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Model:  Inverted Harmonic Oscillator 

Symptom of quantum chaos?

( for more about complexity 
Run-Qiu and  Vijay’s talk)

( for more about quantum chaos please refer to  
 Yan, Keun-Young,Viktor, Mitsuhiro’s talk )



Introduction
In recent time tools from QI has played important role 

to advance our understanding about the mechanism of AdS/CFT
For eg: Entanglement  entropy 

                         Ryu-Takayanagi prescription: 

  

Holographic Calculations 
(Given: an entangling region A at AdS boundary)

● Modular Hamiltonian:

Calculate holographic stress tensor at boundary
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● Entanglement Entropy:

Find a minimal surface  γ
A
:  z = f (r) 

                                             (spherical surfaces)
                                                

and EE is 

(Ryu -Takayanagi, 
     Phys.Rev.Lett.96:181602,2006)

This duality becomes more stimulating in the context of Black hole 

Eternal Black Hole 
AdS/CFT

Thermofield Double 

EE is not a good probe for physics behind horizon

Maldacena ‘2001



“Complexity” is dual to these two objects  ? 
 
Can we compute it field theory (or even in quantum mechanical systems) ?

(Carmi, Chapman, Lehner, Myers, 
Marrochio, Poisson, Sorkin, Sugishita, Heller

et al, Simon Ross et al, Run-Qiu Yang ,
Keun-Young Kim et al, Mohesn Alishahia,

et al…)

CV (⌃) = max
hV(B)
GN l

i
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CA(⌃) =
IWDW

⇡}
<latexit sha1_base64="KV57KbW1b0KIhr3Qfi5M/S4gNFg="></latexit>

Two interesting objects probing the interior of black hole

Grows with time and keep growing even after the thermalization time

(picture courtesy Jefferson-Myers, 1707.08570 [hep-th])

 

( for more Run-Qiu talk)

https://inspirehep.net/authors/1039543
https://inspirehep.net/authors/1039543


How difficult is to implement a task ?

“minimize the number of  operations”  

 how difficult is to prepare a particular state ?  

Important applications in QI and Quantum Many body physics

Here we will use  the notion of “Circuit complexity”

 (Vidal ’03, ’04, F. Verstraete and I.Cirac ’06,09
  N. Schuch, I. Cirac, and F. Verstraete ’08,
 D. Aharonov, I. Arad, Z. Landau, and U. Vazirani ’11)

Computational Complexity
Generically:  

will depend on the choice of  the reference state  



Lets us illustrate this via a simple example: 

Next we solve the ground state:
x̃0 =

1p
2
(x1 + x2), x̃1 =

1p
2
(x1 � x2),

p̃0 =
1p
2
(p1 + p2), p̃1 =

1p
2
(p1 � p2),

!̃2
0 = !2, !̃2

1 = !2 + 2⌦2.
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      Basic Setup & Assumptions Jefferson Myers ‘17

AB, A.Sinha, A Shekar `18

H =
1

2

h
p21 + p22 + !2(x2

1 + x2
2) + ⌦2(x1 � x2)

2
i
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⇡
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<latexit sha1_base64="yzFDVjFDNk8UZfhuTSBpKWo0LfE="></latexit>

a1 = !̃0, a2 = !̃1

<latexit sha1_base64="A0Za1wgh0CuagV6ngPyk88x5J3Q="></latexit>

This is a Gaussian  State 
We will refer to

as “Target State”
 T (x1, x2)

<latexit sha1_base64="LUhNwd/tc+lUq5BU9+WdcFmlbFo=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJViEClKSKuix6MVjhX5BG8Nmu2mXbjZhdyOtob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zM82NGpbLtbyO3tr6xuZXfLuzs7u0XzYPDlowSgUkTRywSHR9JwignTUUVI51YEBT6jLT90e3Mbz8SIWnEG2oSEzdEA04DipHSkmcWe7GkD43y2HPOx171zDNLdsWew1olTkZKkKHumV+9foSTkHCFGZKy69ixclMkFMWMTAu9RJIY4REakK6mHIVEuun88Kl1qpW+FURCF1fWXP09kaJQykno684QqaFc9mbif143UcG1m1IeJ4pwvFgUJMxSkTVLwepTQbBiE00QFlTfauEhEggrnVVBh+Asv7xKWtWKc1Gx7y9LtZssjjwcwwmUwYErqMEd1KEJGBJ4hld4M56MF+Pd+Fi05oxs5gj+wPj8AUQakis=</latexit>

Lets compute the circuit complexity (“Circuit Depth”)  for the  state 



The reference state: 

No entanglement in the original basis i.e in the position space

Now lets build the circuit:

We choose the following natural set of gates:

Note that the operators O’s  form a closed algebra. 

Q11 = exp
h i ✏
2
(x1 p1 + p1 x1)

i
, Q22 = exp

h i ✏
2
(x2 p2 + p2 x2)

i
, Q12 = exp

h
i ✏x1 p2

i
, Q21 = exp

h
i ✏x2 p1

i
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Then we construct the circuit U  with these gates

O11
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O22
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O21
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| T (x1, x2)� U R(x1, x2)|2 < ✏
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 R(x1, x2) = N exp
h
� !̃ref

2
(x2

1 + x2
2)
i

<latexit sha1_base64="vvGjcDWJMiSJtR8rzfpzppi77lk="></latexit>

We can tune ✏ ! 0
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to get a very precise match 

scaling scaling entangling entangling 



Nielsen approach: 

To achieve the optimal circuit  instead of working  in discrete picture
we work in continuous picture, the circuit is parametrized

 by continuous parameter “s” and consists of continuous functions

U(s) =
 �P exp(i

Z s

0
ds Y

I(s)OI(s)),
<latexit sha1_base64="jePQW9lGe1jOx7bUrk+MbsA3sW4="></latexit>

Path ordering In the discrete 
picture

�s = ✏
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Y I(s)
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control functions 

OI = {O11, O22, O12, O21}
<latexit sha1_base64="K49akFLoVmxmHKlLDOhF3Th+qG0=">AAACDnicbVDLSgMxFM3UV62vUZdugqXgQsqkCroRim50ZQX7gM4wZNJMG5p5kGSEMswXuPFX3LhQxK1rd/6N6XQW2nohnMM593JzjxdzJpVlfRulpeWV1bXyemVjc2t7x9zd68goEYS2ScQj0fOwpJyFtK2Y4rQXC4oDj9OuN76a+t0HKiSLwns1iakT4GHIfEaw0pJr1m7d9Ca7sFONCGXHGhqNHNAMGiizM9esWnUrL7hIUEGqoKiWa37Zg4gkAQ0V4VjKPrJi5aRYKEY4zSp2ImmMyRgPaV/TEAdUOml+TgZrWhlAPxL6hQrm6u+JFAdSTgJPdwZYjeS8NxX/8/qJ8s+dlIVxomhIZov8hEMVwWk2cMAEJYpPNMFEMP1XSEZYYKJ0ghUdApo/eZF0GnV0UrfuTqvNyyKOMjgAh+AIIHAGmuAatEAbEPAInsEreDOejBfj3fiYtZaMYmYf/Cnj8we9fJqj</latexit>

Boundary conditions:  T (x1, x2) = U(s = 1) R(x1, x2),

U(s = 0) = I
<latexit sha1_base64="G1OWVRnRT/VU0LLYJZfE39bgByQ="></latexit>

(note:
there is a freedom

in choosing end point 
for “s”, we fix it to be at 

s=1)

