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Classical Chaos
Early time:  exponential sensitivity of phase-space 
trajectories to the initial conditions


Long time: mixing


Very late time: Poincare recurrences



In quantum systems, the ‘classical’ coarse-graining is set 
by 


The picture above might not be useful (after Ehrenfest 
time scale)


How the previous discussion should be modified due to 
QM 


Classical chaos for nonzero   ?  Quantum chaos? 

Classical Chaos vs Quantum Mechanics

~
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Quantum Chaos
Quantize the classical chaotic system: chaotic systems 
have statistical level repulsion characteristic of random 
matrices [Review by D’Alessio, Kafri, Polkovikov, Rigol, 1509.06411]


Local chaotic behavior can be generalized on the short 
time scale (semi-classical intuition)

@q(t, p0)

@p0
= {q(t), p0}PB
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Expectation value of the commutators   
[Larkin, Ovchinnikov, JETP (1969); Shenker, Stanford, 1306.0622; Maldcena, Shenker, Stanford, 1503.01409]

C(t,x) = �h[W (t,x), V (0)]†[W (t,x), V (0)]i�
<latexit sha1_base64="8FANemeAAko7dNkPB4HETPU3eJ8="></latexit>



Out-of-Time-Ordered Correlators (OTOC) 
[Larkin, Ovchinnikov, JETP (1969); Shenker, Stanford, 1306.0622; Maldcena, Shenker, Stanford, 1503.01409]



Probing the sensitivity of a system to the initial conditions


Lyapunov exponents, butterfly velocities: for interacting 
quantum systems with many degrees of freedom

C(t,x) = �h[W (t,x), V (0)]†[W (t,x), V (0)]i�
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| 2(t)i = WtV0|TFDi
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C2 = C1 � C(t,x)

C2 = h 1(t)| 2(t)i+ h 2(t)| 1(t)i
C1 = h 1(t)| 1(t)i+ h 2(t)| 2(t)i
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Different (diffusive) spreading might be seen in non-maximally chaotic systems 



Holographic OTOC

[Shenker, Stanford, 1306.0622; 1412.6087]

OTOC = amplitudes for 2-to-2 scatterings of particles 
dual to W and V in a black hole geometry dual to the 
thermal state 


In elastic eikonal gravity approximation, the dominate 
contribution is related to the gravitational shock waves on 
the horizon of a two-sided black hole


Universal Lyapunov exponent


The butterfly velocity depends on the details of the black 
hole geometry 

�L = 2⇡T
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Chaos bound  [Maldacena, Shenker, Stanford, 1503.01409]

Related regulated function


For systems with large hierarchy between thermalization 
and scrambling, analyticity in correlation functions demands  


It holds for very generic quantum many-body systems


Black holes saturate this bound: maximal chaos


SYK/AdS2  [Kitaev, 2015]
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Chaos from hydrodynamics via pole skipping 
[Grozdanov, Schalm, Scopelliti, 1710.00921; Blake, Lee, Liu, 1801.00010; Blake, Davison, Grozdanov, Liu, 
1809.01169 ;…]

 Naively hydrodynamics has nothing to do with chaos


 Deep connection from EFT:  Signatures of chaos in energy 
density two point function of                     


 There exists a special point               


     in                             with


 Examples of pole skipping in many maximally chaotic        
systems:  SYK, AdS black holes in Einstein gravity plus matter


  Pole skipping also exists for 2-pt correlators of other 
operators on the lower half plane

GR(!, k) =
B(!, k)

A(!, k)
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  [ talks by Koenraad Schalm, Keun-Young Kim, Viktor Jahnke, Mitsuhiro Nishida ]



Motivation
Connection between OTOC and pole skipping, e.g. for 
systems with multiple Lyapunov exponents or non-
maximally chaotic systems


What is the role of rotation in holographic chaos


What is the role of massive graviton in holographic chaos



Why 3D gravity
A “simple” toy model to understand quantum gravity


We can learn much from CFT calculations


In the following, we will talk about


Quantum chaos in 3D Einstein gravity


Quantum chaos in 3D TMG



3D Einstein gravity
Einstein-Hilbert action


BTZ Black hole solution 


M, T,     are determined by             .


The dual theory is expected to be a CFT with                      and 


The angular direction is periodic.  At high temperature            , 
we can take a ``decompactification” limit (a boosted brane)
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Chaos parameters from OTOC 
 [Jahnke, Kim, Yoon, 1903.09086; (Stikonas 2018; Poojary 2018)]

From shock wave calculations


Naively we have            


The chaos bound is violated:                


However, the angular coordinate is periodic, i.e. the profile 
of shock wave is periodic,  therefore the two coefficients 
C1 and C2 are not independent [Mezei, Sarosi, 1908.03574]
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Instantaneous Lyapunov exponent 
  [Mezei, Sarosi, 1908.03574]

instantaneous Lyapunov exponent


In the high temperature limit, the instantaneous Lyapunov 
exponents behave as step function.


