG. 4: The optical conductivity for CDW, where the black
horizontal line denotes the corresponding optical

conductivity for AdS-RN black hole associated with the
second gauge field.

We assume that the fluctuations of all the fields have
a time dependent form as e�i!t but independent of the
coordinate y. To solve the fluctuation equations, gauge
conditions must be imposed for gravity and two gauge
fields. Here we choose the de Donder gauge and Lorentz
gauge condition for them, respectively

r̄µĥ
µ⌫

= 0, r̄µa
µ

= 0, r̄µb
µ

= 0 (8)

where ĥ
µ⌫

= h
µ⌫

� hḡ
µ⌫

/2 is the trace-reversed metric
perturbation.

As usual, we adopt ingoing wave boundary conditions
at the horizon. While at our AdS boundary z = 0,
we consider the following consistent boundary condition
with

b
x

(x, 0) = 1, a
x

(x, 0) = @

z

�(x,0)
µ(1�@

z

 (x,0))

others(x, 0) = 0. (9)

Then by holography, we can extract the homogeneous
part of optical conductivity, the quantity we are inter-
ested in. Namely, given that b

x

= (1+j
x

(x)z+...)e�i!t by
solving the fluctuation equations, the conductivity asso-

ciated with the second gauge field reads �(!/µ) = 4j(0)
x

i!

,
in which a factor four comes from the unusual asymptotic
form of the metric in Eq.(2).

One typical plotting for the real and imaginary parts
of the optical conductivity at various temperatures is
shown in Fig.4. Two fundamental features of CDW are
observed. One is the pinned collective mode, which is re-
flected as the first peak appearing in the real part of the
conductivity. The second is the gapped single-particle
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FIG. 5: The fit of optical conductivity with two Lorentz
oscillators in the low frequency regime for T = 0.6Tc. The
contributions from the individual oscillator are also plotted

with dashed lines.

excitation, which corresponds to the occurrence of the
second peak in the real part of the conductivity.
The pinning is a common phenomenon for CDW on

account of the various interactions with the other compo-
nents of the system, which can be described by a damped
harmonic oscillator with Lorentz resonance

�
CDW

(!) =
K⌧

1� i!⌧(1� !2
0/!

2)
, (10)

where ⌧ is the relaxation constant, K is proportional
to the number density of CDW, and !0 is the average
pinning resonance frequency[3]. This formula has been
widely employed in the analysis of CDW optical response
experiments. Here we also use it to fit our data. In con-
sistent with the fact that our holographic CDW is always
generated with multiple wave vectors, we find in general
our data in the low frequency region of the conductivity
can be well fit with multiple Lorentz oscillators. In par-
ticular, as the temperature is not quite low, for instance
T � 0.6T

c

, it can be fit with only two oscillators, namely
�
tot

(!) = �
CDW1(!) + �

CDW2(!), because in this case
the contribution from those CDW with higher wave vec-
tors is negligible. Fig.5 is such a fit to this formula for
T/T

c

= 0.6. The parameters in the Lorentz formula for
various temperatures are listed in Table I.

T/Tc K1/µ ⌧1µ !01/µ K2/µ ⌧2µ !02/µ

0.6 0.207 6.593 0.452 2.225 0.609 1.629

0.7 0.207 6.327 0.449 2.512 0.498 1.653

0.8 0.188 5.870 0.442 1.587 0.802 1.354

TABLE I: The fit parameters in Lorentz formula at
various temperatures.

Although this pinned collective mode is gapless, our
single-particle excitation is gapped, as clearly evident
from Fig.4. In particular, the magnitude of gap is es-
timated as 2�/T

c

⇡ 20.51 by locating the position of the
second minimum in the imaginary part of the conductiv-
ity, which is obviously much larger than the mean-field
BCS value 2�/T

c

⇡ 3.52. This large gap ratio asso-
ciated with this gap is indicative of a strongly coupled
CDW phase transition in our system as it should be the
case by holography. On the other hand, remarkably, this

2(1 ) ( ) 0( )χ ρ= − = − +tB z x z z

ρ(x) = ρ1 cos[kcx]+ ρ3 cos[3kcx]+ ...

  ρ0 ≅ ρ2 ≅ 0...,    ρ1,   ρ3    → CDW

No free electrons 

Holographic Charge Density Waves (HCDW) 

•  Numerical solutions 



•   Condition for U(1) symmetry breaking  

CDW 

2(1 ) ( ) 0( )χ ρ= − = − +tB z x z z

ρ(x) = ρ1 cos[kcx]+ ρ3 cos[3kcx]+ ...

  ρ0 ≅ ρ2 ≅ 0...,    ρ1,   ρ3    → CDW No free electrons 
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20 0η ≠ ⇒ = ≠tt
t tB g B B

,     0θη θΨ = =ie

charges 
0( ) ...ρ ρ= +x

For all the previous models 
0 0ρ ≠

(1 ) 0tB z χ= − ≠ only due to the presence of CDW! 

Necessary condition  

Holographic Superconductor Induced by CDW 



Holographic Superconductor Induced by CDW 
•   The relation between the critical temperature and the charge 
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•  The solutions of background  

4=e

0.988= cT T

•   Phase diagram 

Holographic Superconductor Induced by CDW 



•  The leading order of the charge and the order parameter of CDW 

•   The condensation of SC 

Holographic Superconductor Induced by CDW 



•   The optical conductivity  
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∇µ ĥµν = 0,∇µaµ = 0,∇µbµ = 0. ĥµν = hµν − hgµν / 2.

  

bx = (1+ jx (x)z + ...)e− iωt

σ (ω / µ) =
4 jx
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iω

21 linear equations！ 

0 1 1 2 2
2 2 2 2

1 01 2 02

( )
1 (1 / ) 1 (1 / )

τ τσ ω
ω ωτ ω ω ωτ ω ω

= + +
− − − −

K K Ki
i i

Holographic Superconductor Induced by CDW 



Summary 

•    A novel holographic model in which the role of CDW during the phase  
    transition of superconductivity has been clearly disclosed.   
 
•    Superconductivity can form from the pre-existing CDW phase.  

•    The system is characterized  by the coexistence of the CDW phase and the  
     superconducting phase. 
 
•    CDW phase and superconducting phase can both cooperate and compete with  
     each other. 
 
•    The pseudo-gap in CDW phase promotes the pre-formed pairs of carriers such  
     that the formation of superconductivity benefits from the presence of CDW. 

Thank you！ 
Next:  0 0ρ ≠