Optimal Circuit:  We need to find  optimal Y I(s)
<latexit sha1_base64="pfkI77mg2jxeTTWOuOVcdhLeLh0=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXsquCnosetFbBfsh7VqyabYNzSZrkhXK0j/hxYMiXv073vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWl5ZXcuvFzY2t7Z3irt7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDXxm09UaSbFnRnF1I9wX7CQEWys1Lp/SG/GZX3cLZbcijsFWiReRkqQodYtfnV6kiQRFYZwrHXbc2Pjp1gZRjgdFzqJpjEmQ9ynbUsFjqj20+m9Y3RklR4KpbIlDJqqvydSHGk9igLbGWEz0PPeRPzPaycmvPBTJuLEUEFmi8KEIyPR5HnUY4oSw0eWYKKYvRWRAVaYGBtRwYbgzb+8SBonFe+04t6elaqXWRx5OIBDKIMH51CFa6hBHQhweIZXeHMenRfn3fmYteacbGYf/sD5/AFjDI+I</latexit>

This can be typically achieved by minimizing some kind of action 
“Cost function”                 for these Y I(s)

<latexit sha1_base64="pfkI77mg2jxeTTWOuOVcdhLeLh0=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXsquCnosetFbBfsh7VqyabYNzSZrkhXK0j/hxYMiXv073vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWl5ZXcuvFzY2t7Z3irt7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geDXxm09UaSbFnRnF1I9wX7CQEWys1Lp/SG/GZX3cLZbcijsFWiReRkqQodYtfnV6kiQRFYZwrHXbc2Pjp1gZRjgdFzqJpjEmQ9ynbUsFjqj20+m9Y3RklR4KpbIlDJqqvydSHGk9igLbGWEz0PPeRPzPaycmvPBTJuLEUEFmi8KEIyPR5HnUY4oSw0eWYKKYvRWRAVaYGBtRwYbgzb+8SBonFe+04t6elaqXWRx5OIBDKIMH51CFa6hBHQhweIZXeHMenRfn3fmYteacbGYf/sD5/AFjDI+I</latexit>

D(U) =

Z 1

0
F(U, U̇) ds.
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F(U, U̇)
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Complexity:

(Nielsen quant-ph/0502070, 
Nielsen,  Dowling, Gu, Doherty,quant-ph/0603161

M.~A. Nielsen and M.~R. Dowling,quant-ph/0701004) 



Some desirable properties of  cost functions:

2. Positivity 

3. Homogeneity  

1. Continous 

4. Satisfy triangle inequality    

These help us to identify these functions as distance function 
between two point on a given manifold

Several Choice: 

F2(U, Y ) =

sX

I

pI(Y I)2,F(U, Y ) =
X

I

pI |Y I |,  is an integer and , � 1,

Fp(U, Y ) = (Tr(V †V )p/2))1/p, V I = Y I(s)MI , p is an integer
<latexit sha1_base64="gzO2jOcdmPfzVQg4XX49V/Dppg8="></latexit>

counts number of gates

is the distance on Riemannian manifold 

F=1(for pI = 1, 8I)
<latexit sha1_base64="orPWtFSnZll5oHlQL9DvdKbMKKg="></latexit> (for this talk we will mainly consider 

these two )

(Nielsen quant-ph/0502070, 
Nielsen,  Dowling, Gu, Doherty,quant-ph/0603161

M.~A. Nielsen and M.~R. Dowling,quant-ph/0701004,
Jefferson-Myers, 1707.08570 [hep-th]) 

Jefferson-Myers, 1707.08570 [hep-th],
Hackl-Myers, 1803.10638 [hep-th],

Guo-Hernandez-Myers-Ruan, 1807.07677[hep-th]

F2
<latexit sha1_base64="XaibZU5p4k+TKIxOCLfrZ9U6tgs=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWpgi6LgrisYB/QhjCZTtuhk0mYmQg15EvcuFDErZ/izr9x0mahrQcGDufcyz1zgpgzpR3n2yqtrW9sbpW3Kzu7e/tV++Cwo6JEEtomEY9kL8CKciZoWzPNaS+WFIcBp91gepP73UcqFYvEg57F1AvxWLARI1gbybergxDrCcE8vc38tJH5ds2pO3OgVeIWpAYFWr79NRhGJAmp0IRjpfquE2svxVIzwmlWGSSKxphM8Zj2DRU4pMpL58EzdGqUIRpF0jyh0Vz9vZHiUKlZGJjJPKZa9nLxP6+f6NGVlzIRJ5oKsjg0SjjSEcpbQEMmKdF8ZggmkpmsiEywxESbriqmBHf5y6uk06i753Xn/qLWvC7qKMMxnMAZuHAJTbiDFrSBQALP8Apv1pP1Yr1bH4vRklXsHMEfWJ8/7BiTQA==</latexit>



Now the strategy is to minimize these cost functions.
For this we first solve for the geodesics

Remember : 

Next we define a   metric (right invariant !) 

ds2 = GIJdY
IdY J

<latexit sha1_base64="x8BaSkEA/sUuBalAa0J8CJHFDrw=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmqoBuh6ELbVQXbKm0aJpNpO3QyCTMToYSAG3/FjQtF3PoT7vwbp20W2nrgcg/n3MvMPV7EqFSW9W3kFhaXllfyq4W19Y3NLXN7pynDWGDSwCELxZ2HJGGUk4aiipG7SBAUeIy0vOHl2G89ECFpyG/VKCJOgPqc9ihGSkuuuefLbvkcXrlJtZZC/76bVKetlrpm0SpZE8B5YmekCDLUXfOr44c4DghXmCEp27YVKSdBQlHMSFroxJJECA9Rn7Q15Sgg0kkmN6TwUCs+7IVCF1dwov7eSFAg5Sjw9GSA1EDOemPxP68dq96Zk1AexYpwPH2oFzOoQjgOBPpUEKzYSBOEBdV/hXiABMJKx1bQIdizJ8+TZrlkH5esm5Ni5SKLIw/2wQE4AjY4BRVwDeqgATB4BM/gFbwZT8aL8W58TEdzRrazC/7A+PwBO1uWnw==</latexit>

Find the Geodesic and  evaluate the the action on it 

D(U) =

Z 1

0
ds

sX

I,J

GIJY IY J

<latexit sha1_base64="sM0+p6P99AKDKITaOBqV3Vs8jXc="></latexit>

(here we have used the         )F2
<latexit sha1_base64="XaibZU5p4k+TKIxOCLfrZ9U6tgs=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWpgi6LgrisYB/QhjCZTtuhk0mYmQg15EvcuFDErZ/izr9x0mahrQcGDufcyz1zgpgzpR3n2yqtrW9sbpW3Kzu7e/tV++Cwo6JEEtomEY9kL8CKciZoWzPNaS+WFIcBp91gepP73UcqFYvEg57F1AvxWLARI1gbybergxDrCcE8vc38tJH5ds2pO3OgVeIWpAYFWr79NRhGJAmp0IRjpfquE2svxVIzwmlWGSSKxphM8Zj2DRU4pMpL58EzdGqUIRpF0jyh0Vz9vZHiUKlZGJjJPKZa9nLxP6+f6NGVlzIRJ5oKsjg0SjjSEcpbQEMmKdF8ZggmkpmsiEywxESbriqmBHf5y6uk06i753Xn/qLWvC7qKMMxnMAZuHAJTbiDFrSBQALP8Apv1pP1Yr1bH4vRklXsHMEfWJ8/7BiTQA==</latexit>