The average of instantaneous Lyapunov exponents is 
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Pole skipping in holography
From EOM near the horizon       


     Expand     

     near horizon, 


    At                                     both solutions are regular


Correlators of energy density from holography


     The pole skipping point is 
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<latexit sha1_base64="UcIQVi/xmYPXBIHJTQCuWJ/rdug=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EUIiuAxgnlAsoTZSScZMju7zswGwpKf8OJBEa/+jjf/xkmyB00saCiquunuCmLBtXHdb2dldW19YzO3ld/e2d3bLxwc1nWUKIY1FolINQOqUXCJNcONwGaskIaBwEYwvJ36jREqzSP5aMYx+iHtS97jjBorNe866Wg0uXY7haJbcmcgy8TLSBEyVDuFr3Y3YkmI0jBBtW55bmz8lCrDmcBJvp1ojCkb0j62LJU0RO2ns3sn5NQqXdKLlC1pyEz9PZHSUOtxGNjOkJqBXvSm4n9eKzG9Kz/lMk4MSjZf1EsEMRGZPk+6XCEzYmwJZYrbWwkbUEWZsRHlbQje4svLpF4ueeel8sNFsXKTxZGDYziBM/DgEipwD1WoAQMBz/AKb86T8+K8Ox/z1hUnmzmCP3A+fwC6oY/D</latexit>

hab = e�i!v+ik�(r � r+)
�

1X

n=0

h̃(n)
ab (r � r+)

n

<latexit sha1_base64="hqfhFjERjgIYtBI5rGSxLjTTQco="></latexit>

�
2⇡i! + 4⇡i⌦k � k2�(1� ⌦2)

�
h̃(0)
vv = �(2⇡i� �!)(1� ⌦2)

h
2kh̃(0)

v� + !h̃(0)
��

i
.

<latexit sha1_base64="PKb57DbAa4uMivSs4KWkFoWvDpc="></latexit>

hT ⌧⌧ (!E , k)T
⌧⌧ (�!E ,�k)i / �2Sren.

�h̃(0)
⌧⌧ �h̃

⇤(0)
⌧⌧

=
k2(4 + k2)

2(!2
E + k2)

<latexit sha1_base64="/0tsq6agCdGxsBAb0J9Xg0fz/9s="></latexit>

(!, k) =

✓
2⇡i

�(1⌥ ⌦)
, ± 2⇡i

�(1⌥ ⌦)

◆

<latexit sha1_base64="aOHKdDTtZt9XOsJZZj8CCAiqLpE="></latexit>

(!, k) =

✓
2⇡i

�(1⌥ ⌦)
, ± 2⇡i

�(1⌥ ⌦)

◆

<latexit sha1_base64="aOHKdDTtZt9XOsJZZj8CCAiqLpE="></latexit>

�± =
2⇡

�(1⌥ ⌦`)
<latexit sha1_base64="4bbt3uiLxGrPsfb8dDRsD7Y9JOc="></latexit>

v± = ⌥1
<latexit sha1_base64="Dd/PtLdMc/OjX9nxuCIxubJcNvM=">AAAB83icbVC7SgNBFJ2NrxhfUUub0SDEJuzGQhshaGMZwTwgu4TZyWwyZGZ2mJkNhCXfYGdjoYitP+En2Pkh9s4mKTTxwIXDOfdy7z2hZFQb1/1yciura+sb+c3C1vbO7l5x/6Cp40Rh0sAxi1U7RJowKkjDUMNIWyqCeMhIKxzeZH5rRJSmsbg3Y0kCjvqCRhQjYyV/1PUlv/K5hF6hWyy5FXcKuEy8OSnVjsvfHw/+Wb1b/PR7MU44EQYzpHXHc6UJUqQMxYxMCn6iiUR4iPqkY6lAnOggnd48gadW6cEoVraEgVP190SKuNZjHtpOjsxAL3qZ+J/XSUx0GaRUyMQQgWeLooRBE8MsANijimDDxpYgrKi9FeIBUggbG1MWgrf48jJpViveeaV6Z9O4BjPkwRE4AWXggQtQA7egDhoAAwkewTN4cRLnyXl13matOWc+cwj+wHn/AThFlCU=</latexit>



Pole skipping in CFT
For CFT on cylinder


  From the first term


  From the second term 


     [see also Haehl, Rozali, 1808.02898] 


Pole skipping is a generic feature of any CFT, including 
chaotic CFTs and non-chaotic CFTs.
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Topologically Massive Gravity (TMG)
 A gravitational Chern-Simons deformation to Einstein gravity  [Deser, Jackiw, 
Templeton, 1988]


 Any solution of Einstein gravity is a solution of TMG


 Thermodynamics for rotating BTZ black holes  [Krause, Larsen, hep-th/0508218]


 The angular direction and the decompactification limit


 The dual field theory for TMG on rotating BTZ is a CFT with


    and


 When             : negative central charge; Black hole instability [Park, hep-th/0608165] 


 Chiral point                   [Li, Song, Stronminger, 0801.4566]
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Chaos in TMG from OTOC
Profile for shock wave and OTOC (           )


Naively, we have three Lyapunov exponents (non-maximal 
chaos?)


