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Quantum computer sounds growing well...

Article

Quantumsupremacy using a programmable
superconducting processor

https://doi.org/10.1038/541586-019-1666-5 Frank Arute', Kunal Arya', Ryan Babbush', Dave Bacon', Joseph C. Bardin'?, Rami Barends',




Quantum computer sounds growing well...

Article

Quantumsupremacy using a programmable
superconducting processor

This lecture = How can we use it for particle physics?



This lecture is on

Application of Quantum Computation
to
Quantum Field Theory (QFT)

*Generic motivation:

simply would like to use powerful computers?

* Specific motivation:




This lecture is on

Application of Quantum Computation
to
Quantum Field Theory (QFT)

*Generic motivation:

simply would like to use powerful computers?

* Specific motivation:

Quantum computation is suitable for Hamiltonian formalism

——> Liberation from infamous sign problem in Monte Carlo?

(next slide)



Sign problem in Monte Carlo simulation

(this point is explained to give a motivation & isn’t

CO nve ntio n a I a p p roa C h to Si m u Iate QFT: essential to understand main contents of the lectures)

(D Discretize Euclidean spacetime by lattice:

& make path integral finite dimensional:

[ D6 06)e™1 mmmp [ dp O(s)e 5

@ Numerically Evaluate it by (Markov chain) Monte Carlo method
regarding the Boltzmann factor as a probability:

(O()) ~ Y 0

- #(samples) jeqamples




Sign problem in Monte Carlo simulation (Cont’d)

Markov Chain Monte Carlo:

[ dé 0(8)e=5@)
;;robab/'/ity

problematic when Boltzmann factor isn’t Ry, & is highly oscillating

Examples w/ sign problem:

——

topological term —— complex action

— =chemical potential — indefinite sign of fermion determinant

"real time — “ ei5(¢) " much worse

—



Sign problem in Monte Carlo simulation (Cont’d)

Markov Chain Monte Carlo:

[ dé 0(8)e=5@)
;;robab/'/ity

problematic when Boltzmann factor isn’t Ry, & is highly oscillating

Examples w/ sign problem:

——

topological term —— complex action
— =chemical potential — indefinite sign of fermion determinant
‘realtime —— “eS@)” uch worse

—

In Hamiltonian formalism,

sign problem is absent from the beginning

(3 various approaches within framework of path integral formalism but Il skip it )



Cost of Hamiltonian formalism

We have to play with huge vector space

since QFT typically has co-dim. Hilbert space

reqularization needed!

Technically, computers have to

memorize huge vector & multiply huge matrices



Cost of Hamiltonian formalism

We have to play with huge vector space

since QFT typically has co-dim. Hilbert space

reqularization needed!

Technically, computers have to

memorize huge vector & multiply huge matrices

Quantum computers do this job?



Should we care now as “users”?

Quantum computers don’t have sufficient powers yet.

Shouldn’t we start to care after guantum supremacy comes?

| personally think:

3 Many things to do even now in various contexts
(numerical/analytic/purely algorithmic/lat/th/ph)

For instance,

“we haven’t established
" how to put QCD efficiently on quantum computers

how to efficiently pick up various real time physics

(e.g. scattering/dynamical hadronization)

—

- donly 1 example so far to take a serious continuum limit
[Chakraborty-MH-Kikuchi-lzubuchi-Tomiya '20]



Some good news...

*If you have google or facebook account,
you can immediately use IBM’s quantum computer

* Algorithms for simulating quantum system are much easier
than ones for generic Purpose (e.g. Shor’s algorithm for prime factorization)

Simple code can be made by drug & drop in IBM’s website
and serious code is made by python

| am beginner of both python and quantum computation
(started on last June)

“|t’s fun!!



Plan

0. Introduction

1. Qubits and gates

2. Some demonstrations in IBM Q Experience
3. Quantum simulation of Spin system
4. QFT as qubits (mapping to spin system)

5. Summary



Qubit = Quantum Bit
Qubit = Quantum system w/ 2 dim. Hilbert space

1
0) = (O) : 1) = <C1)> “computational basis”

Generic state:

a|0) + B|1)  w/ |of?+182 =1

Basis:

Ex.) Spin 1/2 system:

0)=1[1) [1)=1])

(We don’t need to mind how it is realized as “users”)



Single qubit operations

'ACting Unitarv Operator: |¢> — U|¢> (multiplying 2x2 unitary matrix)

In quantum circuit notation,

) U Ul)

= al0) + B|1) = aU|0) + SU|1)




Single qubit operations

'ACting Unitarv Operator: |¢> — U|¢> (multiplying 2x2 unitary matrix)

In quantum circuit notation,

) U Ul)

= al0) + B|1) = aU|0) + SU|1)

Measurement:

1) £

= a/0) + B/1) :

C (classical number)

{cz 0 w/ probability |a|?

c =1 w/ probability |8|?



Single qubit gates used here

X,Y, Z gates : (just Pauli matrices)

=03 v=(%) 2=( 2

Xis “NOT”: X|0) = [1), X|1) = |0)
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Single qubit gates used here

X,Y, Z gates : (just Pauli matrices)

=03 v=(%) 2=( 2

Xis “NOT”: X|0) = [1), X|1) = |0)

Ry, Ry, Ry; gates:

10 10 10
Rx(0) =e 2%, Ry(@) =e 27, Ry(0) =e 27

Hadamard gate :

! 11 1
Ijr_\ﬁ(XJrZ)_\E(1 _1>

(0)+11)=1[+), H|1) =

1

1
NG il

V2

H|0) = (10) = [1)) =[-)



Single qubit gates used here

X,Y, Z gates : (just Pauli matrices)

=03 v=(%) 2=( 2

Xis “NOT”: X|0) = [1), X|1) = |0)

Ry, Ry, Ry; gates:

10 10 10
Rx(0) =e 2%, Ry(d)=e 2°, Ry(f) =e 27

Hadamard gate :

1 _1(1 1
Iqr_ﬁ(XJrZ)_\E(1 _1>

10y + 1) = |4), H|1) = %

i s 1 O
T:€8RZ<Z>: 0 e%r

1

1jo) =

(10) = [1) =[|-)
T gate :