GIJ
<latexit sha1_base64="FDEFvWOIXIQGQT9GxJjGozXd8EI=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegBx+nCOYByRJmJ7PJmNmZZWZWCMv+gxcPinj1f7z5N06SPWhiQUNR1U13VxBzpo3rfjuFpeWV1bXiemljc2t7p7y719QyUYQ2iORStQOsKWeCNgwznLZjRXEUcNoKRlcTv/VElWZSPJhxTP0IDwQLGcHGSs3rXnp7l/XKFbfqToEWiZeTCuSo98pf3b4kSUSFIRxr3fHc2PgpVoYRTrNSN9E0xmSEB7RjqcAR1X46vTZDR1bpo1AqW8Kgqfp7IsWR1uMosJ0RNkM9703E/7xOYsILP2UiTgwVZLYoTDgyEk1eR32mKDF8bAkmitlbERlihYmxAZVsCN78y4ukeVL1Tqvu/VmldpnHUYQDOIRj8OAcanADdWgAgUd4hld4c6Tz4rw7H7PWgpPP7MMfOJ8/QTeO6Q==</latexit>

Penalty factor 

To practically compute this metric we first note:

Our wavefunction can be written in the following way: 

 s(x1, x2) = N s exp
h
� 1

2
~v.A(s).~v

i

<latexit sha1_base64="rQHd5EnS4fQ8Z39oYa3vh0QxZlo="></latexit>

~v = {x1, x0}
<latexit sha1_base64="9ij7j5KXB0o5LKIUEAARvLo37N8=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJKooBuh6MZlBfuAJoTJdNIOnTyYmZSGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hj/hTCrL+jZWVtfWNzZLW+Xtnd29ffPgsCXjVBDaJDGPRcfHknIW0aZiitNOIigOfU7b/vBu6rdHVEgWR48qS6gb4n7EAkaw0pJnVpwRJWh04+Rjzz5DY89yJp5ZtWrWDGiZ2AWpQoGGZ345vZikIY0U4VjKrm0lys2xUIxwOik7qaQJJkPcp11NIxxS6eaz4yfoRCs9FMRCV6TQTP09keNQyiz0dWeI1UAuelPxP6+bquDazVmUpIpGZL4oSDlSMZomgXpMUKJ4pgkmgulbERlggYnSeZV1CPbiy8ukdV6zL2rWw2W1flvEUYIjOIZTsOEK6nAPDWgCgQye4RXejCfjxXg3PuatK0YxU4E/MD5/AEzAk+M=</latexit>

And: 
s = 0,Reference State

s = 1,Target State
<latexit sha1_base64="ExjbGLceQlNQaPqQBICkvgSp0LQ=">AAACJnicbVDLSgNBEJyNrxhfUY9eBoPiIYRdFfQSCHrx6CNRIRvC7KQ3GTL7YKZXDEu+xou/4sWDIuLNT3GSLKLGgoGiqpueKi+WQqNtf1i5mdm5+YX8YmFpeWV1rbi+ca2jRHFo8EhG6tZjGqQIoYECJdzGCljgSbjx+qcj/+YOlBZRWMdBDK2AdUPhC87QSO1idVdX7TJ1Ee5RBekl+KAg5ECvkCEMXXe3oKtOmX5P1JnqAmZ2u1iyK/YYdJo4GSmRDOft4ovbiXgSQIhcMq2bjh1jK2UKBZcwLLiJhpjxPutC09CQBaBb6TjmkO4YpUP9SJkXIh2rPzdSFmg9CDwzGTDs6b/eSPzPayboH7dSEcYJmuyTQ34iKUZ01BntCAUc5cAQxpUwf6W8xxTjaJotmBKcv5GnyfV+xTmo2BeHpdpJVkeebJFtskccckRq5Iyckwbh5IE8kRfyaj1az9ab9T4ZzVnZzib5BevzC7ocpL4=</latexit>

Y
I(s)OI = @sU(s).U(s)�1

<latexit sha1_base64="7ddThJcnmFBuU/8X9oiPFjNgPp4=">AAACE3icbVBNS8MwGE7n15xfU49egkOYgqNVQS/C0IuenGC3ydaVNEu3sDQtSSqM0v/gxb/ixYMiXr1489+YbT3o5gNJHp7nfXnzPl7EqFSm+W3k5uYXFpfyy4WV1bX1jeLmVl2GscDExiELRdNDkjDKia2oYqQZCYICj5GGN7gc+Y0HIiQN+Z0aRsQJUI9Tn2KktOQWD+47yXValvs3rn7P2xESiiLmJjKFtpYr47uTHFqpWyyZFXMMOEusjJRAhppb/Gp3QxwHhCvMkJQty4yUk4wmYEbSQjuWJEJ4gHqkpSlHAZFOMt4phXta6UI/FPpwBcfq744EBVIOA09XBkj15bQ3Ev/zWrHyz5yE8ihWhOPJID9mUIVwFBDsUkGwYkNNEBZU/xXiPhIIKx1jQYdgTa88S+pHFeu4Yt6elKoXWRx5sAN2QRlY4BRUwRWoARtg8AiewSt4M56MF+Pd+JiU5oysZxv8gfH5A3+dnKA=</latexit>

A(s = 0) =

✓
!̃ref 0
0 !̃ref

◆

<latexit sha1_base64="WW91xyuZKfnognqHHlBm9nD+qRY="></latexit>

A(s = 1) =

✓
1
2 (a1 + a2)

1
2 (a1 � a2)

1
2 (a1 � a2)

1
2 (a1 + a2)

◆

<latexit sha1_base64="DIeTcpKTmAdWyAZ3dgTo7glnXoY="></latexit>

For our case:

Jefferson-Myers, 1707.08570 [hep-th],



Now given this basis: ~v
<latexit sha1_base64="sKJhabcRT/fsgshuLrBR35i4eKs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbSbt2swm7m0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WjmSToR3QgecgZNVZqdsfIyLhXrrhVdw6ySrycVCBHvVf+6vZjlkYoDRNU647nJsbPqDKcCZyWuqnGhLIRHWDHUkkj1H42v3ZKzqzSJ2GsbElD5urviYxGWk+iwHZG1Az1sjcT//M6qQlv/IzLJDUo2WJRmApiYjJ7nfS5QmbExBLKFLe3EjakijJjAyrZELzll1dJ86LqXVbdh6tK7TaPowgncArn4ME11OAe6tAABk/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AEBAjug=</latexit>

We can find the representations of these operators O’s 

Oij .~v = (Mij)abva
<latexit sha1_base64="JNskJFLdD+ja+ZE3L2t97gqtf4E=">AAACC3icbVC7TsMwFHXKq5RXgJHFalWpLFECSLAgVbCwIIpEH1IbRY7rtKbOQ7YTqYqys/ArLAwgxMoPsPE3uGkGKBzJ8vE598r3HjdiVEjT/NJKS8srq2vl9crG5tb2jr671xFhzDFp45CFvOciQRgNSFtSyUgv4gT5LiNdd3I587sJ4YKGwZ2cRsT20SigHsVIKsnRqzdOSu8zY5AQDJNz2LjO34dOitwMJurKHL1mGmYO+JdYBamBAi1H/xwMQxz7JJCYISH6lhlJO0VcUsxIVhnEgkQIT9CI9BUNkE+Enea7ZLCulCH0Qq5OIGGu/uxIkS/E1FfD1X0kx2LRm4n/ef1Yemd2SoMoliTA84+8mEEZwlkwcEg5wZJNFUGYUzUrxGPEEZYqvooKwVpc+S/pHBnWsWHentSaF0UcZXAAqqABLHAKmuAKtEAbYPAAnsALeNUetWftTXufl5a0omcf/IL28Q0BkZpl</latexit>

We then get, 
They are nothing but

generators of
GL(2, R)

O11 ! M11 =

✓
1 0
0 0

◆
,

O22 ! M22

✓
0 0
0 1

◆
,

O12 ! M12 =

✓
0 0
1 0

◆
,

O21 ! M21 =

✓
0 1
0 0

◆
.