Periodicity in    :                                 there is a constraint 
equation among        


There are two independent “instantaneous Lyapunov 
exponents”
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OTOC(t,') = 1� "VW e
2⇡
� t

h
↵1h1(⌦t� ') + ↵2h2(⌦t� ')

i

<latexit sha1_base64="OvPPoMSUvRfKWFKWBahOwhnaGJU="></latexit>

�I,inst.(t) =
2⇡

�
+

⌦@th1(⌦t)

h1(⌦t)
, �II,inst.(t) =

2⇡

�
+

⌦@th2(⌦t)

h2(⌦t)
<latexit sha1_base64="EDaJEbsOEBi5KdBrxUE9RP3IGOE="></latexit>



When 


When 

High T limit of instantaneous Lyapunov exponents

µ > 1
<latexit sha1_base64="C9s/7vlq9m08DeIjflKBVXxL6YM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpevFYwbSFNpTNdtMu3d2E3Y0QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyacaeO6305pbX1jc6u8XdnZ3ds/qB4etXWcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCyd3M7zxRpVksH02W0EDgkWQRI9hYye+L9MYbVGtu3Z0DrRKvIDUo0BpUv/rDmKSCSkM41rrnuYkJcqwMI5xOK/1U0wSTCR7RnqUSC6qDfH7sFJ1ZZYiiWNmSBs3V3xM5FlpnIrSdApuxXvZm4n9eLzXRdZAzmaSGSrJYFKUcmRjNPkdDpigxPLMEE8XsrYiMscLE2HwqNgRv+eVV0m7UvYt64+Gy1rwt4ijDCZzCOXhwBU24hxb4QIDBM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AVODjl0=</latexit>

µ < 1
<latexit sha1_base64="IFcW+drIoroB9BfIqsblAvCuE+k=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoAcPRS8eK5i20Iay2W7apbubsLsRQuhv8OJBEa/+IG/+G7dtDtr6YODx3gwz88KEM21c99spra1vbG6Vtys7u3v7B9XDo7aOU0WoT2Ieq26INeVMUt8ww2k3URSLkNNOOLmb+Z0nqjSL5aPJEhoIPJIsYgQbK/l9kd54g2rNrbtzoFXiFaQGBVqD6ld/GJNUUGkIx1r3PDcxQY6VYYTTaaWfappgMsEj2rNUYkF1kM+PnaIzqwxRFCtb0qC5+nsix0LrTIS2U2Az1sveTPzP66Umug5yJpPUUEkWi6KUIxOj2edoyBQlhmeWYKKYvRWRMVaYGJtPxYbgLb+8StqNundRbzxc1pq3RRxlOIFTOAcPrqAJ99ACHwgweIZXeHOk8+K8Ox+L1pJTzBzDHzifP1B5jls=</latexit>

�I, inst. =

(
�� , if t 2

⇥
0, ⇡(1+⌦)

⌦

�

�+ , if t 2
⇥⇡(1+⌦)

⌦ , 2⇡
⌦

� ; �II, inst. =

(
�m , if t 2

⇥
0, 2⇡(1+⌦)

⌦(1+µ)

�

�+ , if t 2
⇥ 2⇡(1+⌦)

⌦(1+µ) ,
2⇡
⌦

�
<latexit sha1_base64="MiaCZXljMcgVSQ/pfvPQhFFxe4M="></latexit>

�I, inst. = �II, inst. =

(
�m , if t 2

⇥
0, 2⇡(1+⌦)

⌦(1+µ)

�

�+ , if t 2
⇥ 2⇡(1+⌦)

⌦(1+µ) ,
2⇡
⌦

�
<latexit sha1_base64="nePwlTDcTghavVhT7cCo93DJoW4="></latexit>

�I, inst. =

(
�� , if t 2

⇥
0, 2⇡(⌦�µ)

⌦(1�µ)

�

�m , if t 2
⇥ 2⇡(⌦�µ)

⌦(1�µ) ,
2⇡
⌦

� ; �II, inst. = �m , if t 2
⇥
0,

2⇡

⌦

�

<latexit sha1_base64="QodvLMr5ZFpqd+wTXNPT2ybNg68="></latexit>

�I, inst. =

(
�� , if t 2

⇥
0, ⇡(1+⌦)

⌦

�

�+ , if t 2
⇥⇡(1+⌦)