Multiple qubits

2 qubits — 4 dim. Hilbert space:
V)= D clif), i7) = 1i) ® |7)
00) = (

1,7=0,1

0 0 0
) , 01) = (é) , 110) = ((1)) , 11) = (8)
0 0 1

SN GNGN



Multiple qubits

2 qubits — 4 dim. Hilbert space:
V)= D clif), i7) = 1i) ® |7)
00) = (

i.j=0,1
0
), m):(), 1o>=(), 11>=(g)
1

N gubits — 2N dim. Hilbert space:

) = Z Ci1"'iN|i1"°iN>7

i1,in=0,1

SN GNGN
oNoN o)
oOr oo

i1i0 - in) = [i1) @ |in) @ - Q |in)



Two qubit gates used here
Controlled X (NOT) gate:

CX|00) =[00),  (CX|01) = |01),
CX|10) = |11), CX|11) = |10)

or equivalently

CX[0) @) =[0)®|y), CX|1)®y)=][1)® X|P)

|

1000

_lo 10 0] _
CX=1000 1|~ /l
0010 N




Two qubit gates used here
Controlled X (NOT) gate:
{ CX|00) = 100),  Cx|01) = |01),

CX|10) = |11), CX]11) = |10)
or equivalently

CX[0) @) =[0)®|y), CX|1)®y)=][1)® X|P)

|
1 0 0O
101 0 0| _
CX=1000 1|7 /l
0010 s
SWAP gate:
SWAP[Y) ® [¢) = |¢) ® [¢)
1 0 0O )
10 01 O _ We'll see this is useful to
SWAP = 010 0| I compute Renyi entropy
O 0 01



Rule of the game

Do something interesting by a combination of

action of Unitary operators:

1) U Ult)
&
measurements:
1) &

ﬂ C  (classical number)




Universality

 Any unitary gate is a combination of single qubit gates & CX
(“Single qubit gates & CX are universal”)

Ex.) Toffoli —— t ! r
(controlled-controlled-NOT) J {
e = T— N




Universality

 Any unitary gate is a combination of single qubit gates & CX
(“Single qubit gates & CX are universal”)

Ex.) Toffoli .
(controlled-controlled-NOT)

ROl

|

T

|

H

|

|

T

A
N

YAl

Tt D

T

 Any single qubit gate is approximated
H & T in arbitrary precision

1 (1
H_ﬁ<

1 -1

) o=

0

O e4

)

Tt

o T

H

oy a combination of



Universality

 Any unitary gate is a combination of single qubit gates & CX
(“Single qubit gates & CX are universal”)

Ex.) Toffoli —— t ! r
(controlled-controlled-NOT) J {
O— T D

: l L T
—D— H ST T Tt o THH

 Any single qubit gate is approximated by a combination of
H & T in arbitrary precision

e 2 (1 1) _ (L O
T V2\1 1) 7 T\ .7

H, T & CX are universal




Errors in Quantum computer

In real quantum computer,
Qubits in gquantum circuit # isolated system

mm) |nteractions w/ environment cause errors/noises

We need to include “guantum error corrections”
which seem to require a huge number of qubits

(~ major obstruction of the development)

This lecture won’t discuss quantum error corrections
but it can be taken into account in an independent way
of details of algorithm



(Classical) simulator for Quantum computer

Quantum computation C Linear algebra

The same algorithm can be implemented in classical computer
but w/o speed-up (1 quantum step = many classical steps)

Simulator = Tool to simulate quantum computer
by classical computer

—

Doesn’t have errors = ideal answers

— (More precisely, classical computer also has errors but its error correction is established)

*The same code can be run in guantum computer w/ speed-up

—

Useful to test algorithm & estimate computational resources

(~# of qubits, gates)



Short summary

*Qubit = Quantum bit

"Important gates:

Re(0) = 53X Ry(0)=e¢72Y, Ry(0)=e 27

1 _ _ Yoy = -
ﬁ(\o>+\1>):\+>, H|1)—\/§(|0> 1) =1-)

CX[0)® ) =0)®@y), CX|1)®y)=[1)&® X|y)

H|0) =

Do something interesting by a combination of
acting unitary op. & measurement

"H,T & CX are universal 7= ¥Ry (3
 Real guantum computer has errors

Simulator = Tool to simulate quantum computer
by classical computer



Some demonstrations
in IBM Quantum Experience



Technology

IBM Quantum Experience
IS quantum on the cloud

Accelerate your research and applications with the next generation of the
leading quantum cloud services and software platform.

Try it out now I
Powerful software for Put quantum to work
the mOSt powe rfu l' Run experiments on IBM Q systems and
h ard ware simulators available to the public and IBM Q

Network.

Develop and deploy

Explore quantum applications in areas such

as chemistry, optimization, finance, and AL

Quar

Stay inf
quantul

comimu



IEM Quantum Experience

Welcome New here? Get started with the IBM x
_ Honda Quantum Experience!
M Masazumi
- \¢/

Personal profile
See more ‘ n ‘

Circuit Composer Qiskit Notebooks

Explore lhe graphmal interface Create your first notebook and
ing circuits start using Qiskit

Create a circuit — Create a notebook —

Pending results (0)

You have no experiment runs in the queue.



A trivial problem: measure |0)

M Quantum Experience or * Untitled Exp... %

New Save Clear Delete OpenQASM Help

Untitled Experiment Unsaved changes Run
® Circuit composer Gates glossary
& Gates Barrier Operation ubroutines

HEEOOONNENNEDREDEO O K &

<>

cRz
lllll —
q[e] |o) =
cl
< > Vv

Pending results (0)



A trivial problem: measure [0) (Cont’d)

IBM Quantum Experience ar * Untitled Exp... %

New Save Clear Delete OpenQASM Help

Untitled Experiment Unsaved changes

® Circuit composer Gates glossary
o Gates Barrier  Operations Subroutines
 HEEHOOOHNNEDNDDDNDNEOEHEE @ MMEE ~
. cRz )
q[e] o) 3
S
< > v

Pending results (0)



Measure 1024 times in simulator

Run your circuit

1. Select an available backend 2. Select number of shots

Backends availability and functionality can vary Increase the number of shots to improve
depending on the provider. statistical accuracy.

ibmg_gasm_simulator in ibm-g/open/main 1024

ibmg_gasm_simulator in ibm-g/open/main ™

ibmg_16_melbourne in ibm-qfopen/main

ibmg_ourense in ibm-gfopen/main

ibmgx2 in ibm-g/open/main

ibmg_vigo in ibm-g/open/main




Trivial result

Quantum Experience = Result 5244b... »

Result

Histogram

100% 100%

Probabilities
3]
=

Of Course!