<latexit sha1_base64="BNqKcamG34bc9HAJJHB9vffdoIE="></latexit>

then

Tr(MIM
T
J ) = 2�IJ

<latexit sha1_base64="XVwJ+4bIhKtIxU4RIewwtfFnAgo=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0Wom5JUQTdC0Y0WhAp9QRvDZDJph04mYWYilJCtG3/FjQtF3PoH7vwbp4+Fth64l8M59zJzjxczKpVlfRu5peWV1bX8emFjc2t7x9zda8koEZg0ccQi0fGQJIxy0lRUMdKJBUGhx0jbG16N/fYDEZJGvKFGMXFC1Oc0oBgpLbkmbIjSrZveZFD3WnafNrLji0rPJ0whLdcy1yxaZWsCuEjsGSmCGequ+dXzI5yEhCvMkJRd24qVkyKhKGYkK/QSSWKEh6hPuppyFBLppJNLMnikFR8GkdDFFZyovzdSFEo5Cj09GSI1kPPeWPzP6yYqOHdSyuNEEY6nDwUJgyqC41igTwXBio00QVhQ/VeIB0ggrHR4BR2CPX/yImlVyvZJ2bo7LVYvZ3HkwQE4BCVggzNQBdegDpoAg0fwDF7Bm/FkvBjvxsd0NGfMdvbBHxifPzs0mWg=</latexit>

Y I(s) =
1

Tr(MI .MT
I )

⇣
@sU(s).U(s)�1.MT

I

⌘

<latexit sha1_base64="970HNQwrFGdspS21olVhDBCeTlg="></latexit>

Now we have to find the geodesic on GL(2,R) group manifold  

A parametrization : GL(2, R) = R⇥ SL(2, R)
<latexit sha1_base64="d0VzsLoCgo5unDTWPTmSg3CLRlo=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEFqQkVdCNUHShCxe12ge0oUymk3boZBJmJkIJxY2/4saFIm79Cnf+jZM2C209cOFwzr3ce48bMiqVZX0bmYXFpeWV7GpubX1jc8vc3mnIIBKY1HHAAtFykSSMclJXVDHSCgVBvstI0x1eJn7zgQhJA36vRiFxfNTn1KMYKS11zb2rm0L5qFY8r8GOoj6R8C4RYK3YNfNWyZoAzhM7JXmQoto1vzq9AEc+4QozJGXbtkLlxEgoihkZ5zqRJCHCQ9QnbU050tucePLCGB5qpQe9QOjiCk7U3xMx8qUc+a7u9JEayFkvEf/z2pHyzpyY8jBShOPpIi9iUAUwyQP2qCBYsZEmCAuqb4V4gATCSqeW0yHYsy/Pk0a5ZB+XrNuTfOUijSML9sEBKAAbnIIKuAZVUAcYPIJn8ArejCfjxXg3PqatGSOd2QV/YHz+AH7+lEg=</latexit>

U(s) = exp(y(s))

✓
cosh(⇢(s)) cos(⌧(s))� sin(✓(s)) sinh(⇢(s)) cos(✓(s)) sinh(⇢(s))� cosh(⇢(s)) sin(⌧(s))
cos(✓(s)) sinh(⇢(s)) + cosh(⇢(s)) sin(⌧(s)) sin(✓(s)) sinh(⇢(s)) + cosh(⇢(s)) cos(⌧(s))

◆

<latexit sha1_base64="GZgr/lkqQhS8HVWLRLNAtB10ZOo="></latexit>

Choose the penalty factor: GIJ = �IJ
<latexit sha1_base64="YrMq7/z2CThGjOa8rcnLOsRgkzc=">AAAB+3icbZDLSsNAFIYn9VbrLdalm2ARXJVEBd0IRRdeVhXsBdoQJpNpO3QyCTMnYgl5FTcuFHHri7jzbZymWWjrDwMf/zmHc+b3Y84U2Pa3UVpaXlldK69XNja3tnfM3WpbRYkktEUiHsmujxXlTNAWMOC0G0uKQ5/Tjj++mtY7j1QqFokHmMTUDfFQsAEjGLTlmdVrL729yy76AeWAc/bMml23c1mL4BRQQ4WanvnVDyKShFQA4VipnmPH4KZYAiOcZpV+omiMyRgPaU+jwCFVbprfnlmH2gmsQST1E2Dl7u+JFIdKTUJfd4YYRmq+NjX/q/USGJy7KRNxAlSQ2aJBwi2IrGkQVsAkJcAnGjCRTN9qkRGWmICOq6JDcOa/vAjt47pzUrfvT2uNyyKOMtpHB+gIOegMNdANaqIWIugJPaNX9GZkxovxbnzMWktGMbOH/sj4/AGNuZQf</latexit>



Line element: 

ds2 = �IJTr(dU.U
�1.MT

I )Tr(dU.U�1.MT
J ),

= 2dy2 + 2d⇢2 + 2 cosh(2⇢) cosh(⇢)2d⌧2 + 2 cosh(2⇢) sinh(⇢)2d✓2 � 2 sinh(2⇢)2d⌧d✓
<latexit sha1_base64="z2Yn7cPBdqT+7kGUGZhfXCFxF1Q="></latexit>

We now solve for the geodesic on this background 

Boundary conditions: 
We observe that the unitary operator acts 
on the wavefunction  in the following way  

A(s) = U(s).A(s = 0).U(s)T
<latexit sha1_base64="10APrA76+fpsevOPKhr2ZGxJuzg=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwqpLFECSLBUKrAwFqlpK7Whclynteo4ke0gVVEXFn6FhQGEWPkHNv4Gp80ALUeyfXzOvbLv8WNGpbLtb6OwtLyyulZcL21sbm3vmLt7TRklAhMXRywSbR9JwignrqKKkXYsCAp9Rlr+6CbzWw9ESBrxhhrHxAvRgNOAYqS01DMPryrypApdvVtQ86qtz+x2nzYmPbNsW/YUcJE4OSmDHPWe+dXtRzgJCVeYISk7jh0rL0VCUczIpNRNJIkRHqEB6WjKUUikl06nmMBjrfRhEAm9uIJT9XdHikIpx6GvK0OkhnLey8T/vE6igksvpTxOFOF49lCQMKgimEUC+1QQrNhYE4QF1X+FeIgEwkoHV9IhOPMjL5LmqeWcWfbdebl2ncdRBAfgCFSAAy5ADdyCOnABBo/gGbyCN+PJeDHejY9ZacHIe/bBHxifP/t1lRE=</latexit>