⌦ , 2⇡
⌦

� ; �II, inst. = �m , if t 2
⇥
0,

2⇡

⌦

�
,

<latexit sha1_base64="ft3GM6fu3+XG8TRBTuUCz8rTOgM="></latexit>

⌦ < µ
<latexit sha1_base64="xaxXaqVDJzZOJ7BKbU4LDWLhugw=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVF0MbOCOYDc0fY2+wlS3b3jt09IRz5FzYWitj6b+z8N26SKzTxwcDjvRlm5oUJZ9q47rdTWFldW98obpa2tnd298r7By0dp4rQJol5rDoh1pQzSZuGGU47iaJYhJy2w9HN1G8/UaVZLB/MOKGBwAPJIkawsdKjfyfoAF/5Iu2VK27VnQEtEy8nFcjR6JW//H5MUkGlIRxr3fXcxAQZVoYRTiclP9U0wWSEB7RrqcSC6iCbXTxBJ1bpoyhWtqRBM/X3RIaF1mMR2k6BzVAvelPxP6+bmugyyJhMUkMlmS+KUo5MjKbvoz5TlBg+tgQTxeytiAyxwsTYkEo2BG/x5WXSqlW9s2rt/rxSv87jKMIRHMMpeHABdbiFBjSBgIRneIU3RzsvzrvzMW8tOPnMIfyB8/kDPEWQoQ==</latexit>

µ < ⌦
<latexit sha1_base64="4SGP1JwSRM+OEhCvEu0wbGc+6jk=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVF0MbOCOYDc0fY2+wlS3b3jt09IRz5FzYWitj6b+z8N26SKzTxwcDjvRlm5oUJZ9q47rdTWFldW98obpa2tnd298r7By0dp4rQJol5rDoh1pQzSZuGGU47iaJYhJy2w9HN1G8/UaVZLB/MOKGBwAPJIkawsdKjL9Ir/07QAe6VK27VnQEtEy8nFcjR6JW//H5MUkGlIRxr3fXcxAQZVoYRTiclP9U0wWSEB7RrqcSC6iCbXTxBJ1bpoyhWtqRBM/X3RIaF1mMR2k6BzVAvelPxP6+bmugyyJhMUkMlmS+KUo5MjKbvoz5TlBg+tgQTxeytiAyxwsTYkEo2BG/x5WXSqlW9s2rt/rxSv87jKMIRHMMpeHABdbiFBjSBgIRneIU3RzsvzrvzMW8tOPnMIfyB8/kDPJeQoQ==</latexit>

⌦ = µ
<latexit sha1_base64="qGiBKWGHL+C+t/6cdohifB+T6po=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgl6EohdvVrAf2F1KNs22oUl2SbJCWfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKXjVBHaJDGPVSfEmnImadMww2knURSLkNN2OLqZ+u0nqjSL5YMZJzQQeCBZxAg2Vnr07wQd4CtfpL1yxa26M6Bl4uWkAjkavfKX349JKqg0hGOtu56bmCDDyjDC6aTkp5ommIzwgHYtlVhQHWSziyfoxCp9FMXKljRopv6eyLDQeixC2ymwGepFbyr+53VTE10GGZNJaqgk80VRypGJ0fR91GeKEsPHlmCimL0VkSFWmBgbUsmG4C2+vExatap3Vq3dn1fq13kcRTiCYzgFDy6gDrfQgCYQkPAMr/DmaOfFeXc+5q0FJ585hD9wPn8APcyQog==</latexit>

h�I, inst.i = h�II, inst.i =
2⇡

�
<latexit sha1_base64="Mfzv36zmFlcdG4eraD44Q3jhLXQ="></latexit>

h�I, inst.i = h�II, inst.i =
2⇡

�
<latexit sha1_base64="Mfzv36zmFlcdG4eraD44Q3jhLXQ="></latexit>

h�I, inst.i = h�II, inst.i =
2⇡

�
<latexit sha1_base64="Mfzv36zmFlcdG4eraD44Q3jhLXQ="></latexit>

h�I, inst.i =
2⇡

�
<latexit sha1_base64="HSj5Duki0Mz26Df79UaPSp2Y96A="></latexit>

h�II, inst.i = �m >
2⇡

�
<latexit sha1_base64="TttmmWOdiUXr3BIRhT0Vx52sV0I="></latexit>



In the high temperature limit and 

When 


When 

Lyapunov exponent and butterfly velocities from OTOC

µ > 1
<latexit sha1_base64="C9s/7vlq9m08DeIjflKBVXxL6YM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpevFYwbSFNpTNdtMu3d2E3Y0QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyacaeO6305pbX1jc6u8XdnZ3ds/qB4etXWcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCyd3M7zxRpVksH02W0EDgkWQRI9hYye+L9MYbVGtu3Z0DrRKvIDUo0BpUv/rDmKSCSkM41rrnuYkJcqwMI5xOK/1U0wSTCR7RnqUSC6qDfH7sFJ1ZZYiiWNmSBs3V3xM5FlpnIrSdApuxXvZm4n9eLzXRdZAzmaSGSrJYFKUcmRjNPkdDpigxPLMEE8XsrYiMscLE2HwqNgRv+eVV0m7UvYt64+Gy1rwt4ijDCZzCOXhwBU24hxb4QIDBM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AVODjl0=</latexit>