Measure 1024 times in quantum computer

Run your circuit

1. Select an available backend 2. Select number of shots

Backends availability and functionality can vary Increase the number of shots to improve
depending on the provider. statistical accuracy.

ibmg_gasm_simulator in ibm-g/open/main 1024

ibmg_gasm_simulator in ibm-g/open/main ™

ibmg_16_melbourne in ibm-qfopen/main

ibmg_ourense in ibm-gfopen/main

ibmgx2 in ibm-g/open/main

ibmg_vigo in ibm-g/open/main




Result of quantum computer?

= Resu“: 5944':"“ ) _

Result

Histogram

0.586%
1
State

This is the error!




A trivial problem2: measure [1)

M Quantum Experience or * Untitled Exp... %

New Save Clear Delete OpenQASM Help

Untitled Experiment Unsaved changes Run
® Circuit composer Gates glossary
& Gates Barrier Operation ubroutines

HEEOO z 0 DD OEOHEER

<>

cRz
lllll —
qle] |o) =
c1
< > Vv

Pending results (0)

X|0) = |1




A trivial problem2: measure [1) (Cont’d)

- e Exp )

v Save Clear Delete OpenQASM Help

titled Experiment Unsaved changes

Circuit composer

Gates glossary

Gates Barrier Operations Subroutines
HEEOOORNNENDNDORDDEOMERE = -l
(o }¥:4
EA
afe] o) —PX F
cl 0
< > Vv

Pending results (0)



Result of simulator (1024 shots)

= Result 5eddb... «

Result

Histogram

100% 100%
0%
80%
T0%
0%
0%

Probabilities

40%
30%
20%

10%
0%



Result of quantum computer (1024shots)

Result

Histogram

99% 935.047%

B9%
T9%
65%
o8%

9% 1.953%
0%
0 1
State

Errors again




The simplest nontrivial problem: Hadamard gate

M Quantum Experience or * Untitled Exp... x

New Save Clear Delete OpenQASM Help

Untitled Experiment Unsaved changes Run

® Circuit composer Gates glossary

HOOOHNNEEDNDDNDDNEOEE D

Barrier

q[el |o)

cl

Pending results (0)

1

HI0) = —

(10) +11))




Result of simulator (1024 shots)

;= Result 5eddb...

Result

Histogram

AR 48.145%

YA R R RN
P RREEEE R 2 E P

State

Not 50:50 because of statistical errors



Result of simulator (8192 shots)

- RESUIt 5e44h“- ) _

FEEEEREREY
Fd F F E] = R

State

Improved!



Result of quantum computer (1024 shots)

Result

Histogram

[ S T - T L B ]
s 383883

State

3Both errors & statistical errors



Result of quantum computer (8192 shots)

Result

Histogram

2%

F 4R

State

Statistical errors are improved



o

A trivial problem for 2 qubits

Circuit composer

ates

il e o) X

al1] Io}
c2 b ;

X1|00) =[10)



Result of simulator (1024 shots)

Result

Histogram

=]
=]
&

s = 3 8 § 8 38 3 8 8
o & & & ®# & £ & &

01
State

Note that notation is different from the ket notation



2 qubit operation by simulator

CX|00) = |00)

?
:“”';T

?*

CX|10) = |11)

CXx|01) = |01)

q[1]

CX|11) = |10)




2 qubit operation by quantum computer (1024 shots)

C X |00) = |00)

CX|10) = |11)

CXx|01) = |01)

CX|11) = |10)




Quantum simulation of Spin system



Warm up: 2-site transverse Ising model

1 2
% X

H=—-JZ1Zy — h(X1 + X>2)

We are going to

" =construct time evolution operator
*obtain vacuum state
compute vacuum expectation values

*compute Renyi entropy

—




Time evolution operator
Time evolution of any state is studied by acting the operator

—iHt __ o~ (Hx+Hzz)t

e
where

Hy = —-h(X1+ X2), Hgzyz;=—-JZ1Z7

How do we express this in terms of elementary gates?
(suchas X,Y,Z,Rxy 7, CX etc...)



Time evolution operator
Time evolution of any state is studied by acting the operator

—iHt __ o~ (Hx+Hzz)t

e
where

Hy = —-h(X1+ X2), Hgzyz;=—-JZ1Z7

How do we express this in terms of elementary gates?
(suchas X,Y,Z,Rxy 7, CX etc...)

Step 1: Suzuki-Trotter decomposition: (Fhigher order improvements)

. . A M
e—th — (6—2Hﬁ> (M: large positive integer)

. . M
- (e—zﬂxﬁe—zﬂzz%) + O(1/M)



Time evolution operator (cont’d)

A . . M
e—ZHt ~ (6—ZHX%€—ZH22ﬁ>




Time evolution operator (cont’d)

PN . . M
e—ZHt ~ <6_1HXﬁ€_ZHZZﬁ)

) .. acting on qubit 2  acting on qubit 1
The 1st one is trivial:



Time evolution operator (cont’d)

N . . M
e—ZHt ~ (6—ZHX%€—ZH22ﬁ>

) .. acting on qubit 2  acting on qubit 1
The 1st one is trivial:

The 2nd one is nontrivial:

_ _ Jt . Jt
e iz 237 =e i51 %172 = COS— —1/414>Sin—
M M



Time evolution operator (cont’d)

N . . M
e—ZHt ~ (6—ZHX%€—ZH22ﬁ>

) .. acting on qubit 2  acting on qubit 1
The 1st one is trivial:

The 2nd one is nontrivial:

_ _ Jt . Jt
e iz 237 =e i51 %172 = COS— —1/414>Sin—
M M

One can show (see next slide)

- >
e~ i1 2122 — CXR% (J;f) CX



Time evolution operator (cont’d)
e 104122 — CXR(ZQ)(QC)CX

Proof:

CXRP (2¢)CX|0) @ |v))
= CX R (20)[0) ® [¢) = CX|0) ® Rz(20)|¢)

= [0)®Rz(2¢)|¢) = cos c|0)®[Y)—isinc Z|0)®Z[p)

CXRP (2¢)CX|1) & |4))

= OXRP (20)|1)@X|¢) = CX[1)@RZ(20)X|y) = [1)@X Ry (20) X|)
= cosc|l) ® X X|¢) —isinc 1) ® X ZX|y)

= cosc|l) ® |¢) —isinc Z|1) ® Z|y)

Thus,
CXRP) (20)CX|0)®|Yh) = cos clp)®[P)—isin ¢ Z|p)RZ|h)

= T 2)p) @ |y)



Quantum circuit for time evolution op.