s := 0, {y(0) = 0, ⇢(0) = 0, ✓(0) + ⌧(0) = c0}
<latexit sha1_base64="qGJJ0aqcfgUPuFe9Vorg8IvaV+M=">AAACGXicbZDLSgMxFIYz9VbrrerSTbAIFaVkVFAEoejGZQV7gc5QMmnahmYuJGeEMvQ13Pgqblwo4lJXvo2Zdhba+kPg4z/ncHJ+L5JCAyHfVm5hcWl5Jb9aWFvf2Nwqbu80dBgrxusslKFqeVRzKQJeBwGStyLFqe9J3vSGN2m9+cCVFmFwD6OIuz7tB6InGAVjdYpEX16RY+wkozI5NOSoQZgRDDhQw0cO0Dj1WIc4406xRCpkIjwPdgYllKnWKX463ZDFPg+ASap12yYRuAlVIJjk44ITax5RNqR93jYYUJ9rN5lcNsYHxuniXqjMCwBP3N8TCfW1Hvme6fQpDPRsLTX/q7Vj6F24iQiiGHjApot6scQQ4jQm3BWKM5AjA5QpYf6K2YAqysCEWTAh2LMnz0PjpGKfVsjdWal6ncWRR3toH5WRjc5RFd2iGqojhh7RM3pFb9aT9WK9Wx/T1pyVzeyiP7K+fgC5fJxp</latexit>

s := 1, exp(2y(1)) =

s
a1 a2
!̃2
ref

, cosh(2⇢(1)) =
a1 + a2
2
p
a1a2

, tan(✓(1) + ⌧(1)) = 0.

<latexit sha1_base64="mgsy3pUDfs9/M3jCRr3yQVvhBJ8="></latexit>

arbitrary, either  

Choosing: c0 = 0
<latexit sha1_base64="+0L4018FgHxST41hSNzvaOvn/hQ=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU8mqoBeh6MVjBdcW2qVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMi1LBjcX42yutrK6tb5Q3K1vbO7t71f2DR5NkmrKAJiLR7YgYJrhigeVWsHaqGZGRYK1odDv1W09MG56oBztOWSjJQPGYU2KdFNAevsa9ag3X8QxomfgFqUGBZq/61e0nNJNMWSqIMR0fpzbMibacCjapdDPDUkJHZMA6jioimQnz2bETdOKUPooT7UpZNFN/T+REGjOWkeuUxA7NojcV//M6mY2vwpyrNLNM0fmiOBPIJmj6OepzzagVY0cI1dzdiuiQaEKty6fiQvAXX14mj2d1/7yO7y9qjZsijjIcwTGcgg+X0IA7aEIAFDg8wyu8ecp78d69j3lryStmDuEPvM8f2/+ODQ==</latexit>

Geodesic became straight line 

y(s) = y(1) s, ⇢(s) = ⇢(1) s
<latexit sha1_base64="Lnz7hyfZJyH5UZKDLOaQHh2jIb8=">AAACC3icbZBPS8MwGMbT+W/Of1WPXsKGsMEYrQp6EYZePE5wc7CWkWbpFpY2JUmFUnb34lfx4kERr34Bb34b064H3Xwh5OH3vC/J+3gRo1JZ1rdRWlldW98ob1a2tnd298z9g57kscCkiznjou8hSRgNSVdRxUg/EgQFHiP33vQ68+8fiJCUh3cqiYgboHFIfYqR0mhoVpO6bFzCpG43nCaUTeiICc9QfmdQDs2a1bLygsvCLkQNFNUZml/OiOM4IKHCDEk5sK1IuSkSimJGZhUnliRCeIrGZKBliAIi3TTfZQaPNRlBnwt9QgVz+nsiRYGUSeDpzgCpiVz0MvifN4iVf+GmNIxiRUI8f8iPGVQcZsHAERUEK5ZogbCg+q8QT5BAWOn4KjoEe3HlZdE7admnLev2rNa+KuIogyNQBXVgg3PQBjegA7oAg0fwDF7Bm/FkvBjvxse8tWQUM4fgTxmfP9tCl8U=</latexit>

✓
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can be 
uniquely determined

⌧(s) = 0, ✓(s) = ✓0
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We can show D(U) =

Z 1

0
ds

sX

I,J

GIJY IY J
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gets minimized on this geodesic 

In fact one can check that it is the global minimum

Complexity: D(U) =
p
y(1)2 + ⇢(1)2
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In fact one can check F=1
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and the associated complexity 
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Z 1

0
dsF=1
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also gets minimized when evaluated on this geodesic 

In terms of normal mode frequency:  

(
X

I

|Y I |)
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This is the strategy we will follow in the remaining of the talk.



A point to note: 

A Gaussian  state can alternatively characterized by a “Covariance Matrix”   

Gab =<  (xk, t)|⇠a⇠b + ⇠b⇠a| (xk, t) >
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⇠a = {x1, p1, x2, p2, · · · }
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We can compute the complexity in terms of this Covariance matrix 

eg: Reference State ( eg: Target State

Next we define suitable cost function F(Ũ ,
˙̃
U) and define [15, 28, 29, 30]

C(Ũ) =

Z 1

0
F(Ũ ,

˙̃
U) d⌧ . (13)

Minimizing this cost functional gives us the optimal set of Y I(⌧), which in turn give us the most ef-

ficient circuit by minimizing the circuit depth. There are various possible choices for these functions

F(Ũ ,
˙̃
U). For further details, we refer the reader to the extensive literature in [15, 16, 17, 28, 29, 30].

In this paper, we will choose

F2(U, Y ) =

sX

I

(Y I)2. (14)

For this choice, one can easily see that, after minimization the C(Ũ) defined in (13) corresponds to

the geodesic distance on the manifold of unitaries. Note also that we can reproduce our analysis

done in the following sections with other choices of cost functional. We will, however, leave this for

future work.

3.2 Circuit Complexity for a Single Oscillator

For our case, the covariance matrix corresponding to target state (4) will take the form,

G
⌧=1 =

 
1

Re(!(t)) �
Im(!(t))
Re(!(t))

�
Im(!(t))
Re(!(t))

|!(t)|2
Re(!(t))

!
, (15)

where !(t) is defined in (5). For the reference state (2) it will take the following form,

G
⌧=0 =

 
1
!r

0

0 !r

!
. (16)

Next we change the basis as follows

G̃
⌧=1 = S ·G

⌧=1
· S

T
, G̃

⌧=0 = S ·G
⌧=0

· S
T
, (17)

with

S =

 p
!r 0

0 1p
!r

!
, (18)

such that G̃⌧=0 = I is an identity matrix. For the case under study, the reference frequency !r is

real. We will choose the following three generators,

M11 !
i

2
(x p+ p x), M22 !

i

2
x
2
, M33 !

i

2
p
2
. (19)

These will serve as our elementary gates and satisfy the SL(2, R) algebra.

[M11,M22] = 2M22, [M11,M33] = �2M33, [M22,M33] = M11. (20)

Next, if we parameterize the Ũ(⌧) as,

Ũ(⌧) =

 
cos(µ(⌧)) cosh(⇢(⌧))� sin(✓(⌧)) sinh(⇢(⌧)) � sin(µ(⌧)) cosh(⇢(⌧)) + cos(✓(⌧)) sinh(⇢(⌧))

sin(µ(⌧)) cosh(⇢(⌧)) + cos(✓(⌧)) sinh(⇢(⌧)) cos(µ(⌧)) cosh(⇢(⌧)) + sin(✓(⌧)) sinh(⇢(⌧))

!
.