µ < 1
<latexit sha1_base64="IFcW+drIoroB9BfIqsblAvCuE+k=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoAcPRS8eK5i20Iay2W7apbubsLsRQuhv8OJBEa/+IG/+G7dtDtr6YODx3gwz88KEM21c99spra1vbG6Vtys7u3v7B9XDo7aOU0WoT2Ieq26INeVMUt8ww2k3URSLkNNOOLmb+Z0nqjSL5aPJEhoIPJIsYgQbK/l9kd54g2rNrbtzoFXiFaQGBVqD6ld/GJNUUGkIx1r3PDcxQY6VYYTTaaWfappgMsEj2rNUYkF1kM+PnaIzqwxRFCtb0qC5+nsix0LrTIS2U2Az1sveTPzP66Umug5yJpPUUEkWi6KUIxOj2edoyBQlhmeWYKKYvRWRMVaYGJtPxYbgLb+8StqNundRbzxc1pq3RRxlOIFTOAcPrqAJ99ACHwgweIZXeHOk8+K8Ox+L1pJTzBzDHzifP1B5jls=</latexit>

OTOC(t,') = 1� "

(
#1 e�+(t�') , if ⌦t < '

#2 e�m

�
t� '

vm

�
, if ⌦t > '

<latexit sha1_base64="l2HkJoSwQymK7sHg64SJVRRchws="></latexit>

OTOC(t,') = 1� "

(
# e�+(t�') , if ⌦t < '

#1 e��(t+')
+#2 e�m

�
t� '

vm

�
, if ⌦t > '

<latexit sha1_base64="fiK0W8AQbjaAbNOgM/wtlcWMIog="></latexit>

⌦ < µ
<latexit sha1_base64="xaxXaqVDJzZOJ7BKbU4LDWLhugw=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVF0MbOCOYDc0fY2+wlS3b3jt09IRz5FzYWitj6b+z8N26SKzTxwcDjvRlm5oUJZ9q47rdTWFldW98obpa2tnd298r7By0dp4rQJol5rDoh1pQzSZuGGU47iaJYhJy2w9HN1G8/UaVZLB/MOKGBwAPJIkawsdKjfyfoAF/5Iu2VK27VnQEtEy8nFcjR6JW//H5MUkGlIRxr3fXcxAQZVoYRTiclP9U0wWSEB7RrqcSC6iCbXTxBJ1bpoyhWtqRBM/X3RIaF1mMR2k6BzVAvelPxP6+bmugyyJhMUkMlmS+KUo5MjKbvoz5TlBg+tgQTxeytiAyxwsTYkEo2BG/x5WXSqlW9s2rt/rxSv87jKMIRHMMpeHABdbiFBjSBgIRneIU3RzsvzrvzMW8tOPnMIfyB8/kDPEWQoQ==</latexit>

µ < ⌦
<latexit sha1_base64="4SGP1JwSRM+OEhCvEu0wbGc+6jk=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVF0MbOCOYDc0fY2+wlS3b3jt09IRz5FzYWitj6b+z8N26SKzTxwcDjvRlm5oUJZ9q47rdTWFldW98obpa2tnd298r7By0dp4rQJol5rDoh1pQzSZuGGU47iaJYhJy2w9HN1G8/UaVZLB/MOKGBwAPJIkawsdKjL9Ir/07QAe6VK27VnQEtEy8nFcjR6JW//H5MUkGlIRxr3fXcxAQZVoYRTiclP9U0wWSEB7RrqcSC6iCbXTxBJ1bpoyhWtqRBM/X3RIaF1mMR2k6BzVAvelPxP6+bmugyyJhMUkMlmS+KUo5MjKbvoz5TlBg+tgQTxeytiAyxwsTYkEo2BG/x5WXSqlW9s2rt/rxSv87jKMIRHMMpeHABdbiFBjSBgIRneIU3RzsvzrvzMW8tOPnMIfyB8/kDPJeQoQ==</latexit>

⌦ = µ
<latexit sha1_base64="qGiBKWGHL+C+t/6cdohifB+T6po=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgl6EohdvVrAf2F1KNs22oUl2SbJCWfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKXjVBHaJDGPVSfEmnImadMww2knURSLkNN2OLqZ+u0nqjSL5YMZJzQQeCBZxAg2Vnr07wQd4CtfpL1yxa26M6Bl4uWkAjkavfKX349JKqg0hGOtu56bmCDDyjDC6aTkp5ommIzwgHYtlVhQHWSziyfoxCp9FMXKljRopv6eyLDQeixC2ymwGepFbyr+53VTE10GGZNJaqgk80VRypGJ0fR91GeKEsPHlmCimL0VkSFWmBgbUsmG4C2+vExatap3Vq3dn1fq13kcRTiCYzgFDy6gDrfQgCYQkPAMr/DmaOfFeXc+5q0FJ585hD9wPn8APcyQog==</latexit>

OTOC(t,') = 1� "

8
<

:
# e

4⇡2

�(1�⌦)
�
e�m

�
t� '

vm

�
, if ⌦t < '