Hy = —-h(X1+ X2), Hzgz=-JZ1Z>




Survival probability of free vacuum

For J=0, ground state is H|j=p = —h(X1 + X2)
1 1
) = |0>\%l ) & |O>\EI >=H<2>H<1>|oo>

We can compute survival probability of the free vacuum:

Toy version of

o~ 2
P(t) = ‘H‘ + |€_2Ht| ++) Schwinger effect

= |(001# @ HO =M1t 5 D00)|



Survival probability of free vacuum

For J=0, ground state is H|j=p = —h(X1 + X2)
1 1
) = |0>\%l ) & |O>\EI >=H<2>H<1>|oo>

We can compute survival probability of the free vacuum:

2 Toy version of
Schwinger effect

P(t) = \<+ + e~ 4 4

= |(001# @ HO =M1t 5 D00)|

Measure the probability having |00) inside the state

(2 Q) —ilt (2) (1) 100)



Demonstration for the survival probability

P 2 P 2
P@) =+ -+ + )] = (00 H@HEO e EE FD)oo)

| I R
A 2hdt
R Ry

LV 2J6t L 2hit

Let’s computeitfor J=1,h=1,t=0.1,M =1

t
ot = —
M



Demonstration for the survival probability (Cont'd)

o) —H

Result by simulator w/ 1024 shots:

99.219%

0.781%

11




Result of simulator (1024 shots):

99.219%

0.781%

State

Result of qguantum computer (1024 shots):

95.605%

0.879% 1.758%

01 10

11

1.758%

11



More serious computation
J=1,h=1,t =1, M = 100,10000 shots

l.ﬂ' .,
N 2 sites
0.8
s, 4 sites
=
& 0.6
6 sites
- 8 sites
0.2 - . . "
0.2 0.4 0.6 0.8 1.0



Adiabatic state preparation of vacuum

Step 1: Choose an initial Hamiltonian H, of a simple system
whose ground state |vacy) is known and unique

Step 2: Consider the time evolution
T
T exp (—i/o dt HA(t)>|vaco > W/ H4(0) = Hy, Hx(T) =0

Step 3: Use the adiabatic theorem

If the system w/ the Hamiltonian H,(t) has a unique gapped vacuum,
then the desired ground state is obtained by

T
lvac >= |lim T exp <—7L/O dt HA(t)>|vaco >

T — 00



For transverse Ising model

N—-1 N
H=-J ) Zn n+1—hZXn m Y Zn

n=1 n=1

Choose




For transverse Ising model

R N—-1 N
H = —JZZn n+1—hZXn m Y Zn

Choose

N
=-hY X0 mmp Ivaco)=|+ )
n=1

H () = (1 — ;) Ho + ;H

—

Discretize the integral:
T
T exp (—z‘/o dt HA(t)) lvacqg >~ U(T)U(T—6t) --- U(20t)U(6t)|vacg >

where

: T
U(t) = e HaW 50 — <1



Magnetization

Once we get the vacuum, we can compute VEV of operators:

(vac|O|vac)

It is easiest to compute magnetization:

N

N
1 1
(vac| )  Zplvac) = - > > {vac|Zpli1 - -in) (i1 - -in|vac)
N n=1 Nn 14q---2ny=0,1

—z S (1) (i - -iy|vac)]?

n 14q1---2=0,1



Magnetization

Once we get the vacuum, we can compute VEV of operators:

(vac|O|vac)

It is easiest to compute magnetization:
N

1
(vac| ) Zp|vac) = - Z > {vac|Zpli1 - -in) (i1 - -in|vac)
N
n=1 n 14q---2ny=0,1
= z > (1) [(i - inlvac)|?
n 14q1---2=0,1
7~ Transverse one is a bit more tricky: )
N N
i(vac| Y Xplvac) = l(va<:| > g™z, 7 vac)
N n=1 N n=1

(iy -~ iy H™vac)|”

- 1 i?L
\ ngl i1 z%:—o 1( )




Result by simulator (10000 shots)

2sites,J=1,h=1,m=1,T = 100, 6t = 0.05,2000 time steps

1.0

correct value

0.8 -

0.6 1

M(t)

0.4 1

0.2 -

0.0
0.0 0.2 0.4 0.6 0.8 1.0

ur



M(t)

M(t)

2 sites
1.0
0.8 1
0.6 1
=
=
0.4 1
0.2 1
0.0 . . . ;
0.0 0.2 0.4 0.6 0.8 1.0
T
6 sites
1.0 Femmmmmmeeeeeeeeeeeee ===
0.8 1
0.6 1
0.4 -
0.2 1
D.':I T T T T
0.0 0.2 0.4 0.6 0.8 1.0

+=T

4 sites

1.0 coc ===

0.8 1

0.6 -

0.4 -

0.2 1

0.0
0.0

1.0 4

0.8 1

0.6 1

M(t)

0.4 1

0.2 1

0.2 0.4 0.6
tT

8 sites

0.8

1.0

0.0
0.0

0.2 0.4 0.6
T

0.8

1.0



Renyi entropy

Dividing total Hilbert space as
Hiot = Ha & Hp,

reduced density matrix is defined as

pA = try g (Prot)

Entanglement entropy:

Sa= —try, (palogpa)

n-th Renyi entropy:

1

1—n

Sn =~ logtry,, (o)



Quantum algorithm for 2nd Renyi entropy

Consider (N4 + Ng)-qubit system and the density matrix
PN 4 +Ng = W) (V|

Let’s divide the system into two systems: Hy,+n, = Hn, @ Hyy,
& consider the 2nd Renyi entropy

S2 = —logtry,, (Pi) o pA=T (pNA‘|‘NB)



Quantum algorithm for 2nd Renyi entropy

Consider (N4 + Ng)-qubit system and the density matrix
PN 4 +Ng = W) (V|

Let’s divide the system into two systems: Hy,+n, = Hn, @ Hyy,
& consider the 2nd Renyi entropy