(21)
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⌧ = 0
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( )

 R = N exp(�!r x2

2
)
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 R = N exp(�!(t)x
2

2
)
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!r is real
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!(t) is complex in general
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Hugo A. Camargo, Pawel Caputa,Diptarka Das, 
Michal P. Heller, and Ro Jefferson, 
Phys. Rev. Lett. 122, 081601 (2019) 
AB, T.Ali, E.Kim, S.Haque,  N.Moynihan 
 JHEP 1904 (2019) 087  
[arXiv:  1810.02734 [hep-th]]



We can compute the complexity in terms of this Covariance matrix 

Given this: We can proceed in the same way as before and compute the 
complexity 

Sometimes we will work with Covariance matrix instead of wavefunction for
eg: in the context of single inverted oscillator and for that case

the general conclusions will not depend on this much.

GT = U(s = 1).GR.UT (s = 1)

<latexit sha1_base64="oiLVnSGOj7DPCh39kYnSWC8tOXg="></latexit>

(For detailed comparison for various methods of  computation of  circuit complexity refer to  
AB, T.Ali, E.Kim, S.Haque,  N.Moynihan JHEP 1904 (2019) 087 [arXiv:  1810.02734 [hep-th]]

C=2 =
1

2

⇣
cosh�1

h!2
r + |!(t)|2

2!r<(!(t))

i⌘
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Application 

Symptom of  Quantum Chaos ? 
- Classical chaotic systems are characterized by a hypersensitivity to perturbations in initial conditions under the 

Hamiltonian evolution.

This hypersensitivity is usually diagnosed by studying individual orbits in phase space  —
  The orbits diverges! -

- For quantum system: we cannot specify both position and momentum
          “ Uncertainty Principle” .    

   The volume occupied by a single quantum state in the classical phase space is ∼
⇣ h

2⇡

⌘N

<latexit sha1_base64="DV4FLcR5yPfVTh+O6gWy1zRpXIY="></latexit>

for a system with N degrees of freedom.  

We no longer have the luxury to follow individual orbits !!!

New diagnostics needed.

AB, T.Ali, E.Kim, S.Haque,  
J.Murugan,N.Moynihan, 
Phys.Rev.D 101 (2020) 2, 026021

We can only talk about “symptoms” of quantum chaos !!!
(M. Berry, “Quantum chaology, not quantum chaos,” Phys. Scr. 40 (1989) 335)

(for more details of  quantum chaos  
Please refer to Yan, Keun-Young,Viktor,  
Mitsuhiro’s talk and also Vijay’s talk  )

(Related papers by: Run-Qiu Yang, Keun-Young Kim  et al 
JHEP 05 (2020) 045, 1906.02063, Vijay Balasubramanian et al 
Matthew DeCross, Arjun Kar, Onkar Parrikar, JHEP01(2020)134)

(PhD thesis of  Nicholas Hunter Jones 
 “Chaos and Randomness in  
Strongly-Interacting Quantum Systems”)



There are several ones ! 

Wigner 1950: Statistical Properties of energy spectra  

Distribution Eigenvalue spacing of energy eigenvalue of 
quantum chaotic Hamiltonian is similar to the one for 

Gaussian Random Matrix ensembles

But computation of eigen-spectrum is computationally  quite taxing   

So other diagnostics (“Symptoms” !!) are being developed 

A popular one is
(Out of Time ordered Correlator) : 

OTOC(t) =< B
†(0)A†(t)B(0)A(t) >� , T =

1

�
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CT (t) = � < [A(t), B(0)]2 >�= 2(1�Re(OTOC(t))),
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Quantum analog of classical  expectation value: 

(Viktor Jahnke’s review
Arxiv: 1811.06949+
yesterday’s talk)
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Search

<
⇣ @x(t)

@x(0)

⌘2
>⇡

X

n

cne
�nt�n = Lyapunov Exponent
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https://arxiv.org/help


Early Time  characteristic 
decay of OTOC:  OTOC(t) ⇡ 1� e

�L(t�t⇤)

<latexit sha1_base64="DtoY/OeLxnFQO+3ha6yIVjTP1MU="></latexit>

Quantum Lyapunov Exponent

But it has its own issue: Reliability breaks down at late time and for some well  
studied single particle quantum chaotic system like stadium billiard ball model, 

some quantum spin chains it does not give the expected Lyapunov decay 
(eg K.Hashimoto et al JHEP 10 138 (2017))

Recently well explored in Holography:  “Chaos Bound” (conjectured)   

One need other measures. 

In this context we ask can we use “complexity” as a diagnostics of quantum chaos ?  

�L  2⇡

�
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(Maldacena Shenker Stanford  ’15)



(picture courtesy: Jonah Kudler-Flam, Laimei Nie, Shinsei Ryu, JHEP01(2020)175)

This our hero
for this talk



The Model

We use “Inverted Harmonic”  oscillator model.

Its a toy model but nonetheless a powerful  and an interesting one   

Classically it has an unstable fixed point:  x = 0, p = 0

<latexit sha1_base64="BamQMTXNbzLK0cjZL/FmK+swG24="></latexit>

This model has also been demonstrated rich and fruitful in a wider 
context in the field of quantum chaos

(Physical Review A 68, 032104, Physical Review Letters 122, 101603 and many more, 
experimentally realized:  Sci. Rep. 5, 15816 (2015))

It  can appear as a  local maxima  inside  various interesting potentials.

V = g(x2 � �2

8g
)2 = �1

4
�2x2 + gx4 +

�4

64g
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Picture courtesy Koji Hashimoto, Kyoung-Bum Huh, Keun-Young Kim, Ryota Watanabe 
 ArXiv: 2007.04746



The Setup 

Reference State (at t=0): 

Hamiltonian: 

 (x, t = 0) = N (t = 0) exp
⇣
� !rx

2

2

⌘
,!r = m
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| 2 >= ei(H+�H)te�iHt| 0 >
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Target State (at t=0): 

Then following previous method we compute complexity between them

Ĉ(Ũ) = 1
2

⇣
cosh�1[ !2

r+|!̂|2
2!r<(!̂(t)) ]

⌘
,
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and

!̂(t) = i ⌦0 cot(⌦0
t) +

⌦02

sin2(⌦0t)(!(t) + i⌦0 cot(⌦0t))
. (32)

In this last expression, ⌦0 =
p
m2 � �0 is the frequency associated with the Hamiltonian H

0 = 1
2p

2+
⌦02

2 x
2 and �

0 = � + �� with �� very small. The time dependence of this complexity demonstrates

that there is a clear qualitative di↵erence between a regular oscillator and an inverted oscillator

as evident from Fig. (4) and Fig. (5). For the regular oscillator we get oscillatory behaviour

[22, 23, 24]; the complexity grows linearly for a very short period and reach to a saturation with

some fluctuations. However, Ĉ(Ũ) for the inverted oscillator tells a completely di↵erent story.

Figure 4: Ĉ(Ũ) vs time for Regular Oscillator (m = 1,� = 1.2, �� = 0.01)

Figure 5: Ĉ(Ũ) vs time for Inverted Oscillator (m = 1,� = 15, �� = 0.01)

The overall behaviour of Ĉ(Ũ) for the inverted oscillator appears to be some complicated mono-

tonically growing function. However, a closer look at Fig. (5), reveals that it takes a small amount

of time for the complexity to pick up after which it displays a linear ramp with time. For a di↵erent

choice of coupling (� > �c) we get similar behaviour with di↵erent pick up time and slope (�) for

the linear ramp. These features are displayed for di↵erent values of the coupling in Fig. (6).