#1 e��(t+')
+#2e

�m

�
t� '

vm

�
, if ⌦t > '

<latexit sha1_base64="3A0MZ2HKT+azo5p78zeYhmDUyoY="></latexit>

OTOC(t,') = 1� "

(
#1e�+(t�')

+#2e
2⇡
� t , if ⌦t < '

#1e��(t+')
+#2e

2⇡
� t , if ⌦t > '

<latexit sha1_base64="R0WSOp/e/51axqYmsx5LRAcah8I="></latexit>

|⌦t� '| ⌧ 1
<latexit sha1_base64="k3DJGRLcXSEuPHNhicfDeHvLtzM=">AAACAXicbVBNS8NAEJ34WetX1IvgZbEIXixJFfRY9OLNCvYDmlA22027dDcJu5tCaevFv+LFgyJe/Rfe/Ddu2xy09cHA470ZZuYFCWdKO863tbS8srq2ntvIb25t7+zae/s1FaeS0CqJeSwbAVaUs4hWNdOcNhJJsQg4rQe9m4lf71OpWBw96EFCfYE7EQsZwdpILftw5N0J2sFIn3l9LJMuQyOPc+S27IJTdKZAi8TNSAEyVFr2l9eOSSpopAnHSjVdJ9H+EEvNCKfjvJcqmmDSwx3aNDTCgip/OP1gjE6M0kZhLE1FGk3V3xNDLJQaiMB0Cqy7at6biP95zVSHV/6QRUmqaURmi8KUIx2jSRyozSQlmg8MwUQycysiXSwx0Sa0vAnBnX95kdRKRfe8WLq/KJSvszhycATHcAouXEIZbqECVSDwCM/wCm/Wk/VivVsfs9YlK5s5gD+wPn8AU8GWKA==</latexit>

violate the chaos 

bound;  vm>c



When           , the profile of the shock wave is 


At high temperature, if we impose the chaos bound on the 
average of instantaneous Lyapunov exponent, only         is 
allowed; If we lower the temperature and impose the chaos 
bound, only the chiral point is allowed


At high temperature, if we impose the chaos bound on the 
Lyapunov exponent, only         is allowed

Chaos in TMG from OTOC
µ = 1

<latexit sha1_base64="heZrgR+DEDo/0riNQjYa2YrG+J0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh6MVjBdMW2lA22027dHcTdjdCCP0NXjwo4tUf5M1/47bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3czv/NElWaxfDRZQgOBR5JFjGBjJb8v0htvUK25dXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnhEe5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdRE10HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSbtR9y7qjYfLWvO2iKMMJ3AK5+DBFTThHlrgAwEGz/AKb450Xpx352PRWnKKmWP4A+fzB1H+jlw=</latexit>

h(�) = c1 e�
2⇡

�(1+⌦)� + c2 e
2⇡

�(1�⌦)� + c3 � e�
2⇡

�(1+⌦)�
<latexit sha1_base64="Slyv1jD+gHrf1/cmLnoPfQrNCKk="></latexit>

�I, inst. = �II, inst. = �� , for t 2
⇥
0,

2⇡

⌦

�
<latexit sha1_base64="CK5neZocqD8jNezXDM9EcULCZac="></latexit>

OTOC(t,') = 1� "

(
#1 e��(t+') , if ⌦t < '

#2 e��(t+') , if ⌦t > '
<latexit sha1_base64="SzUfdUFNyZEWMSFaQHZH/c1hR/c="></latexit>

µ � 1
<latexit sha1_base64="7CUbj+w11Fe7Gt2gIV8lZTeEjW8=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/ZAmlM120i7dTeLuRiilv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZIphg2WiES1Q6pR8BgbhhuB7VQhlaHAVji8mfqtJ1SaJ/G9GaUYSNqPecQZNVZ68GXm9/GReN1S2a24M5Bl4uWkDDnq3dKX30tYJjE2TFCtO56bmmBMleFM4KToZxpTyoa0jx1LYypRB+PZwRNyapUeiRJlKzZkpv6eGFOp9UiGtlNSM9CL3lT8z+tkJroKxjxOM4Mxmy+KMkFMQqbfkx5XyIwYWUKZ4vZWwgZUUWZsRkUbgrf48jJpViveeaV6d1GuXedxFOAYTuAMPLiEGtxCHRrAQMIzvMKbo5wX5935mLeuOPnMEfyB8/kDMCuQAA==</latexit>

µ � 1
<latexit sha1_base64="7CUbj+w11Fe7Gt2gIV8lZTeEjW8=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/ZAmlM120i7dTeLuRiilv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZIphg2WiES1Q6pR8BgbhhuB7VQhlaHAVji8mfqtJ1SaJ/G9GaUYSNqPecQZNVZ68GXm9/GReN1S2a24M5Bl4uWkDDnq3dKX30tYJjE2TFCtO56bmmBMleFM4KToZxpTyoa0jx1LYypRB+PZwRNyapUeiRJlKzZkpv6eGFOp9UiGtlNSM9CL3lT8z+tkJroKxjxOM4Mxmy+KMkFMQqbfkx5XyIwYWUKZ4vZWwgZUUWZsRkUbgrf48jJpViveeaV6d1GuXedxFOAYTuAMPLiEGtxCHRrAQMIzvMKbo5wX5935mLeuOPnMEfyB8/kDMCuQAA==</latexit>