S2 = —logtry,, (Pi) o pA=T (pNA‘|‘NB)

One can show (next slide) [Hastings-Gonzalez-Kallin-Melko’10]

tray, (P3) = (W@ (W] SWAP 4 W) ® |W)

SWAP 4 : Exchange of A —part in |V) ® |W)

4 o )
For |\u>:ZCij|7’1"'ZNA.71"'JNB>7
0]

SWAPAW)@|W) = Y cijeppliy iy, g1 ing)®lir - in, 1 dng)
\ ivjailvj, /




Quantum algorithm for 2nd Renyi entropy (Cont'd)

tray, (P4) = (W] © (W] SWAP, W) @ |W)

Proof:

(V| @ (W] SWAP 4 V) ® |[WV)

= > (K HOHOURHG] Y. ey {dHiD@I{IHIT)

k0K 0! 0,451 .5

— Z Cijai/jci/j/(_:ij/
i,7,7 5"

l (p)ier = > {iHIH gt g HHIY = 3 ey,
J

J

= (pa)i(pA)i; = truy, ('0124)

i il



Demonstration: 2nd Renyi entropy of Bell state

Bell state:

1

|1 B) /3

(00) +[11))

Reduced density matrix:

prea = tr2| B)(B| =  (10)(0] +[1){1])

2nd Renyi entropy:

> 1/4 O 1
trpred — tl’ ( O 1/4> — 5
So = —log trpfed = log 2

Let’s reproduce it in IBM Q Experience



Demonstration: 2nd Renyi entropy of Bell state (Cont’d)

We know

B) = = (|00) + |11))
2 (1,3) v2
trpzy = (B| ® (B] SWAP3) |B) @ |B)

The Bell state is written as

gy — H
T =
|0}

WL/

Therefore,
trp2,4 = (0000] UTswAP(1:3) |0000)  (|B) ® |B) = U|0000))

\trp%ed|2 = |(0000| UTswWAPL3)y |oooo>\2



Demonstration: 2nd Renyi entropy of Bell state (Cont’d)

> o

"
=g LR

2 3

D |
I

2
Result of simulator (1024 shots): |trp%ed‘ =

25:088% 24.414% 24.414%

HEHNE

0101 1010 1111




Result of simulator (1024 shots):

26.074%

25.088%

0000 010

Result of qguantum computer (1024 shots):

15.332%

24.414%

24.414%

1010 M1

13.867% 14.355%

4.883%
3.613% 3.613% 9
3 223% 3.223%  3.320% 3.418%
2 > 2.734% 2.344%
= . -
0001 0010 0011 0100 0101 0110 0111 1000 1001 1010 1011 1100 1101 1110 1111



More direct way?

We’ve directly computed
‘trpfed|2 = |(0000| UTswWAP3)y \0000)\2
rather than itself:

trp24 = (0000| UTSWAP(3)7 10000)

Can we directly compute it?

— Yes, there is a way to compute expectation value
of unitary op. under any state:  wexsice

Wl U [)



“Hadamard test”: standard way to compute (| U [)

@ Extend Hilbert space & consider the state

10) @ 1)

“ancillary qubit”

@ We can compute (Y| U |y) by using the 2 circuits:  (nextsiide)

0y - H T H A

; =) Re((y|UIY)

0) — H{Rz(7/2) T Hi—-A

) — g = Im((|U[Y))




“Hadamard test”: standard way to compute (| U [y) (Cont’d)
Computation of Re((¥|U|y) ): Do nothing if |0) & act U if |1)

\0)—H§ T/H A

@

) —H U




“Hadamard test”: standard way to compute (| U [y) (Cont’d)
Computation of Re((¥|U|y) ): Do nothing if |0) & act U if |1)

\0)—H§ T/H A

@

) —H U

i@
D HI0) ® [) ==10) ® [y) +=[1) @ )



“Hadamard test”: standard way to compute (| U [y) (Cont’d)
Computation of Re((¥|U|y) ): Do nothing if |0) & act U if | 1)

\0)—H§ T/H A

@

) ——— U

D @i
D HI0O) ® I$) = =100 ® ) +—=11) ® [
2 %10)® [¥) +511) @ Uly)



“Hadamard test”: standard way to compute (| U [y) (Cont’d)
Computation of Re((¥|U|y) ): Do nothing if |0) & act U if |1)

\0)—H§ T/H A

@

) ——— U

D@l
D HI0O) ® I$) = =100 ® ) +—=11) ® [
@ £10)® [¥) +511) @ Uly)
3 230y + 1) @ I¥) +5(10) = 1) @ Ul)
=~10) ® (1 + DY) +211) @ (1 - V)I)



“Hadamard test”: standard way to compute (| U [y) (Cont’d)
Computation of Re((Y|U|y)): Do nothing if |0) & act U if |1)

@

) —— U

Di@ie
D HI0) ® ) = 510) ® [¥) + 1) ® )
@ 510) @ lp) +=11) @ UlY)
@ 2(10) +11) ® ) +5(10) = 1) ® Ul)
=210 ® L+ V)Y) +3511) @ (1 - V)IY)

1

@ Py =< |(1+ D)IP)? =5 (1+Re®|UNp))

T2
1

Py =11 = DY) =5 (1 - Re|Up))

2



“Hadamard test”: standard way to compute (| U [y) (Cont’d)
Computation of Re((Y|U|y)): Do nothing if |0) & act U if |1)

@

) —— U

Di@ie
D HI0) ® ) = 510) ® [¥) + 1) ® )
@ 510) @ lp) +=11) @ UlY)
@ 2(10) +11) ® ) +5(10) = 1) ® Ul)
=210 ® L+ V)Y) +3511) @ (1 - V)IY)

1

@ Py =< |(1+ D)IP)? =5 (1+Re®|UNp))

2 =) | Re(w|UIY) = Py — P,

Py =11 = DY) =5 (1 - Re|Up))

2



“Hadamard test”: standard way to compute (| U [y) (Cont’d)

Computation of Im( (W|U|W)):

[RZ(Q) — e—%ZJ

0) —HH Rz(7/2) ' iy A
; {1 @
® @ @
D Ry (n/2DHI0) ® ) = 2100 ® [p) + 2 11) @ )

i i
et

@10 ® 1Y)+ 11) ® UlY)

i i

@ 210y ® (1 +i)|p) +4

2

@ Py = 1A+ i)P)1? = (1 - ImIU))

1

Py = 1(1 = iDIY)? = (1+Im@|Up))

T2

2 11) @ (1— W)[p)

=)

Im(p|UlY) =P, — Py




Coming back to the Renyi entropy of Bell state

Taking |[¢) = |B) ® |B) & U = SWAP(3), we can directly compute

trpreq = (Bl ® (B] SWAP3) |B) @ | B)

Real part: Imaginary part:
ancillary qubit
\U>/ H — H— A 0y —HH Ry(7/2) e H A
0) | H 0) — H
0) GL 0) £
0) — H 0) — H
0) GT} 0) gl.)