As we increase � (beyond the critical value), we are in e↵ect making the model more unstable

and consequently from our very specific circuit model we expect a larger complexity and a smaller

pick up time. Therefore, the slope and pick up time scale are natural candidates for measuring the

unstable nature of the inverted oscillator. When we explore the slope � of the linear region (as in

8

point when perturbed. Though the phase-space volume of the inverted oscillator is unbounded,

our results are relevant to systems with a bounded phase space in that such a system would be

described by an inverted oscillator up to a certain time. The two systems produce the same results

over the time of interest (but would not be analytically solvable beyond that time). In what follows,

we include the analysis for a regular oscillator as a reference for what arises in a non-chaotic system

and explore also a many-body system (quantum field theory) where the inverted oscillator appears.

It is worth noting the inverted quantum oscillator is not just a toy model; it has been realized exper-

imentally [39] and has even played a role in mathematics, in attacking the Riemann hypothesis [40].

The rest of the paper is organized as follows. In Section 2, we present the model and states

considered in this work. In Section 3, we review the ideas behind circuit complexity, and compute

the circuit complexity for our system. Sections 4 and 5 demonstrate how quantum chaos can

be detected and quantified using circuit complexity while Section 6 discusses the OTOC and its

relation to the results obtained from the circuit complexity. In Section 7, we discuss a many-body

system (quantum field theory) where the inverted oscillator arises. Finally, we summarize and

present concluding remarks in Section 8.

2 The Model

We are interested in comparing the complexity of a regular system with that of an unstable/chaotic

system. To that end, we consider the Hamiltonian

H =
1

2
p
2 +

⌦2

2
x
2 where ⌦2 = m

2
� � . (1)

For � < m
2, equation (1) describes a simple harmonic oscillator; for � > m

2, we have an inverted

oscillator. The � = m
2 case, of course describes a free particle. Our inverted oscillator model

can be understood as a short-time approximation for unstable/chaotic systems. In particular, this

model captures the exponential sensitivity to initial conditions exhibited by chaotic systems. Let’s

start with the following state at t = 0,

 (x, t = 0) = N (t = 0) exp

✓
�
!r x

2

2

◆
, (2)

where

!r = m. (3)

Evolving this state in time by the Hamiltonian (1) produces [41]

 (x, t) = N (t) exp

✓
�
!(t)x2

2

◆
, (4)

where N (t) is the normalization factor and

!(t) = ⌦

✓
⌦� i!r cot(⌦ t)

!r � i⌦ cot(⌦ t)

◆
. (5)

We will be computing the complexity for this kind of time evolved state (4) with respect to (2) and

!(t = 0) = !r. (6)
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Different behavior altogether  

For inverted oscillator the complexity start to 
increase considerable after a certain time  

Then grows linearly. We denote the slope of this portion by �
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We also plot them next

CT (t) =< [x(t), p]2 >⇡ e2�L(t�t⇤)
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Figure 10: t⇤ vs � (m=1).

the pick-up time,

ts =
4 log(2)

|⌦|
. (35)

In the units of log 1
} this is related to scrambling time t⇤ as,

ts = 4 log(2)t⇤. (36)

Also, the � dependence of the Lyapunov exponent is shown in Fig. 11. Again the nature of the

graph is in agreement with Fig. 7. After fitting the data we get for the slope � of the linear region

of the graph in Fig. 7,

� = 2|⌦| = 2�L. (37)

Figure 11: �L vs � (m=1).

We have also checked the m-dependence of the slope � and the pick up time ts and they are in

agreement with the m-dependence of �L and t⇤ respectively.
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We have also checked the m-dependence of the slope � and the pick up time ts and they are in

agreement with the m-dependence of �L and t⇤ respectively.

11
 We fit the previous data with this and find that: 

We can extract Lyapunov Exponent and Scrambling time
from the circuit complexity

(m=1)

� = 2|⌦| = 2�L, ts =
4 log(2)

|⌦| = 4 log(2)t⇤
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One more check:

Figure 8: ts vs �(� = 0.01,m = 1)

Figure 9: Dependence of Ĉ(Ũ) on �� (m = 1,� = 10)

6 OTOC, Lyapunov Exponent and Scrambling Time

The exponential behaviour of the 4-point OTOC has recently emerged as a popular early-time

diagnostic for quantum chaos8. In [42] the authors demonstrate explicit calculations of OTOCs for

harmonic oscillator. For our model, the OTOC for x and p operators (after reinstating the factor

of }) gives [42]
h[x(t), p]2i = }2 cos2⌦ t, (33)

where ⌦ is defined (1). When ⌦ is imaginary, we can write the above expression as an exponential

function

h[x(t), p]2i ⇡ }2e2 |⌦| t + · · · . (34)

Rewriting the above expression as e2�L(t�t⇤), with Lyapunov exponent �L allows us to immediately

read o↵ that for our system, �L = |⌦| while the scrambling (or Ehrenfest) time is given by t⇤ =
1
�L

log 1
} . The � dependence of this time scale (in the units of log 1

}) is shown in Fig. 10.The nature

of the graph is in agreement with Fig. 8. In fact from Fig. 10 after doing a data-fitting we get for

8
An alternative to the OTOC, F (t) = hA†

(t)B†
(0)A(t)B(0)i, is the thermally averaged commutator-squared

C(t) = h[A(t), B(0)]
2i with the two being related through C(t) = 2�2Re(F (t)). Unless there is an explicit ambiguity,

we will refer to them both as the OTOC.

10

| 2 >= ei(H+�H)te�iHt| 0 >
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We plot complexity for various  ��
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Towards a field theory analysis: 

We consider now many coupled oscillator

7 Towards a Field Theory Analysis

By using the single oscillator model we have illustrated how complexity can capture chaotic be-

haviour. In this section we will explore a possible field theory model in which the inverted oscillator

appears naturally. Consider two free scalar field theories ((1+1)-dimensional c = 1 conformal field

theories) deformed by a marginal coupling. The Hamiltonian is given by

H = H0 +HI =
1

2

Z
dx

h
⇧2

1 + (@x�1)
2 +⇧2

2 + (@x�2)
2 +m

2(�2
1 + �

2
2)
i
+ �

Z
dx(@x�1)(@x�2).

(38)

We can discretize this theory by putting it on a lattice. Then using the following definitions

x(~n) = ��(~n), p(~n) = ⇧(~n)/�, ! = m, ⌦ =
1

�2
, �̂ = � �

�4 and m̂ =
m

�
, (39)

we get

H =
�

2

X

n

h
p
2
1,n + p

2
2,n +

⇣
⌦2 (x1,n+1 � x1,n)

2 + ⌦2 (x2,n+1 � x2,n)
2+

�
m̂

2(x21,n + x
2
2,n) + �̂ (x1,n+1 � x1,n)(x2,n+1 � x2,n)

⌘i
.