Pole skipping from holography
Pole skipping from near horizon EOM


Pole skipping from holographic massive mode

e(0)vv h
(0)
vv + e(0)vr h

(0)
vr + e(0)v�h

(0)
v� + e(0)r� h

(0)
r� + e(0)��h

(0)
�� + e(1)vv h

(1)
vv + e(1)v�h

(1)
v� = 0

<latexit sha1_base64="1a3n6avLH5a+ulLYKtnbYbz/Kik="></latexit>

✓
2⇡i

�(1⌥ ⌦)
, ⌥ 2⇡i

�(1⌥ ⌦)

◆
&

✓
2⇡i(1� ⌦µ)

�(1� ⌦2)
,

2i⇡(⌦� µ)

�(1� ⌦2)

◆

<latexit sha1_base64="3/so7UmHYyNrVLd0BEiamPJ5A80="></latexit>

hij(⇢) = e�i!T+ikX
h
h(0)
ij + ⇢h(1)

ij + ⇢2h(2)
ij + ⇢��

�
b(0)ij + ⇢b(1)ij + ⇢2b(2)ij + · · ·

�

+ ⇢�+1
�
c(0)ij + ⇢c(1)ij + ⇢2c(2)ij + · · ·

�i

<latexit sha1_base64="VUp+Oo/JaCi6U1Ai2NJSqe2OY7E="></latexit>

µ = 2� + 1
<latexit sha1_base64="sCmp0kQRkIJi0jSevg4CJNPxJ8k=">AAAB+HicbVDLSsNAFJ34rPXRqEtFBosgCCWpC90IRTcuW7APaEKZTCbt0MkkzEOooUu/wo0LRdy66ne48xv8CaePhbYeuHA4517uvSdIGZXKcb6speWV1bX13EZ+c2t7p2Dv7jVkogUmdZywRLQCJAmjnNQVVYy0UkFQHDDSDPo3Y795T4SkCb9Tg5T4MepyGlGMlJE6dsGLNbyCZS8kTKEzt2MXnZIzAVwk7owUK4ej2vfj0ajasT+9MME6JlxhhqRsu06q/AwJRTEjw7ynJUkR7qMuaRvKUUykn00OH8ITo4QwSoQpruBE/T2RoVjKQRyYzhipnpz3xuJ/Xlur6NLPKE+1IhxPF0WaQZXAcQowpIJgxQaGICyouRXiHhIIK5NV3oTgzr+8SBrlknteKtdMGtdgihw4AMfgFLjgAlTALaiCOsBAgyfwAl6tB+vZerPep61L1mxmH/yB9fED1pmVmw==</latexit>

Gt00t00

R (!, k) / c(0)tt

b(0)tt
<latexit sha1_base64="hZ+jMxWIJQDdxBg5J07xuryeiy4="></latexit>

-0.5 -0.4 -0.3 -0.2 -0.1 0.1 0.2
�

0.5

1.0

1.5

2.0

2.5

3.0

(�� �� �� �)

Im! = Imk � 4�
<latexit sha1_base64="u90+WvH17yFydgjz0k2r8Nfgv28=">AAACD3icbVA9SwNBEN3zM8avqKXNoig2hjsVtBGCNtopmETMhbC3mSRLdu+O3TkxHPkHNpb+CsHGQhFbWzt/jW4+wM8HA4/3ZpiZF8RSGHTdd2dkdGx8YjIzlZ2emZ2bzy0slkyUaA5FHslInwfMgBQhFFGghPNYA1OBhHLQPuz55UvQRkThGXZiqCrWDEVDcIZWquXWfYQrTI9Vl/qRgiaj+19Km27u+HWQyGq5VTfv9kH/Em9IVgtT8e3F3dXHSS335tcjnigIkUtmTMVzY6ymTKPgErpZPzEQM95mTahYGjIFppr2/+nSNavUaSPStkKkffX7RMqUMR0V2E7FsGV+ez3xP6+SYGOvmoowThBCPljUSCTFiPbCoXWhgaPsWMK4FvZWyltMM442wqwNwfv98l9S2sp72/mtU5vGARkgQ5bJCtkgHtklBXJETkiRcHJN7skjeXJunAfn2XkZtI44w5kl8gPO6ydUJ5/r</latexit>