T

constructing |B) @ |B)



Result of simulator (real part, 1024 shots)

0) {H}—{H—A
0) —{H|—e
0) D
0) —{ H|—e
0) O

74.121%

25.879%

00000 00001

Expectation: Py, — Py = Retrplg = >



Result of simulator (imaginary part, 1024 shots)

0) | H

Ry(m/2)

H

0

A

10

10

]

)
)
} ]
)

0

}

52.930%

00000

Expectation:

P, — Py =ImtrpZq =0

47.070%

00001



Result of quantum computer (real part, 1024 shots)

0) {H}—{H—A
0) — H|—»
0) D
0) —{ H|—e
0) &

67.168%

32.8613%

00000 00001

Expectation: Py, — Py = Retrplg = >



Result of qguantum computer (imaginary part, 1024 shots)

0) — H—Rz(7/2) —e— H A
) —{H ¥
Sl

) — H
Salllb|

60.449%

39.551%

00000 Qo001

Expectation: P, — Py =ImtrpZ4 =0



QFT as qubits

(mapping to spin system)



“Regularization” of Hilbert space

Hilbert space of QFT is typically co dimensional

—— Make it finite dimensional!

——

*Fermion is easiest (up to doubling problem)

—— Putting on spatial lattice, Hilbert sp. is finite dimensional

“scalar
—— Hilbert sp. at each site is co dimensional

(need truncation or additional regularization)
"gauge field (w/ kinetic term)

— NO physical d.o.f. in O+1D/1+1D (w/ open bdy. condition)
— oo dimensional Hilbert sp. in higher dimensions

—



Citation history of “Hamiltonian Formulation of
Wilson's Lattice Gauge Theories” by Kogut-Susskind

(totally 1832 at this moment)

Date of paper

1975 2020


https://inspirehep.net/literature/1336
https://inspirehep.net/literature/1336

Free Dirac fermion in 1+1D

Continuum:

L= i?ZVMaMD — WM
— s A= /da; [—izﬁ’ylaﬂﬁ +mzﬁzp]

Lattice (w/ N sites and spacing a).

For staggered fermion: X7 u(z) n:even ) — <¢u(w>
58 Va <_> {@Dd(m) n : odd W) = Ya(z)
) . N-1
H = _% ngl (Xan—I—l — h.c. ) +m ngl( 1) Xan

(anti-)commutation relation:

{ijaxm} — 5m’n7 {Xn, Xm} =0



Jordan-Wigner transformation

{XL»Xm} = Omn, {Xna Xm} =0

This is satisfied by the operator: ordan-Wigner'2g]

Xn —1Y;
Xn — ( iZE) n27/ &
<n

Then the system is mapped to the spin system:

R w N-1 m N
=23 (XnXn41+ YaYny1) +2 3 (~1)"zZ
n=1 =

n—=—1

We can apply quantum algorithms to QFT!



Here is the end of the 1st day



Universality

 Any unitary gate is a combination of single qubit gates & CX
(“Single qubit gates & CX are universal”)

Ex.) Toffoli —— t ! r
(controlled-controlled-NOT) J {
O— T D

: l L T
—D— H ST T Tt o THH

 Any single qubit gate is approximated by a combination of
H & T in arbitrary precision

e 2 (1 1) _ (L O
T V2\1 1) 7 T\ .7

H, T & CX are universal




Approximation of single qubit gate by H & T

(D Get a rotation with angle 2 X (irrational): n=35i 4) = (o )
LT i

THTH = e* R(0) with Rz(0) = e 2" °

where

1 cos(m/8)
= sin(m/8) | & cos(0/2) = cos?(m/8
\/1+COSZ(T[/8) cos(m/8) (Zni (i)rrational)! ( / )

(@ Use Weyl’s uniform distribution theorem:

6Z is uniformly distributed mod 1 ‘ approximate Rz (a) for Va

@) Construct rotation around another axis:

1 cos(m/8)
— — — i m = —SI 8
HRz(a)H = Rz (a) with m it o2 /8) CZ?(E://@)

@ Approximate Vsingle qubit gate: Rz (a)R=(B) Rz (y)



What if we replace T by something else?

LTt
T =e8Ry(n/4) =) T = Ry(¢)??
We have the identity:

T'HT'H = Rz ()

where
1 cos((qb//z)) ,
n= sin(¢/2 & cos(8/2) = cos 2
" \/1+C052(¢/2) cos(¢/2) (072) (/2)

We can approximate any single qubit gate
by combining H & T' if 8 /2 is irrational



Advantage of using discrete gates

To get approximation w/ precision €,
we need to use O(1/¢€) discrete gates

But it is useful for quantum error correction

*If we use continuous gates,
we have to consider algorithms to correct errors
for co gates



The beginning of the 2nd day (3rd slot)



Schwinger model w/ topological term

Continuum:

1 0 — _
L= —ZFMVFNV‘FZ—WG;WFMV‘FZ'QP'V'UJ(8u+igAM)¢_mww

Using “chiral anomaly”, the same physics can be studied by
[Fujikawa’79]

L = —%FILWF'UJV + ilﬁ“(ﬁu + igAu)¢ — m&6i975¢
Taking temporal gauge Ag = 0, n= Al
_ _ — 1
A = [ do|~ify} (Or+ig Ay p+mFe® 412

Physical states are constrained by Gauss law:

0 = —81M — gpy 4



Sign problem in path integral formalism

In Minkowski space,
S=[d* |-1E% +P(iy*D, —m)yp |+ £ [ F e R

_ I DADYDY 0 e’
[ DADYDY e'S

highly oscillating

(0)
In Euclidean space,

g6
+i— | FEC
l4nf

S =[d*x [—%Ffv +P(iy*D, — m)y

_ | DADYDY 0 e~®

0) = | DADYDY e=S

highly oscillating for non-small ©



Accessible region by analytic computation

Massive limit:

The fermion can be integrated out

&

the theory becomes effectively pure Maxwell theory w/ 6

*Bosonization:

[Coleman '76]

1 2 e”g
= g (aﬂ¢) o 87T2 ¢2 3/2 m COS((p + 0)

exactly solvable form = 0

&

small m regime is approximated by perturbation



Map of accessibility/difficulty
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Put the theory on lattice

. Fe rmion (On SltE): “Staggered fermion” [susskind, Kogut-Susskind '75]

Ebu——» odd site

Xn _
b= |

ql/2 1— even site

lattice spacing

*Gauge field (on link):

[1(x)
g

¢ © _agAl(x); L, & —

¢1, Ly $2,L; ¢3,L3 Xr én-1,Ln-1
X X X X X - -

X1 X2 X3 X4 XAN-1 AN



Lattice theory w/ staggered fermion

Hamiltonian:

N-—1
H=—-i) (fw — (—1)”% sin 9) [X;Llew”)(n—h.c.]
n=1

N N—-1
+m cosé Z (—1)nxLXn—|—J Z LTQL [wz,Jz

n=1 n=1

Commutation relation:

Gauss law:

1—(—1)"

Ln—Ly_1 = Xl,Xn —



Eliminate gauge d.o.f.

1. Take open b.c. & solve Gauss law:

2

s

n—1 ] PRY
L :Z{\Hf— L= (=] ] (took Lo = 0)
i E‘ ) -
=1

2. Redefine fermion to absorb ¢,;:
Xn — H [e_i(bg} Xn

<n
Then,
N Nl m l i
H = —i Z (-u; — (—1}“? SIn H) [\L‘mq — h.c.} +m cc:sf%‘Z(_—l)n:{Lkn
n—1 n=1
N—1[n—1 2
+J (xe — ——
; L; (’u‘w 5

This acts on finite dimensional Hilbert space



Going to spin system

{XLJXm} = dmn, {Xn,xm} =20
This is satisfied by the operator:

Xn = (H 12y

<n

“Jordan-Wigner transformation”
) Xn —1Yn [Jordan-Wigner’28]

2



Going to spin system

{XL»Xm} = dmn, {Xn,xm} =20
This is satisfied by the operator:

Xn = (H 12y

<n

“Jordan-Wigner transformation”
) Xn —1Yn [Jordan-Wigner’28]
2

Now the system is purely a spin system:

H=Hy;;,+ H++ Hy,

JNl

sz— = > > Zyz,

n—2 1<k<t<n
1 N-1 m
_ Z (w — (—1)”E sin 9) [Xan+1+YnYn+1} :

cos 0
HZm

Z (— 1)"Zn—§ d» (nmod2) > Z,
n—1 n=1 =1

—

Qubit description of the Schwinger model !!



Time evolution operator

Suzuki-Trotter decomposition:

s &t \NM
e—th — (e_ZHW) (M: large positive integer)

M
) t . t . t . t
~ (e_ZHZWe_ZHZZWe_ZHXXWe_ZHYYW) +0(1/M)

cos 0
HZm

Z (-1)"Zp—= > (nmod?2) » Z,
— 2 = —
— n— =1
JN 1
Hzz =~ Z > Zypz,,
n=2 1<k</<n
] N-1

mo .
HXX = 5 Z (w — (—1)“55”1 9) Xan+1
n=1
1 N-1 m
HYY = 5 Z (w — (—1)”5 SN 9) YnYn—|—1

— n—1

Can we express it in terms of elementary gates?



Time evolution operator (cont’d)

P . ¢ . ¢ . " . t\ M
e—ZHt ~ <e_ZHZMe_ZHZZMe_ZHXXMe_ZHYYM>

The 1st one is trivial:

e " = R,(2¢)

The 2nd one appeared in Ising model:

e 4142 = C’XR(ZQ) (20)CX

The 3rd one (see next slide).

e X 1X2 — C’XR(l)(Qc)CX

The 4th one:

iNYs — gD (_g) B (_g) e—ieX1X2 (2) (2) RO (2)




Time evolution operator (cont’d)

e TICA1X2 — C’XR%) (2c)CX
Proof:

CXRY (20)CX(0) ® |)
— CXR§>(2c)\O>®|¢> =CX [cos c|0)®|y)—isin C|1>®|¢>]

= cos c|0)®|y)—isin ¢|1)RX ) = cosc|0)®|yp)—isinc X|0YRX )

cXRP (20)CX|1) ® )
= oxRP )|1)eX|w) = CX [cos e[ 1)@ X [4)—i sin c|O)®X|1,b)]
= cosc|1)®|y)—isinc|0)RX|Y) = cosc|l)®|p)—isinc X|1)RX |)
Thus,
CXRY (20)CX|p)@l1) = cos clp)®|p)—isin ¢ X[p)@X|4)

= e 1CN1R2| ) ® |oh)



Quantum circuit for time evolution op. (N=4)

e—zHét
n=4 — R?j
V.Y, X3 X,
n=23— REZS) —
};2};3 XQXB. Z‘;‘ZS
n=2—R? A4 |
Y1Y5 XX, AV
n=1— szlj




Improvement of Suzuki-Trotter decomposition

The leading order decomposition:

e—i(Hl—l—H2)5t — 6—iH15t6—iH25t + O((Stz)

The 2nd order improvement:




Improvement of Suzuki-Trotter decomposition

The leading order decomposition:

e—i(Hl—l—H2)5t — 6—iH15t6—iH25t + O((Stz)

The 2nd order improvement:

: 11 Ot : 77 Ot
6—2(H1+H2)5t — 6—2H17€—ZH25756—’LH17 + O(5t3)

cf. Baker-Campbell-Hausdorff formula:
edeB = eA_I_B_I'%[AaB]‘|‘1—12[A,[A,B]]-|-...

This increases the number of gates at each time step
but we can take larger 6t (smaller M) to achieve similar accuracy.
Totally we save the number of gates.