(40)

Next we perform a series of transformations,

x1,a =
1

p
N

N�1X

k=0

exp
⇣2⇡ i k

N
a

⌘
x̃1,k,

p1,a =
1

p
N

N�1X

k=0

exp
⇣
�

2⇡ i k

N
a

⌘
p̃1,k,

x2,a =
1

p
N

N�1X

k=0

exp
⇣2⇡ i k

N
a

⌘
x̃2,k,

p2,a =
1

p
N

N�1X

k=0

exp
⇣
�

2⇡ i k

N
a

⌘
p̃2,k,

p̃1,k =
ps,k + pa,k

p
2

, p̃2,k =
ps,k � pa,k

p
2

,

x̃1,k =
xs,k + xa,k

p
2

, x̃2,k =
xs,k � pa,k

p
2

, (41)

that lead to the Hamiltonian

H =
�

2

N�1X

k=0

h
p
2
s,k

+ ⌦̄2
k
x
2
s,k

+ p
2
a,k

+ ⌦2
k
x
2
a,k

i
, (42)

where

⌦̄2
k
=

✓
m̂

2 + 4 (⌦2 + �̂) sin2
⇣
⇡ k

N

⌘◆
, ⌦2

k
=

✓
m̂

2 + 4 (⌦2
� �̂) sin2

⇣
⇡ k

N

⌘◆
. (43)

It is immediately clear that by tuning the value of �̂, the frequencies ⌦k can be made arbitrarily

negative resulting in coupled inverted oscillators. Note that ⌦̄k will be always positive. Therefore,
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�4 and m̂ =
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, (39)
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that lead to the Hamiltonian
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Do a series of transformation
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Figure 12: C(Ũ) vs � for � = 0.1,m = 1, t = 20, N = 1000.

one can view (42) as a sum of regular and inverted oscillator for each value of k. Now to study
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Note that by tuning �̂ for this Hamiltonian one can get both regular and inverted oscillators. Now

we want to time evolve with the above Hamiltonian. Specifically, at t = 0 we start with the ground

state of H̃(m,⌦, �̂ = 0) and then time evolve it with H̃(m,⌦, �̂ 6= 0). The complexity for this
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Figure 13: Ĉ(Ũ) vs time for the Inverted Oscillators (� = 0.1,m = 1, N = 1000, �̂�2 = 10, �� = 0.01)

and !k(t)2, !
2
r,k

are defined in (46).

Now we compute the complexity. Just as in the single oscillator case, we observe the formation

of a cusp as the system switches from regular to inverted oscillator. Fig. (12) shows the appearance

of cusp. Moreover, we confirmed that the cusp starts to appear at a certain time scale. Also, using

our testing method (outlined in section 5), once again for the inverted oscillator we can immediately

read o↵ the scrambling time and Lyapunov exponent from the time evolution of Ĉ(Ũ) as shown in

from Fig. (13).

8 Discussion

In this paper we used a harmonic oscillator model that converts to an inverted oscillator for large

coupling of the interaction Hamiltonian. The coupling behaves as a regulator and by tuning it we

can switch between regular and inverted regimes. Our motivation was to use this inverted oscillator

as a toy model to study quantum chaos. In this context, the regular oscillator serves as a reference

system. We developed a new diagnostic for quantum chaos by constructing a particular quantum

circuit and computing the corresponding complexity. Our diagnostic can extract equivalent infor-

mation as the out-of-time-order correlator with the additional feature that complexity can detect

when the system switches from regular to the chaotic regime.

By considering the target state as a time evolved state and investigating how complexity changes

with coupling, we find a new time scale, which we call the onset time. The onset time tells us how

long it takes for the system to recognize the transition from regular to unstable regime. Then we

considered a target state which is first forward evolved and then backward evolved with slightly

di↵erent Hamiltonians and found that the behaviour for the regular and inverted oscillator are

completely di↵erent in this case. For the regular oscillator we get some oscillatory behaviour as

in [21, 22, 24]. However, for the inverted oscillator we get an exponential type function with two

distinct features: for an initial period the complexity is nearly zero, after which it exhibits a steep

linear growth. By comparing with the operator product expansion, we discovered the small time

scale and slope of the linear portion to be equivalent to the scrambling time and the Lyapunov

exponent respectively.
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Last but not the least: 

We apply these concepts to that of scalar cosmological perturbation

We will consider a spatially flat 
Friedmann-Lemaitre-Robertson-Walker (FLRW) metric

ds2 = �dt2 + a(t)d~x2 = a(⌘)2(�d⌘2 + d~x2)

<latexit sha1_base64="TlrcTVzAQ46MpUmaDEDBc3/7xbA="></latexit>

Perturbation: �(x) = �0(t) + ��(x),

<latexit sha1_base64="zk0xSHL1CGYO01MySKSOcFBmUAQ="></latexit>

Background scalar : 

metric: ds2 = a(⌘)2(�(1 + 2 (x, ⌘))d⌘2 + (1� 2 (x, ⌘))d~x2)

<latexit sha1_base64="c7FsSdd2OaPqb65rM5G15OblayQ="></latexit>

The action (Einstein action + minimally coupled scar field)  
upto quadratic order in fluctuation (scalar) can be written as : 
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The action becomes after some variable change 

S =
1

2

Z
d⌘d3x

h
v02 � (@iv)

2 +
⇣z0

z

⌘2
v2 � 2

z0

z
v0v

i

<latexit sha1_base64="IHL7K/vgZ4bTve8QiULKO11jakA="></latexit>

(prime denotes derivative w.r.t  conformal time)

v̂(⌘, ~x) =

Z
d3k

(2⇡)2
v̂~k(⌘)e

i~k.~x
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Fourier Transform: 

v̂~k =
1p
2k

(ĉ~k + ĉ†
�~k

)

<latexit sha1_base64="PEfFjh+1hTqG9y5p0SAQu+ZwTeM="></latexit>

Creation and annihilation: 

The Hamiltonian becomes: Ĥ =

Z
d
3
xĤ~k =

Z
d
3
k

h
k(ĉ~k~c

†
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+ ĉ

†
�~k
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<latexit sha1_base64="MANQTgFsGQDDkuzqmZ869zhZbdE="></latexit>

Free particle Hamiltonian IHO

z0

z
>> k, IHO dominates

<latexit sha1_base64="q2ayto9wGPSaAEpP0uP31hFkBhw="></latexit>

A. Albrecht, P. Ferreira, M. Joyce,T. Prokopec, Phys. Rev. D50 (1994)
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Target State:

c~k|0 >~k,�~k= 0

<latexit sha1_base64="nV8M4LVS5wNlyP217AW15Fzve90="></latexit>

Reference State:

We compute the complexity for single mode “k” given this two state:

Off course we need to know the background :

We focus on this case
for now. Other cases 

can be similarly handled
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Slope is bounded by Hubble. 

At late time:
dC
dt

=
Hp
2
,

dC
dt

⇠ �  2⇡T ⇠ H (T ⇠ H

2⇡
)
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Similar to the Chaos Bound. Recently verified by direct OTOC computation
(L. Aalsma and G. Shiu, 2002.01326)

AB, S.Das, S.Haque, B.Underwood, 
Phys.Rev.D 101 (2020) 10, 106020 , 
Phys. Rev. Research 2, 033273 (2020)  

At late time:
dC
dt

=
Hp
2
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Summary

- To give a proof of principle argument for circuit complexity as a symptoms of quantum chaos we have used the toy inverted 
harmonic oscillator model 

- We can explicitly extract the information about Lyapunov Exponent and Scrambling time from the compelxity  

- We  discussed few interesting setup where inverted Harmonic oscillator can appear for eg. cosmological model  

- Pleasingly for cosmological we can infer some information of Lyapunov exponent  from circuit complexity 

- Inverted Harmonic Oscillator is just a toy model we need to extend this for more realistic models.  

- eg. Kicked rotor, Kicked Top - Work in progress (hope to report soon) 

- Certainly interesting to expand this line of study for non trivial chaotic field theories 
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Lots to explore !!!!

(go beyond linear 
fluctuation ?

Direct computation of 
OTOC, various 

equation of state )

(Gauge theory ?)

(Work in 
progress)

Open  System ?
(hopefully to

 appear soon)