 Im! = �Imk + 4(1 + �)
<latexit sha1_base64="ylLyCaFo+NBQohQXMhKDwj1oUME=">AAACFnicbVDLSgNBEJz1GeMr6tHLoAhKMOxGQS9C0IveIhgVsiHMTjpxyMzuMtMrhiVfoQd/xYsHRbyKt/yNk8chGgsaiqpuuruCWAqDrttzpqZnZufmMwvZxaXlldXc2vq1iRLNocIjGenbgBmQIoQKCpRwG2tgKpBwE7TP+v7NPWgjovAKOzHUFGuFoik4QyvVc/s+wgOmF6pL/UhBi9ETOqa1aZ4e7np5vwES2V49t+0W3AHoJPFGZLu05eefeqVOuZ779hsRTxSEyCUzpuq5MdZSplFwCd2snxiIGW+zFlQtDZkCU0sHb3XpjlUatBlpWyHSgTo+kTJlTEcFtlMxvDN/vb74n1dNsHlcS0UYJwghHy5qJpJiRPsZ0YbQwFF2LGFcC3sr5XdMM442yawNwfv78iS5Lha8g0Lx0qZxSobIkE2yRXaJR45IiZyTMqkQTh7JC3kj786z8+p8OJ/D1ilnNLNBfsH5+gFTyaCG</latexit>

 



Pole skipping from CFT
The massive graviton is dual to an operator with 
conformal dimension  


The retarded Green’s function


Pole-skipping point

(!, k) =

✓
2⇡i(1� ⌦µ)

�(1� ⌦2)
,

2i⇡(⌦� µ)

�(1� ⌦2)

◆

<latexit sha1_base64="4ADNOop/VxR5szRPvzzR8zStrGM="></latexit>

(2 + �, �)
<latexit sha1_base64="zsoKE29VmIVEGXacwL7VODiKU4w=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQUUpSBV0W3bisYB/QhjKZ3LRDJ5MwMxFL6K+4caGIW3/EnX/jtM1Cqwcu93DOvcyd4yecKe04X1ZhZXVtfaO4Wdra3tnds/fLbRWnkkKLxjyWXZ8o4ExASzPNoZtIIJHPoeOPb2Z+5wGkYrG415MEvIgMBQsZJdpIA7tcrZ/2A+CanOFFPxnYFafmzIH/EjcnFZSjObA/+0FM0wiEppwo1XOdRHsZkZpRDtNSP1WQEDomQ+gZKkgEysvmt0/xsVECHMbSlNB4rv7cyEik1CTyzWRE9EgtezPxP6+X6vDKy5hIUg2CLh4KU451jGdB4IBJoJpPDCFUMnMrpiMiCdUmrpIJwV3+8l/Srtfc81r97qLSuM7jKKJDdISqyEWXqIFuURO1EEWP6Am9oFdraj1bb9b7YrRg5TsH6Besj28M8JMp</latexit>



Conclusion
OTOC and pole-skipping (from near horizon dynamics, 
holographic correlators, CFT calculations) are two features 
of quantum chaos

For rotating BTZ in 3D Einstein gravity, we find a match 
between the two methods in the high temperature limit

For rotating BTZ in 3D TMG, we find a match between these 
two methods in the high temperature limit and 


 is also the limit that the chaos bound is satisfied


It would be interesting to study other systems with the 
non-maximal chaos (from CFT or holography)

µ � 1
<latexit sha1_base64="7CUbj+w11Fe7Gt2gIV8lZTeEjW8=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/ZAmlM120i7dTeLuRiilv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZIphg2WiES1Q6pR8BgbhhuB7VQhlaHAVji8mfqtJ1SaJ/G9GaUYSNqPecQZNVZ68GXm9/GReN1S2a24M5Bl4uWkDDnq3dKX30tYJjE2TFCtO56bmmBMleFM4KToZxpTyoa0jx1LYypRB+PZwRNyapUeiRJlKzZkpv6eGFOp9UiGtlNSM9CL3lT8z+tkJroKxjxOM4Mxmy+KMkFMQqbfkx5XyIwYWUKZ4vZWwgZUUWZsRkUbgrf48jJpViveeaV6d1GuXedxFOAYTuAMPLiEGtxCHRrAQMIzvMKbo5wX5935mLeuOPnMEfyB8/kDMCuQAA==</latexit>

µ � 1
<latexit sha1_base64="7CUbj+w11Fe7Gt2gIV8lZTeEjW8=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/ZAmlM120i7dTeLuRiilv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZIphg2WiES1Q6pR8BgbhhuB7VQhlaHAVji8mfqtJ1SaJ/G9GaUYSNqPecQZNVZ68GXm9/GReN1S2a24M5Bl4uWkDDnq3dKX30tYJjE2TFCtO56bmmBMleFM4KToZxpTyoa0jx1LYypRB+PZwRNyapUeiRJlKzZkpv6eGFOp9UiGtlNSM9CL3lT8z+tkJroKxjxOM4Mxmy+KMkFMQqbfkx5XyIwYWUKZ4vZWwgZUUWZsRkUbgrf48jJpViveeaV6d1GuXedxFOAYTuAMPLiEGtxCHRrAQMIzvMKbo5wX5935mLeuOPnMEfyB8/kDMCuQAA==</latexit>



Thank you!