Survival probability of massive vacuum

[cf. Martinez etal. Nature 534 (2016) 516-519]

The ground state in the large mass limit is (mass term) o« m 3 (~1)"Z,

n=1

Imassive) = |0101---01)

Survival probability:

- 2 “Schwinger effect”

P(t) = |{massive| e 't |massive) in massive limit
 Ht 2

= (00---0] Xn-- XaXne XX, ... X |00---0)




P(t)

Result of simulator (10000 shots)

J=1, w=1 m=1, 6 =0, ot =0.01, 100 time steps

1.0

0.8 1

0.6 1

0.4 -

0.2 -

—
o
HI

\

4 sites

6 sites ,
8 sites

10 sites

0.0
0.0

0.2

0.4

0.6

0.8 1.0



VEV of mass operator (chiral condensation)

(Y(@)¢ (@) = (vacly(z)y(z)|vac)

Instead of the local op., we analyze the average over the space:

1 N N
Na<vac| > (=1)"Zy|vac)

n=1

Once we get the vacuum, we can compute the VEV as

1 Y 1 o

W(vac| Y (=1)"Zplvac) = —— > (=)™ > (vac|Zplii---in) (i1 - iy|vac)
a n=1 2Na ;=) i1-+in=0,1
1°"tN ’

1 X -
=X X M iyvac)

2Na ;29 41 in=0,1




Adiabatic state preparation of vacuum

T— 00

T
lvac >= lim T exp <—z‘/o dt HA(t)>|vaco >

~ U(T)U(T — 6t) - -- U(28¢)U(5t)|vacy >

(U(t) — e—iHA(t)5t)

Here we choose

——

—

Ho = Hzz + Hzlm—mpp—0 mmp |vacy) =[0101---01)
Hat) = H ‘w—>w(t},9—>9(t),m—>m(t)
/ /

w(t) = ;w, o) = ;9, m(t) = (1 _ T) mo+m

m, can be any positive number in principle
but it is practically chosen to have small systematic error



Massless case

For massless case,

6 is absorbed by chiral rotation ‘ 8 = 0 w/o loss of generality

No sign problem
Nevertheless,

it’s difficult in conventional approach because computation of
fermion determinant becomes very heavy

3 Exact result: Hetrick-Hosotan 58]

— 8
(F(@)e(@)) = — 5759 ~ ~0.160g

Can we reproduce it?



Estimation of systematic errors

Ap p rOX| m at|0 N Of vacuum: [Chakraborty-MH-Kikuchi-lzubuchi-Tomiya '20]

lvac >~ U(T)U(T—-6t)---U(26t)U(dt)|vacy >= |vacy)

Approximation of VEV:

(O) = (vac|O|vac) ~ (vac 4|O|vacy)

Introduce the quantity

(O) A(1) = (vac|etHtoe it vac 4)

independent of t if [vac4) = |vac)

dependent on t if [vaca) # |vac)

—

This quantity describes intrinsic ambiguities in prediction

mm) Useful to estimate systematic errors



(Py)alt)

Estimation of systematic errors (Cont’d)

—0.232

[ 3K )
-0.236 1 -0.234{ % ¢
LY S 5t=0.4
~0.2381 - —0.236§
= Y [ - [) )
3 -0.2381
~0.240 = T o= 012
-0.240% 4 ] f—.% ________ III
—-0.242 + —0.242 ot=0.1
0 1 2 3 4 5 0 1 2
t t

Oscillating around the correct value

mm) Define central value & error as

i (max(O0)4(t) + min(O)a(t)) & % (max(O) 4(t) — min(O) 4 (t))

|



Thermodynamic & Continuum limit

g=1,m =0, Nmax = 16,7 = 100,46t = 0.1, 1 M shots

#(measurements)
Thermodynamic limit: Continuum limit:
—0.20 0.0
w=0.7 ¥ | T, PG EEEE R %KX
—0.211 ~0.1 g=0.5
5 =
S > =1.0
S -0.23 _0.34 g==L
~0.24 e H
—0.4- Tt g=2.0
~0.25 1 faies 53 + S
T T T _05 T T T T T
0.00 0.05 0.10 0.15 0.20 000 025 050 075 1.00 125 1.50

w/N ag



Result for massless case (after continuum limit)
T = 100,66t = 0.1, Nmax = 16, 1M shots

[Chakraborty-MH-Kikuchi-lzubuchi-Tomiya '20]

0.0-
~0.1 exact result
/
% ~0.2-
_03-
—0.4- |
0.0 0.5

2.0



Massive case

Result of mass perturbation theory: [Adam ‘98]

(P(2)y(x)) ~ —0.160g + 0.322m cos 0

However,

3Subtlety in comparison: this quantity is UV divergent
(~mlogA)

‘ Use a regularization scheme to have the same finite part

Here we subtract free theory result before taking continuum limit:

lim [ (1)) — (V) free

a—0



Result for massive caseat g =1

[Chakraborty-MH-Kikuchi-lzubuchi-Tomiya '20]

0.05
<——— mass perturbation
0.00- =0
—0.05- % f
S 6 =3mn/5
2 -0.10- i
—0.15-
-020{  TTTeeal_
—0.25 T T T hhlhh‘-’h T
0.0 0.2 0.4 0.6 0.8 1.0



0 dependenceatm =0.1& g =1

(YY)

—0.124
—0.14 1
—0.16-
~0.18-
—0.20-

—0.22 -

mass perturbation

/

0.0

0.1

0.2

0/2n

0.3

0.4 0.5



Summary



Summary

fun & Imany things to do even now

* Quantum computation is suitable for Hamiltonian formalism
which is free from sign problem

" Instead we have to deal with huge vector space.
Quantum computers in future may do this job.

*We haven’t established how to put many QFTs efficiently
on quantum computers yet

*Quantum error correction is important



What | didn’t cover

*Quantum error correction

*How to put “bosonic” QFTs on quantum computers

Other ways to prepare vacuum

* Classical/quantum hybrid algorithm
*Finite temperature & Real time
" CO nfl nement/SC reenlng [work in progress, MH-Itou-Kikuchi-Nagano-Okuda]

" Sea rChlng Crltlcal pOlnt [work in progress, Chakraborty-MH-Kikuchi-lzubuchi-Tomiyal]

" MatrIX QM & (nOn-)SUSY QFTS [work in progress, Buser-Gharibyan-Hanada-MH-Liu]
Thanks!




